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1. Introduction
1.1. Multiple-output quantile regression

Applications of the celebrated theory of quantile regression [11] are without number, virtually in all quantitative fields,
including economics and econometrics, biomedical studies and clinical trials, biostatistics, and environmental studies;
see [9] for an extensive presentation of the topic. Quantile regression techniques have been quickly extended to nonlinear
and nonparametric (functional) regression, and modified for handling count, longitudinal, time series or censored data.

On the other hand, their extension to the multiple-output case has been a long-standing statistical challenge. And
despite several attempts to define multiple-output regression quantiles (see, e.g., [2,3,12]), this theory still remains mostly
univariate. In fact, Koenker [9] himself reports multiple-output quantile regression on the list of “problems that fall into the
twilight of quantile regression research”.

In a world where multivariate data are the rule rather than the exception, this single-output nature of quantile regression
clearly constitutes a severe limitation. The main issue is of course the lack of a satisfactory and universally accepted concept
of multivariate quantiles; we refer to [23] for an excellent survey of the huge literature devoted to multivariate quantiles.
The problem is even more delicate if the ultimate goal is to define a concept of multiple-output regression quantile because
not every multivariate quantile can be generalized to the regression context.

* Corresponding author.
E-mail address: dpaindav@ulb.ac.be (D. Paindaveine).
URL: http://homepages.ulb.ac.be/~dpaindav (D. Paindaveine).
1 Davy Paindaveine is also member of ECORE, the association between CORE and ECARES.

0047-259X/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmva.2010.08.004


http://dx.doi.org/10.1016/j.jmva.2010.08.004
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
mailto:dpaindav@ulb.ac.be
http://homepages.ulb.ac.be/~dpaindav
http://homepages.ulb.ac.be/~dpaindav
http://homepages.ulb.ac.be/~dpaindav
http://homepages.ulb.ac.be/~dpaindav
http://homepages.ulb.ac.be/~dpaindav
http://homepages.ulb.ac.be/~dpaindav
http://dx.doi.org/10.1016/j.jmva.2010.08.004

194 D. Paindaveine, M. Siman / Journal of Multivariate Analysis 102 (2011) 193-212

1.2. Two recent proposals

Interestingly, two concepts of multivariate quantiles that are potentially useful for multiple-output quantile regression
were investigated very recently by Kong and Mizera [13] and by Hallin, Paindaveine, and Siman [6,7]—hereafter KMO8 and
HPS$10, respectively. Both are of a directional nature and define, for distributions on R™, quantiles that are indexed by an
order T € (0, 1) and a directionu € 8™ ! := {y € R™ : |ly|| = 1}, or equivalently, by the vector T = tu ranging over the
open unit ball (deprived of the origin) 8™ :={y e R" : 0 < |ly|| < 1}.

In the KM approach,? the (ru)-quantile of an m-dimensional random vector Y may simply be defined as the point

Qv ru = ¢ (WY)u (€ R™) (1.1)
or as the hyperplane 7y -y, Orthogonal to u at qgu, -, Where g, (X) := inf{x € R : P[X < x] > t} stands for the univariate
t-quantile of the random variable X (KMOS8 also considers other versions of univariate quantiles). The quantile biplot contours
B(t) = {qQxm.cu : W € 8™ '} (indexed by 1), which are naturally associated with the point-valued quantiles Qi 7y, are
hardly satisfactory since they lack any reasonable form of equivariance, heavily depend on the choice of an origin, and
moreover exhibit disturbing non-convex shapes with a tendency to self-intersection. However, defining the “upper” quantile
halfspaces

Héyru =V € R™ : Uy > W' quy rul, (1.2)
the hyperplane-valued quantiles determine fixed-t regions
Raa(0) =[] {Hgyrah 7€), (13)
uegm-1

which happen to coincide (Theorem 3 in KM08) with the celebrated halfspace depth ones—we refer to [17,21,26] for
a comprehensive treatment of (location) depth. Multiple-output regression quantiles based on this directional quantile
concept are briefly discussed in KMO8 too; see also [25].

Of course, sample quantile regions Rl((r&(t) and quantile biplot contours B™ (7) can be defined as the natural empirical
analogs of the population objects above, and Rf&(f) still coincides with the (sample) halfspace depth region of order .
However, the construction of any such Rl(g\)l(t) or B™ (1) via KM quantiles in principle involves computing infinitely many
univariate quantiles (one for eachu € $™1), which of course is impossible in practice. The competing approach from HP510
(which was inspired by an original idea from [16]) does much better in this respect.

With the same notation as above, the HPS10 t-quantiles are defined as the standard regression r-quantile hyperplanes
Typé.u ODtained when regressing Yy = u'Y on the marginals of Yj = TI',Y and a constant term, where I’y stands for an

arbitrary m x (m — 1) matrix such that the columns of (u : I'y) constitute an orthonormal basis of R™ (see the location
version of Definition 2.3 below); the vector u therefore indicates the direction of the “vertical” axis in this single-output

regression. Denoting the halfspace “above” s ., by H:pg o (where “above” is with respect to the natural orientation of

this vertical axis), it turns out that the resulting quantile regions

Ry(t) = [ {H!. } 7€), (1.4)

HPé,ru
uesm-1

also coincide with the halfspace depth ones. This extends to the sample case, where the regions qu;é(r) coincide with their

KMO08 counterparts RI((';\Z(I). Unlike their KM counterparts n,ﬁ'ﬁ,}qm, however, there is typically only a finite collection of HPS10

n
lfil’)ﬁ,r
includes all prolonged facets of the halfspace depth region Rl(-;?é (r) = Rl(g\;[(r). From a theoretical point of view, HPS quantiles,
when compared to KM quantiles, therefore are more directly related to sample halfspace depth regions. From a practical
point of view, this of course may be seen as a strong hint that the HPS quantiles provide a much better way of computing
halfspace depth regions (again, obtaining these regions from KM quantiles in principle requires computing the intersection
in the sample version of (1.3), which runs over an infinite collection of quantile halfspaces).

quantile hyperplanes u for fixed t (these hyperplanes are then piecewise constant functions of u), a collection that

1.3. Our contribution

In KMOS, projection quantiles are thoroughly investigated by means of set analysis in the location case, and may be
defined via various different concepts of univariate quantiles. In contrast, the present paper focuses on the standard
univariate quantile g, (.) defined above, adopts a more parametric approach, and considers the general regression case
throughout (which is hardly touched in KM08). In particular, we study the subgradient conditions associated with (location
and regression) projection quantiles, introduce the corresponding Lagrange multipliers and interpret them in various ways,
in particular in a portfolio optimization context.

2 From Section 2 onwards, we will often rather speak of the projection approach, mainly because Kong and Mizera [ 14] reports that the univariate quantiles
of projections considered in KM08 were not regarded there as the basis of a multivariate quantile concept.
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We then turn to projection quantile regions. (i) In the location case, we present an alternative proof (completely
based on projection quantiles) that the sample projection quantile regions Rl(g\;[(r) coincide with the halfspace depth
ones. This proof further clarifies the link between projection quantiles and halfspace depth regions, and paves the way
to an exact computation of sample halfspace depth regions from these quantiles. This significantly improves over KMO08,
where the only proposed strategy to obtain the regions R,(g\f[(r) consists in sampling ™! in the sample version of (1.3),
which clearly yields approximate halfspace depth regions only. Most importantly, this exact computation surprisingly
may be faster than the one based on HPS quantiles in some particular cases. (ii) In the regression case, we could not
reduce the infinite intersection defining sample projection quantile regions to a finite one, so that exact computation
in principle remains infeasible. However, we show that the HPS regression quantile regions can be obtained exactly from
projection quantiles (which is much less trivial than in the location case; see Section 4.2 for details). Parallel with the
location case, this may result in a faster computation of HPS regions in some particular cases. Our MATLAB implementation
of the algorithm for computing (regression) quantile regions from projection quantiles can be freely downloaded from
http://homepages.ulb.ac.be/~dpaindav and is extensively described in the companion paper [18].

The outline of the paper is as follows. Section 2 gives a unified presentation of projection quantiles and HPS quantiles
in the general regression case. Section 3 derives and interprets the gradient conditions for projection quantiles, and links
these quantiles to portfolio optimization. Section 4 turns to quantile regions: we first present (Section 4.1) an alternative
proof that sample projection quantile regions coincide with the halfspace depth ones in the location case, and show that
this proof leads to an exact computation of halfspace depth regions from projection quantiles. Then we define (Section 4.2)
projection quantile regions in the regression case and establish that the HPS regression quantile regions can be obtained
exactly from projection quantiles. Section 5 briefly discusses computational aspects of projection quantiles and projection
quantile regions, leaving the details to [ 18]. The paper ends with an Appendix (collecting technical proofs) and a commented
picture gallery.

2. The projection and HPS multiple-output regression quantiles

Consider the multiple-output regression setup in which some m-variate random vectorY = (Y, ..., Yn) of responses is
to be related to a p-variate random vector X = (X, ..., X,)’ of regressors, where X; = 1 a.s. and the other X;’s are random.
In the sequel, we let X =: (1, W')’, which makes of {(w',y)’ : w € RP~!|y € R™} = RP~! x R™ the natural space for
considering fitted regression objects. For p = 1, we obtain the important location case, in which multiple-output regression
quantiles simply reduce to multivariate quantiles.

The multiple-output directional regression quantiles we introduce below are indexed by vectors t ranging over the (open)
unit ball (deprived of the origin) 8™ = {y € R™ : 0 < ||y|| < 1} of the response space R™. To stress their directional nature,
we factorize the index T into T =: Tu, where t = ||t|| € (0, 1) is the order of the quantile and u € $™ ! is its direction.
Letting t + p.(t) = t(r — I;<0;) denote the usual r-quantile check function, we consider the following broad class of
directional regression quantiles.

Definition 2.1. Let M = {My : u € ™!} be a family of convex subsets of R™*? making the mapping u — M, injective
and reducing to M = {M, := {@,b) e RP*! : b =u} : u € {—1, 1}} form = 1. Then, for any T = tu, with t € (0, 1) and
u € 8™, the M-type regression t-quantile of Y with respect to X = (1, W’)’ is defined as any element of the collection
I, - of hyperplanes . == {(W,y)’ € R™P~1: b, .y =a), (1, w)’} such that

@, by ) € argmin ¥, (a,b), with ¥, (a,b) := E[p.(b'Y — aX)]. (2.1)
@,b') e My

Each hyperplane 74 . characterizes a lower (open) and an upper (closed) regression quantile halfspace Hy, . = H, (@ <,
b,M,'t) = {(w/,y/)/ € RM+P—1 . biM-ry < aiM,t(l,W’)/} and He;t—l,'r = H,;;,-r(aeM,T»b,M,r) — {(W’,y/)/ c RMHP-1 . beTy >
a), (1, w)'}, respectively.

The convexity assumption on the M,’'s is motivated by theoretical and practical considerations and turns the
minimization problem (2.1) into a standard convex optimization exercise. The injectivity assumption ensures that the
resulting multiple-output regression quantiles bear a clear directional information. As for the specific form of M in the
single-output case m = 1, it guarantees that the quantiles of Definition 2.1 there reduce to the standard Koenker and
Bassett [11] quantiles. Finally, we stress that first-order moment assumptions on Y and W are tacitly part of Definition 2.1
(and, unless otherwise stated, also of Definitions 2.2 and 2.3 below).

Just as in the single-output case, the minimization problem (2.1) may have several solutions, yielding distinct hyperplanes
7 - However, as shown by Proposition 2.1 below, this does not occur under

Assumption (A). The distribution of Z := (W', Y’)’ is absolutely continuous with respect to the Lebesgue measure on
R™P=1 with a density that has connected support, and admits finite first-order moments.

Proposition 2.1. Under Assumption (A), the minimizer (an,t, be,t)/ in (2.1), hence also the resulting quantile hyperplane 1 y +,
is unique for any T € 8™.


http://homepages.ulb.ac.be/~dpaindav

196 D. Paindaveine, M. Siman / Journal of Multivariate Analysis 102 (2011) 193-212

In this work, the emphasis will mainly be on the collection .M given by
Moproj = {Mproj,u = {(a,v b/), ER™P b= ul:ue 511171}7 (2.2)

which leads to projection regression quantiles—reducing, in the location case, to the directional quantiles considered
in KM08. Modifying slightly the definition of projection quantiles by subtracting the constant quantity ¥, (0, u) from
the corresponding objective function in (2.1) does not affect projection quantiles, but allows one to avoid any moment
assumption on Y—hence any moment assumption at all in the location case p = 1. More specifically, we adopt the following
definition, which requires finite first-order moments for W only.

Definition 2.2. For any T = tu, with ¢ € (0, 1) and u € 8™, the projection regression T-quantile of Y with respect to

X = (1, W'Y is defined as any element of the collection Iy, ; of hyperplanes myj . == {(W,y) € R : yly =
i (1, W)’} such that
Aproj,x € AZMIN(Pproj < (2) — Pproj.x(0)) .
acRl

where ¥ (@) := ¥;(a,u) = E[p, (W'Y — a’X)]. The corresponding lower (open) and upper (closed) regression quantile
halfspaces are H,i o = Hpoi (aprojr) = {(W,y) € R™P71 - wy < a . (1,w)}and H o = HYi  @projx) =
(1, W)}, respectively.

—1 .
{(w,y) e R™P 1 uy>a

In the location case (p = 1), we have mpoj,« = 7Tkm,ru and H;rmjyI = HE“M’T“; see (1.2). In the general regression case, the
quantiles from Definition 2.2 clearly reduce to the ordinary regression quantiles of the projection u'Y on the marginals of
W and a constant term, which enlightens many of their features. Clearly, projection quantiles are intrinsically univariate.
Nevertheless, the concept of projection quantiles is richer than one would expect at first sight.

Another interesting choice of M leads to the regression quantiles introduced in Definition 6.1 of HPS10. This definition
can equivalently be reformulated as follows.

Definition 2.3. For any T = tu, with v € (0,1) and u € 8™, the HPS regression t-quantile of Y with respect to
X = (1,W')" is defined as any element of the collection 7, . of hyperplanes my¢ . == {(W,y)" € R™P-1 oy =
d.T',(w',y) + c.} such that

(¢, d)) € argmin E[p, (Y —dT,(W,Y) —0)], (2.4)

(C,d’)’ERerp*l

where Ty stands for an arbitrary (m-+p— 1) x (n+p—2) matrix such that the matrix (i : Ty) is orthogonal fora = (0;H ,u).

The HPS quantiles are also standard single-output regression quantiles of the same response u'Y as in the projection
approach, but this time with regressors consisting of the marginals of I', (W', Y’)’ and a constant term. As shown by the
following result, these quantiles also fit in the class of directional quantiles introduced in Definition 2.1 and are associated
with

Mypps = {Mypz = {@., D) eR™ :bu=1}:ue s} (2.5)

Proposition 2.2. Fix Tt = tu, with T € (0, 1) and u € ™', and assume that the underlying distribution has finite first-order
moments. Then any M ,pz-type regression t-quantile hyperplane Tat e of Y with respect to X = (1, W)’ is a HPS regression

T-quantile hyperplane ¢ . from Definition 2.3, and vice versa.

In line with the notation already introduced in Definition 2.3, the quantities it Mg A, e T b Mgt
from Definition 2.1 will simply be denoted as s . ayps <+ byps o» Hy e -andH_ . respectively. For HPS quantiles, it is not
possible to get rid of the first-order moment conditions, even in the location case; see the comment above Assumption (A)
in HPS10. More importantly, note that the projection quantiles from Definition 2.2 are actually constrained (with a y-space
projection orthogonal to u) versions of the HPS quantiles.

In the sequel, we focus on M, and M,z Still, there may be other interesting choices of M = {-M}, leading to original
concepts of multiple-output regression quantiles. In this context, we thank an anonymous referee for pointing out [24] as a
possible source of inspiration for defining such .M. The definition of alternative collections M of interest and the investigation
of the resulting regression quantiles are, however, beyond the scope of the paper. Here, we only point out that it seems
desirable to restrict to sets My that (i) are defined by means of equality constraints that are linear—or at least linearizable—
in (@, b’) (to keep the computational burden as light as possible) and that (ii) keep b away from the zero vector of R™
(because otherwise we could always get (aiM’t, b;“)/ = 0). Clearly, both M,,; and M,,x meet these properties.

Finally, we consider the empirical case. Assume that a sample of n observations Z; := (W}, Y;)’,i=1, ..., n, is available
(in the sequel, we often use this simple notation instead of (X{,Y;)’ := (1, W;,Y})’, i = 1,...,n). Empirical regression
quantiles can then simply be obtained as the natural sample analogs of the population concepts in Definition 2.1. To be

H, ..,andHT,
Mygps T MygpsT
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more specific, we define the sample M-type regression t-quantile of the Y;'s with respect to the X;’s,i = 1, ..., n, as any
element of the collection Hj';?T of hyperplanes n’f‘f’)t = {(w,y) e R"P-1: b%;y = a%;(l, w’)’} such that
/ 1 ¢
@}, b)) € argmin ¥ (a,b), with¥”(a,b) = - > Y — a'X)). (2.6)
@.,b) eMy i=1

These empirical quantiles allow one to define in an obvious way the sample analogs Hx,); and Hﬂ)j of the lower and upper

quantile halfspaces H, . and Hj” of Definition 2.1. Corresponding sample quantities will be denoted by symbols used for

the population ones and equipped with ™.

Of course, empirical distributions are inherently discrete, so that sample t-quantiles and halfspaces are not uniquely
defined in general. However, the set of minimizers of (2.6) must be connected and convex for any given T, which readily
follows from the convexity of minimized objective functions.

3. Fixed-u analysis of projection regression quantiles

In this section, we derive and discuss the subgradient conditions associated with projection regression quantiles. For the
sake of comparison, we also extend the HPS quantile subgradient conditions to the regression setup (in HPS10, they are
explicitly stated in the location case only). Finally, we link projection quantiles with portfolio optimization.

3.1. Subgradient conditions

Under Assumption (A), the objective function a = W), (@) — Wproj,x(0) = E[p (W'Y — a’X)] — E[p, (0'Y)] appearing in
Definition 2.2 is convex and continuously differentiable on R, so that projection regression quantiles can equivalently be
defined as the collection of hyperplanes 7 - associated with the solutions ap,;  of the system of equations

grad,Wproj, (@) = —E[X(7 — [jwy-ax<0))] = 0. (3.1)
Alternatively, recalling the constrained optimization problem in Definition 2.1, one may consider the optimization
problem with Lagrangian function Ly < (@, b, \) := ¥, (a, b) — \/(b — u), which yields the gradient conditions

(grad(a,b,')‘,)LPFOj,‘[(a! b! x))(apl‘ojv‘(,bproj.r.Xpl‘oj{-[) =0 (3.2)

(the only points in RP*?™ where (a, b, ) — Lproj.<(a, b, N) is not continuously differentiable are of the form (0', 0', \"),
and therefore cannot be associated with a minimum of (2.3)). Letting again Z := (W', Y')’, (3.2) can be rewritten as

0= (gradaLpl'Oj,‘[(av bv )\-))(apmjvr,bp,-oj,,,kpmj_r) = _tE[X] + E[X H[ZEH;;oj t(apr()j,t)]] (3.3&)
0 = (gradyLyroj.<(a, b, )‘-))(ap,-oj,t,bpmj,r,Xpmj,t) = TE[Y] —E[Y ]I[ZEHI;()j T(aproj,t)]] — Nprojt (3.3b)
0= (gradeproj.r(a, ba )‘v))(ap,-oj,t,bpmj_r,Xpmj,t) - _(bproj,r - u)~ (3-3C)

For such a constrained optimization problem, gradient conditions in general are necessary but not sufficient. In this case,
however, sufficiency is clearly achieved since the necessary condition (3.3a) is equivalent to the sufficient one in (3.1)
(whereas (3.3b) may be viewed as defining '\« only). To interpret these gradient conditions, note that (3.3a) and (3.3b)

are equivalent to (with H,; - = Hy ;- (@proj,x))
PlZeH, ;. l=1 (3.4a)
L EWI, u+ 1— ! EWI,p- 1=0 (3.4b)
1-1 [Z€Hpo 1" ¢ (2EH proj <]
! E[YTL,cp+ ]—1E[Y]I - ]=¥X~ . (3.40)
1—1 [2eH ] T [Z€H ;] t1-1) proj,t

Clearly, (3.4a) provides projection regression t-quantiles with a natural probabilistic interpretation, as it keeps the

probability of their lower halfspaces equal to 7(= | t||). As for (3.4b) and (3.4c), they show (combined with (3.4a))

that the line segment joining the probability mass centers % E[ZT ] and ﬁ EZLzep+ 4] of the lower and upper
j, T proj,t

[ZeHl;ro

t-quantile halfspaces is parallel with the vector (0/, X{mjyt)’. In particular, both mass centers share the first p— 1 coordinates.

The reason why we consider the constrained version of the optimization problem defining projection regression quantiles

is that the gradient conditions (3.2) are actually richer than the original ones in (3.1), as the latter do not say anything about
y-space projections of these two probability mass centers.

This relative location in the response space (see (3.4c)) actually clarifies the role of the Lagrange multiplier Xy . In

general, such a multiplier only measures the impact of the boundary constraint (in this case, the constraint by,,,; - = u), but

here appears as a functional that is potentially useful for measuring directional outlyingness and tail behavior or for testing

(spherical or central) symmetry of the underlying distribution; see Fig. A.7 for an illustration. Besides, if we premultiply



198 D. Paindaveine, M. Siman / Journal of Multivariate Analysis 102 (2011) 193-212

(3.3a) with a’ and (3.3b) with b/ add both resulting equations and then apply (3.3c), we obtain

proj,t proj,t’

lI/proj,t(“’v‘l:)roj,t) = u/‘)\-proj.ta (3-5)
so that we can easily extract the minimum achieved in (2.3) from '\ . for any given t.

If HPS quantiles are considered, then the Lagrangian function is Lyps (@, b,\) = ¥.(a,b) — A(b'u — 1) and similar
arguments as above show that the resulting quantiles can equivalently be defined by

PIZeH . I=7 (3.6a)
1 1
1_+¢ E[WH[ZGH}:PE.I]] - ; E[WH[ZGH* . ]] =0 (3.6b)
1 1 1
1—-1 E[YH[ZGH+PS I]] T E[YH[ZGH* ir]] = m Aips, < W (3.6¢)
where we letH . Ry = Hpe (Qp5 <+ Pyyps. o) and by - must satisfy the boundary constraint b’ ps <0 = 1.

These subgradlent conditions can clearly be interpreted in the same way as those for projection quantiles, and indicate
that both types of quantiles are equally rich. Still, one might argue that projection quantiles are linked in a simpler way
to the direction u in which they are computed, since u always provides the normal direction to (the y-space projection
of) projection (tu)-quantile hyperplanes whereas the corresponding normal direction for HPS (zu)-quantile hyperplanes is
the one bearing the vector by, . (that depends on u in a more complicated way). The simple relation between projection
quantiles and the corresponding direction u is, however, just a corollary of the intrinsically univariate nature of projection
quantiles.

Let us now turn to the sample case, and let us focus on projection quantiles again. The sample objective function in the
projection (i.e., M = M) version of (2.6) is not continuously differentiable, but still has directional derivatives in all

directions, which can be used to formulate fixed-u subgradient conditions for the sample t-quantiles. It is easy to check
that the coefficients (al(;z);,t, bg;z,; )/ and the corresponding Lagrange multiplier A of any sample projection regression
(m) (ny

— / ’ m+p—1 . —
proj.c = (W, ¥) €R cuy=a,; .

Z]I[r(n) <« = <t<- Z H[r(n) (373)

pmJ T

T-quantile (1, w')’} must satisfy

proj,it proj, xrf
_ 1
_7ZW I R < 'E|:nZWi| |: ZWH[r(n) j|
plO] it =1 proj,it <
< - W ]I o (3.7b)
Z pl"Oj it =01
-1 n
| = 8
4 ZY I é'rlgj =0l =T ZY’ ZY H[ré'r'())J < )‘proj,r
< - Y Lo ) (3.7¢)
Z p’:oj ”—0]
where we let r™. .= w'Y; — a(n)/ (1, W)’ and write z© := (max(z;, 0), ..., max(z., 0))’ and z~ := (— min(z;, 0), ...,

proj,it proj,t
— min(z, 0))’ forany z € R¥. These necessary conditions are obtained by requiring all 2(m+p) derivatives of the Lagrangian
function in the a and b semiaxial directions to be nonnegative. The inequalities in (3.7a)-(3.7c) must be strict if the sample
regression t-quantile is uniquely defined.

Note that (3.7a) indicates that

N N+Z ) P P+Z
—<t< , equivalently — <1—71 < , (3.8)
n n n n

where N, P, and Z are the numbers of negative, positive, and zero values, respectively, in the residual series rlg';())j.it, i =

1,...,n. This implies that, for non-integer values of nt, projection t-quantile hyperplanes have to contain some of the

= (W}, Y))"s. Actually, if u is such that the “u-projected” observations (W}, w'Y;)’ € RP are in general position, then
there exists a projection tT-quantile hyperplane JT(:gJ - Which fits exactly p observations, and (3.8) holds with Z = p; see
Sections 2.2.1 and 2.2.2 of [9]. However, as we w1i]1 see in the sequel, the exceptions to this rule, namely the directions u for
which degeneracies occur in (W}, w'Y;)’, i =1,..., n, play a crucial role in the computation of quantile regions. We also stress
that necessary subgradient conditions for sample HPS quantiles can be derived in the general regression case analogously
(the location case was already treated in HPS10). In fact, parallel with the population case, these necessary conditions are

; () () ) L () my y. Ay "
obtained from (3.7a)-(3.7c) by replacing \ ;. with Mipi < uand rp,. ;. with Mpsic - bHPS Yi—a .o (1, Wy
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As already mentioned, the sample gradient conditions just discussed are only necessary. The necessary and sufficient
ones, for sample projection quantiles or HPS quantiles, would directly follow from Theorem 2.1 in [9] thanks to their
representation as single-output regression quantiles (see the comments below Definitions 2.2 and 2.3, respectively).

We conclude this section with the remark that all the conditions for sample projection and HPS quantiles do not require
any finite moments, independence, continuity, or unimodality; actually, they do not require any assumption at all. Still,
the number N of negative residuals is always under control and we suggest that this proportion of negative residuals
should be preferred to probability of outlyingness measured by P[Z € Hp_roj’t] and P[Z € HH_P§ t]. In fact, this suggestion

is already adopted by various technical norms that prescribe maximum frequency of failures no matter how much these
bad cases are intercorrelated. With this said, it is clear that, if the observations (W}, Y;)’,i = 1,...,n>> m, areiid. witha
common distribution satisfying Assumption (A), then the standard asymptotic theory can be applied and (3.7a)-(3.7¢) may
essentially be interpreted as if their population analogs (3.4a)-(3.4c) were almost satisfied, which would imply roughly the
same consequences.

3.2. Projection quantiles and portfolio optimization

A natural field of application for directional quantiles is portfolio optimization. To explain this, assume that the
m-dimensional random vector Y collects m asset returns, and consider the portfolio Y,, := @'Y, where the vector of portfolio
weights @ = wu (withu € 8™ 1) is a fixed non-zero m-vector.

Portfolio risk behavior can be measured by Value-at-Risk (VaR), tail conditional expectation (TailVaR) or shortfall (s); see
Bertsimas et al. [ 1]. We adopt their definitions but replace the weak inequalities there with strict ones (which clearly makes
no difference under Assumption (A)), that is,

VaR, (@) = E[@'Y] — ¢, (@'Y) (3.9)
TailVaR; (®) = —E[@'Y|0'Y < ¢; (@'Y)] (3.10)
s:(w) = E[@'Y] —E[@Y | @Y < q; (@'Y)], (3.11)

where t € (0, 1) denotes the level of risk and g, (.) is the same t-quantile as in (1.1).
Since E[(T — Tjo/y—g, (0'v)<01)qz (@'Y)] = 0, we obtain that

1
sxm:;Hme—%mMH=§HmmW—%wwn:$%ma%mx (3.12)

which clearly relates shortfall (and indirectly also TailVaR) to (location) projection quantiles and shows that E[@'Y] — wapoj «
equals Value-at-Risk. Note further that (3.5) and (3.12) yield
s (@) = m’
T

which shows that the scaled Lagrange multiplier \pj /T canalso be interpreted in this portfolio optimization setup, namely
as a vector of individual asset contributions to the overall portfolio risk measured by shortfall.

Clearly, the relation (3.12) between shortfall and projection quantiles has two types of corollaries. First, it allows one to
infer properties of the projection quantile quantities from the many results on s, (@) already available in the literature. For
instance, it follows from [1] that, if Y is multinormal with mean g and covariance matrix ¥, then

Wi« (Aproj.0) = (W'Zu) "> ¢(d71(0)),

where ¢ and @ stand for the density and distribution function of the standard normal distribution, respectively. More
generally, if the distribution of Y is elliptically symmetric with mean g and finite covariance matrix X, then we have that

1
Woroj,x (Aproj,x) = (u/):u) 2 ¢(t), where c(t) depends on the specific form of the elliptical distribution and can for instance be
obtained from [22]. Other properties state that Wy < (Gproj,x) = TWE[Y] — fof arudt, that both Wy« (proj,«) /T and —dpro)
are non-increasing functions of t, or that

max{r(u/E[Y] - aproj,-r)a (T - 1)(UIE[Y] - aproj,t)} = lI/proj,-r(aproj,t) =< (u’zu)uz(r(] - T))]/Z’

where X stands for the finite covariance matrix of Y.

Second, we can bring to shortfall and portfolio optimization all the results regarding projection quantiles, including
regression generalization and efficient computation procedures; see Sections 4.1 and 5. Note that both the definition of
shortfall and the interpretation of '\« can indeed be easily generalized to the regression case (p > 1) through

/
s (w) == £ min E[p. (W'Y —a'X)] = m, ® = ou.
T aeRrP T
Clearly, TailvVaR and VaR (as well as some of the results given above) can also be extended in the same spirit to this generalized
regression context. Since the portfolio return and risk are likely to depend on many economic factors (or other covariates),
represented by X here, this extension to the regression setup makes good sense and might have priceless consequences in
finance and related areas.
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Although we focused above on projection quantiles, it is important to stress that such a portfolio interpretation can
similarly be derived for HPS quantiles if one restricts (as is natural) to weights @ that are optimal among those satisfying
®'u = wforgivenuand @ > 0. The important advantage of HPS quantiles here is their ability to find easily such optimal portfolio
weights (we simply have wopr = @by, ); in comparison, projection quantiles do not offer any possibility to optimize
weights without considering them all. Besides, all formulae already derived for projection quantiles can be translated into
formulae for HPS quantiles by considering the former in direction u; := buips cu/ IByps c lls With Gproj ruy = Apyps 1/ 1By ol

and Aproj,ru; = Aypg o, U (and by further substituting all projection quantities with HPS ones).

4. Quantile regions

In this section, we first focus on the location case and define there the quantile regions associated with the directional
quantiles from Definition 2.1. As explained in the Introduction, the projection quantile regions coincide with the halfspace
depth ones, but this identification unfortunately does not provide any way to compute the latter exactly by means of
projection quantiles. However, as we show here, another proof of this identification leads to an exact computation of
these regions. Most importantly, we also consider quantile regions in the general regression case and show that the sample
quantile regions defined in HPS10 can also be obtained exactly from projection regression quantiles.

4.1. The location case

In the location case, t-quantile regions, for any fixed t(= ||t||) € (0, 1), can be obtained by taking the “upper envelope”
of the corresponding (ru)-quantile hyperplanes r -, from Definition 2.1. More precisely, we define the M-type T-quantile
region as

Ru(@ = [ [ Hora) (4.1)

uesgm-1

where (M {H}, Jzu} stands for the intersection of the collection {HT s.u) Of all (closed) upper (ru)-quantile halfspaces

associated with the minimum in (2.1). If a sample of data points Yy, .. ., Y, is available, empirical versions R™ (t) result from
(4.1) by replacing the population quantile halfspaces H, .zu With their sample counterparts H (A';)f“ (with the intersection over

all the halfspaces associated with the minimimum in (2. 6)) The corresponding T-quantile contours are naturally defined as
the boundaries dR 4 (7) and 8R$)(r) of Ry (7) and R&Z)(r), respectively.

These t-quantile regions are closed and convex since they are obtained by intersecting closed halfspaces. For a general
M, there is no guarantee that they are nested (in the sense that R, (t;) C Ry (t3) and R(")(Tl) C R<”)(t2) iftry > ). Of
course, one can always obtain nested regions by defining the intersection quantile regions R}, (t) = ﬂ[E(O 1 Ru(t) and

ﬂ(") () = ﬂte(o - Rfﬂ) (t). But there is no need to consider such intersection regions for the projection and HPS regions
pmJ /Hps(t) and R(”> /Hps(r) (with obvious notation), since these are almost surely nested under Assumption (A), which

readily follows from their strong connection with halfspace depth regions in Theorem 4.1 below.
To state this theorem, let us recall that the order-t halfspace depth region associated with the probability distribution P
is defined as D(t) = D(t, P) := {y € R™ : HD(y, P) > t}, where

HD(y) = HD(y, P) := inf{P[H] : H is a closed halfspace containing y} (4.2)
is the halfspace depth of y with respect to P. It can be shown that
D(t) = ﬂ{H : H is a closed halfspace with P[H] > 1 — t}, (4.3)
for any > 0; see Proposition 6 in [21]. Sample versions of HD(y) and D(z) are simply given by HD™ (y) := HD(y, P,)
and D™ (7) = D(z, P,), respectively, where P, stands for the empirical measure associated with the observed n-tuple
Yi, ..., Y, at hand. Clearly, there are at most n compact sample halfspace depth regions
l
p™ <7> = ﬂ {H : His a closed halfspace withnP,[H] >n—£+ 1}, £=1,...,n; (4.4)
n

see (4.3). We then have the following result.

Theorem 4.1. (i) Under Assumption (A), Ryoj(t) = D(t) = Ryp(t) forall T € (0, 1). (ii) Assume that the data points
Y;, i = 1,...,n(> m+ 1), are in general position. Then, for any £ € {1,2,...,n — m} such that D(”)(g) has a non-empty

interior, we have that Rg:zu(r) D™ (%) = R;”gé(t)for any positive T in [, £).

The equality between HPS regions and halfspace depth regions was obtained in Theorems 4.1 and 4.2 of HPS10, whereas
the corresponding result for projection regions was proved in Theorem 3 of KMO08. A direct corollary of Theorem 4.1 is that

the regions Ryroi /Hpg(r) and R("> /Hps(r) are affine-equivariant, nested, and compact; see [21]. They are also always convex;

we refer to [8] for an exten510n of halfspace depth regions yielding possibly non-convex shapes.
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When it comes to computing the sample halfspace depth regions D™ (t) for some fixed t on the basis of Theorem 4.1(ii),
it appears that the link of D™ (t) to HPS quantiles is much more exploitable than that to projection quantiles, asisargued in

HPS$10. Contrary to the strictly finite collection {n(") :u € ™1}, its projection counterpart {ermJ i UE 8™ 1} indeed

contains uncountably many hyperplanes (one for each u). Therefore the intersection defining Rgfz,] () runs over an infinite

number of upper halfspaces H;rt)u v Which seems impossible to compute in practice. Consequently, it is proposed in KMO08
to sample the unit sphere $™~!, a strategy that can clearly lead to approximate regions D™ () only.

On the other hand, the “directional” decomposition of polyhedral halfspace depth regions D™ (z) into projection upper
quantile halfspaces nicely provides their faces with a neat and interesting quantile interpretation. Indeed, each face of D (1)
is included in the projection quantile hyperplane néfgjlu[), where ug stands for the unit vector orthogonal to that face and
pointing to the interior of D™ (7).

To sum up, projection quantiles are helpful for the quantile interpretation of the halfspace depth regions D™ (z), but
appear less useful for their exact computation than their HPS counterparts. However, as we show below, an alternative
proof of the identity R” (t) = D™ (t) reveals that D™ (t) can also be computed efficiently from projection quantiles. First,

pro
we need a couple of prelllminary lemmas, proved in the Appendix.

Lemma 4.1. Assume that the observations are in general position and fix £ € {1, 2, ..., n—m} such that D™ (g) has a nonempty
interior. Then D (£) = N 7", where 3" := {H: H is a closed halfspace with nP [BH] = mand nP,[H®] = k).

To state the second lemma, we define the collection of t-critical directions as

C™ :={u e 8™ : there exists at least one Hé’r’;fm with nPn[aHérr?]fm] =m}.

If T is such that nt is not an integer, then the projection (ru)-quantile hyperplane is unique for each direction u and thus
C™ = {u e $™ 1 : nP,[aH™" | = m}. For such a value of 7, most directions u yield a halfspace H""  with exactly one

L . proj,Tu proj,tu
data point on its boundary.

Lemma4.2. Fix¢ e {1,2,...,n—m}and v € [£L, £). Then

n’n
#" = {H;;'g;,u : npn[aHg';gjm] = mand nP,[(H\F,)] = £ — j} (45)
ueC(")
foranyj=1,2,..., min(m + 8, ¢—1, £), where 6, 5 is equal to one if r = s and zero otherwise.
Note that the constraint nPn[BH;'r‘;JJ’w] = m can be removed from the right-hand side of (4.5) without any loss of

generality if t € ( n1 , n) since projection quantile hyperplanes (hence also upper quantile halfspaces) are uniquely defined

for such values of T and since only critical directions are considered. We then have the following result, which is proved in
the Appendix.

Theorem 4.2. Assume that the data pointsY;, i = 1, ..., n (> m+1), arein general positionand fix¢ € {1, 2, ..., n—m} such
that D(”)(() has a nonempty interior. Then, for any positive T € [‘Znl , n) we have that (i) R;’:Lj(r) = D(”)(%) and (ii) D(”)(%) =
Mucc N Hoog e MPalIHr ] = m).

proj,tu proj,tu

Assume that the conditions of this theorem are fulfilled for some v € (Y1, £). While Part (i) of Theorem 4.2 simply

restates the projection result of Theorem 4.1(ii), Part (ii) has a number of lmqaort"ant implications for the computation of
halfspace depth regions. Clearly, it implies that the problem of computing R;';Z)j (r) =DM (f) reduces to that of determining
the set of r-critical directions C,("). But not only that: applying successively Lemmas 4.1 and 4.2 leads to

D(n)<€+1 ) M,

= () U Hynagvu 2 nPa[0H, 1o ] = mand nPul(Hyt )T = € = j)
uec™
=) U Hyejeu : mPalHyro o) = € =)
ued")
foranyj = 1, ..., min(m, £), where the last equality follows from the remark below Lemma 4.2. In other words, D™ (%)
can be obtained for such j's by intersecting all the upper quantile halfspaces H W+ that are associated with t-critical

proj,Tu
directions and cut off exactly £ — j observations. This means that a single C§”> allows one to compute simultaneously several
(typically m) halfspace depth regions in an exact way.
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The methodology can be used in practice because it is possible to determine Cr(’” efficiently by means of parametric
programming. Clearly, critical directions are among those directional vectors u where the optimal basis of the associated
linear program can change with u in the maximum number of ways (that is to say that each of the exactly fitted observations
may leave the corresponding projection (ru)-quantile hyperplane with a tiny change of u in a suitable direction). We make
this more precise in Section 5.2 below.

Of course, one can obtain Theorem 4.2 more directly from Theorem 4.1(ii). Yet our derivation allows one to derive this
result on projection quantiles by using projection quantiles only (whereas the proof based on Theorem 4.1(ii) requires
considering HPS quantiles, too). Now, contrary to the location case, we stress that no result available in the literature—
to the best of our knowledge—would allow one to establish easily the link between HPS regression quantile regions and
regression projection quantiles we provide below.

4.2. The general regression case

In the regression setup p > 2, quantile regions RM(r)/ng (1), parallel with the location case, can be defined through

Ru(m) = [ [ Hira) (4.6)
uesm-1
and
RO@ = [ [H ) (4.7)
uegm—1

where the second intersection in (4.6) (resp., (4.7)) is over all upper (ru)-quantile halfspaces associated with the minimum

n (2.1) (resp., (2.6)), and this still produces regions that are connected and convex As in the previous section, we are
mamly interested in the projection and HPS regions Rpmj(r)/R () and Rjpz (r)/R «(7), associated with Mp; and Mz,
respectively.

proj HPS

4.2.1. Identification of projection and HPS regression quantile regions

Since Theorem 4.1 shows that projection and HPS quantile regions coincide in the location case, a natural question is
whether this extends to the regression case or not. As shown by the following result, the answer is positive for population
regions.

Theorem 4.3. Consider the regression setup with p > 2. Then, under Assumption (A), Ryroj(t) = Ryps(7) forall T € (0, 1).
The proof of this result (see the Appendix) is based on the fact that the subgradlent conditions (3.4a)—(3.4c) and
(3.6a)—(3.6¢) directly reveal that (i) any projection regression quantile halfspace HprOJ cuisalsoa HPS regression quantile

halfspace H;Pé,rv for a possibly different directionv € 8™~ (which establishes that Ryps(T) C Ryroj(7)) and that, conversely,
(i) any HPS regression quantile halfspace H:P - is also a projection regression quantile halfspace H
different v € ™' (which establishes that Ryoj(t) C Rypz(7)).

Now, translating this into the sample case turns out to be unexpectedly complicated, as it is by no means obvious that
a projection regression quantile halfspace H™M+ = Hé’r’());rm whose boundary hyperplane contains m + p — 1 data points (this
restriction is needed since HPS regression quantile hyperplanes typically interpolate m + p — 1 data points) can always be
identified with some sample HPS regression quantile halfspace H (”)+ : while the boundary hyperplane of H™7 is clearly a
Koenker and Bassett regression quantile hyperplane when the * vertlcal direction” of this single-output regression is along
the vector (V,, V)" € 8™~ linking the probability mass centers of H™* and R™?~1\ H™* (see—the sample version of—
(3.6) in HPS10), this direction in general does not belong to the response space of the considered multiple-output regression
problem (i.e., is not of the form (0;,_], v;)’), hence is not admissible for a HPS regression quantile hyperplane. Showing that

there always exists an admissible direction in which the Koenker and Bassett quantile upper halfspace remains H™7 is
extremely delicate yet possible, and is the most important step to establish the following result.

still for a possibly

proj,tv’

Theorem 4.4. Consider the regression setup with p > 2, and assume that the data points (W}, Y})’, i =1,...,n (= m+p),
are in general position. Then, for all T € (0, 1),
(n)prac )+ m+ 7 _ _
RHPS (1) = m m{HHPs HHPS I=m+p—1}
uesm-1
m+ n)+ (n)crit

= () [ {Hrojeu : MPal0Hg 0] = m+p — 1} = RGI™ (), (4.8)
ueCM)

where C; M denotes the collection of all r -critical directions, that is, the collection of directions u € R™ for which there exists a

projection (tu)-quantile hyperplane nproj o fitting m 4 p — 1 observations (and not only p as in most directions u).
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(n)
HPS,tu

containing m 4 p — 1 data points, which explains that the regions Rl(_lnp)g (1) in (4.8) may be non-empty. Theorem 4.4 then

Note that any direction u € $™! gives rise (for any ¢ € (0, 1)) to (at least) one HPS quantile hyperplane =

shows that, if, for some fixed 7, all HPS (tu)-quantiles (u € 8™') are uniquely defined, then the resulting HPS regression

quantile regions R](-:1[))§(T) = Rglgg "(1) and the “critical” projection regions R;’:ij(r) do coincide. This identification in the

empirical case is, as explained above, highly non-trivial, and it allows one to compute HPS regression quantile regions from
projection quantiles, which may be computationally advantageous if m is very small (m = 2); we refer to the companion
paper [18] for extensive details.

The HPS quantile regions Rl(_;;)g(r) can be computed in practice only when all HPS (tu)-quantiles (u € $™1) are

(n)prac
HPS
that Theorem 4.4 involves Rl(_l”lfg’ " (r)—and not Rxp)é(r)—is not a limitation from the computational point of view.

uniquely defined, and we then have qup)g(r) =R (7). This explains the notation Rg';é’”c(r) and shows that the fact

For p > 2, there is still an open question whether Rg;lj(r) = Rg;f)?it(r) or not. Of course, it is always possible—at

least for (very) small dimensions m—to compute the regions RLTZJJ- (t) approximately by sampling the unit sphere J’f'“, and
experiments of this type lead us to conjecture that, under the same conditions as in Theorem 4.4, R;).(t) = RO (7). As

long as this remains a conjecture, however, the original projection regions R™ (t) cannot be computed exactly for p > 2,

proj
which makes the HPS approach superior in this respect.

4.2.2. Towards a point regression depth

Note that, due to the quantile crossing phenomenon, projection and HPS regression quantile regions need not have the
same nesting property as in the location case, which is especially apparent in the single-output setup known from the
standard quantile regression theory. This implies that we must turn to projection and HPS intersection (regression) quantile

regions R (7) = (Neeo,71 Rprojmps (t) and RI™ (1) = MNee.] R™ (t), if nestedness is required.

proj/HP§ proj/HP§ proj/HPS
The regions R;Oj /Hpé(f) and R::;)/Hpg(f) are nested, connected, and convex, and therefore implicitly define a (population
and sample, respectively) regression depth measure via
N — . /oINS N
RD o mps(W-¥) i=sup{t € (0, 1) : (W, y)" €R e (D)} (4.9)
and
N(n) ._ . N N(n)
RDD® (w.y) = sup{z € (0, 1) : (W.y) e K (v)), (4.10)

with sup ¥ := 0.In view of Theorem 4.1, this regression depth naturally extends the halfspace depth in (4.2) to the regression
context, and this construction clearly makes it possible to define a concept of regression depth in all settings where quantile
regression works. Note that (4.9) and (4.10) define the depth of a point of the regression space, and not the depth of a
regression hyperplane as is the classical regression depth of [20]. To stress the difference, we will use the term point regression

al n(n)
halfspace depth for RDpwj/Hpé (w,y) and RDpwj/HPé (w,y).

The regions R" .(t)and R"™ (t) areimportant especially from the theoretical point of view because of the induced

proj/HPS proj/HPé
depth measures in (4.9) and (4.10). Unfortunately, the intersection defining R;-(:i)/]-[[)é(r) is virtually impossible to compute—
(1)’s

unless, of course, for p = 1 or m = 1. However, we might base our sample depth measure from (4.10) on the R:)le/HPS

roi /HPE (w, y), say. The term pseudo-depth stresses the possible lack
of monotonicity of this depth measure, which is the penalty for the possible non-nestedness of the R;()tlj /HPé(r)'s. Note that
both point regression halfspace depth and pseudo-depth reduce to standard halfspace depth in the location case, and hence

can be regarded as extensions of the latter to the regression setup. Also, the regression regions R™. .(t) and R'™ (1)
proj/HPS proj/HPS

must contain the location halfspace depth regions computed from the data points (W}, Y;)’, i = 1, ..., n, and hence are
non-empty for t < 1/(m + p); see Proposition 9 in [21].

n)

and define a point regression halfspace pseudo-depth RDEJ

5. Computational aspects for projection quantiles

Here we discuss the computation of the projection (regression) quantiles and projection (regression) quantile regions
introduced in the previous sections. First, we only briefly comment on the evaluation of fixed-u projection regression
quantiles since they are of a standard single-output regression nature. Then we describe how parametric programming
allows for computing quantile contours extremely efficiently. Finally, we define and interpret projection regression rank
scores.
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5.1. Fixed-u projection regression quantiles

Let (1, W, Y)) = (X],Y;),i =1, ..., n,benobservations from the regression model considered in the previous sections.
Define
Upom = (Y5, =Y5. ... Yo, =Y5) and Vo= (X§, —X{, ..., X0, —X7),
where YJ?, j=1,...,mand XJC] =1,...,p, stand for the jth column of the response data matrix Y := (Y;,...,Y,) and
design data matrix X := (Xq, ..., X,))’, respectively. For any t € (0, 1) and any u € 8™, the resulting sample projection

regression (tu)-quantile then results from the linear programming problem (P) given by

minc,z subjectto Apz =bp, z >0,
z

with

/ N 2m+2p+2n
Z=(b1+ab1—a---’bm+ybm—»al+yal—v-~-aap+,ap—ar+vr,) eR b s

o = (040, T1), (1 — 1) € RPN by = (', 0)) € R™",

and

1
Ap = <A1;(m><(2m+2p+2n))> — (M)r/HXZm ©mx><2p Omxn @mxn>
P(nx (2m+2p+2n)) nx2m anZp —Inxn Tnxn

where 1, € (1,...,1) € R%, 0, € (0, ...,0) € RY,and M = (m;) is the (m x 2m) matrix defined by m; 51 = 1, m; 3 =
—1,and m;; = 0 otherwise. The dual twin brother (D) of (P) is of the form

max u'p’
np=(u’, pi'y
subject to
p=-Ynup Xpp=0, and —tl, <pp<(1-1)1,

Both (P) and (D) have at least one feasible solution, and hence also an optimal one. Although (P) may have more distinct
optimal solutions, we need not be too worried about that under Assumption (A), since the asymptotic theory for single-
output sample regression quantiles then ensures that any sequence of such solutions converges almost surely to the unique
population regression T-quantile as n — co. Besides, Ap has full rank n + m and therefore each optimal solution to (P) can
be expressed as a linear combination of basic solutions that have at most n 4+ m positive coordinates.

The optimal Lagrange multiplier vector ;Ll(,") corresponds to the equality constraints from (P). Therefore,

b(n) __ 9 (M

1 Y= nxpro_] Tu’
The Strong Duality Theorem then guarantees that
(n) (a (n)

pl‘O_] Tu\“proj,Tu
which generalizes (3.5) to the sample case.
For any fixed u, one can compute the sample projection regression quantiles with the aid of standard quantile regression
solvers. In particular, there is an excellent package for advanced quantile regression analysis in R (see [10]) and the key
function for computing quantile regression estimates is also available for MATLAB from Roger Koenker’s homepage.

/l(”)

)=u proj,tu’

5.2. Projection regression quantile contours

The previous subsection shows that fixed-u computation of projection regression quantiles is essentially straightforward.
The real challenge is to solve (P) efficiently for all directions u € 8™! and for any given v € (0, 1) \ {%, e, %}. say. As
mentioned in Section 4, we propose a solution that relies on parametric programming.

Under Assumption (A), it turns out that the whole space R™ may almost surely be segmented into a finite number of

non-degenerate cones Gy, q = 1, 2, ..., N¢, in such a way that
(I) the signs of all coordinates of ag;z,j,m, u, and r(fil) = r( ) — ¢ are constant in the interior of any Cg, and that
(II) there exists a p—element row index set hy := {ki, ..., kp} C {1, ..., n} such that it holds, for any u € ¢4, A(hy) =
(X(hg) 'Y (h). f" (X, Yi) = T — Tiwy,—wa(hgx,<0) a0d fepimy) (hq) = ((up??.,))k], s (I i)' that
aé’ilj,w = A(hg)u,
Moo e = —EY/ oty = Zf (X, YD (Y — &' (h)Xy),

rghq

h, _
P (hg) = > (X, YO (X' (h)) 7'X; € [-7, 1 — 7P,
i¢hg
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and

1-7) ifr'™ <o
(Hprn)s = y

foranyj e {1,...,n}, j & h,.

We see that both A (.. and pj" do not depend on u in any C,, while al,.; .., does depend on u there, in a linear
way. The set hy determines the observations fitted by the projection regression (ru)-quantile hyperplane and each cone

C, corresponds to one optimal basis of (P). Clearly, the faces of these cones are associated with those vectors u for which

one coordinate of r™, agg)j +w OF U changes its sign. We are mainly interested in the vertices of these cones because the
corresponding unit vectors u comprise all the directions that are called t-critical in Section 4.
In the small-sample location case, t-critical directions can usually be identified visually as the pin points (or change

points) of the corresponding quantile biplot B™ (z); see the Introduction. This is because a;’;gj u is then always equal to the
projection quantile of a data point and this observation in action changes in these directions in the maximum number of
ways.

The problem (P) falls into the category of linear programs with a parametric right-hand side. They are quite common in
practice, their theory is well developed, and a general MATLAB toolbox for them has also been written; see [15]. Surprisingly,
the task can be simplified substantially in our special case, which gives rise to a relatively fast, simple and reliable solver
presented and evaluated in [ 18]. This only confirms the trend that applications of parametric programming in computational
geometry still grow in number; see [19] for another recent paper on this topic.

Finally, we define projection regression rank scores v(T”) € [0,1]" as

v(T") =11, + ;L(T"), vf,n) =0,.
If all projection T-quantiles are uniquely defined, then (V(,"))i < 1 if and only if the ith observation lies in the upper
t-quantile halfspace,i = 1, 2, ..., n. Consequently, the point regression halfspace pseudo-depth (see Section 4.2) of the ith
data point might then be expressed as

8i == sup{r € (0, 1) : sup{(¥™); :u € 8™} < 1}. (5.1)

This would exactly define the sample halfspace depth in the location case (and could be extended to the HPS approach
analogously).
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Appendix

Proof of Propostion 2.1. Let us show that the minimizer in (2.1) is unique under Assumption (A). For any fixed (ag, by)’ €
My, the function from M, to R mapping (a’, b’)’ to E[(byY — agX)I[py'y_ax<o)] is minimal at (ag, by)’, and Assumption (A)
ensures uniqueness of this minimum. For all (@', b’)’ = t(a}, b})’ + (1 —t)(@), b,)’, with t € (0, 1) and (@], b))’ # (@), b))’
(both in the convex set M, ), we then have

¥:(a,b) = E[(b'Y —a'X)(T — Ljp'y—ax<0))]

= tE[(bY — @\ X) (7 — Lyy—ax<o))] + (1 — £) E[(b)Y — a}X) (7 — Ipry—ax<0y)]

tE[(D}Y — 2 X) (7 — Ly y—arx<o)] + (1 = O E[(BLY — 3,X) (T — I,y —ax<0))]
= t¥:(a;, by) + (1 — ¥ (az, by).

This shows that ¥, is strictly convex on .My, and hence the t-quantiles defined through (2.1) are unique. O

A

Proof of Propostion 2.2. In this proof, we always take (without any loss of generality) I'y, of the form

(L 0
ru_(o rﬁ)

in Definition 2.3. Now, writingd = ((dV)’, (d¥)’)’, we have
E[p. (W'Y —d'T,(W,Y)" — )] = E[p; ([u — T¥d'1'Y — (c, (d"))X)],
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0.4 4

03 -
0.2 4\

0.1 4

Fig. A.1. The plot contains n = 9 (red) points drawn from the bivariate distribution with independent U([—.5, .5]) (uniform over (—.5,.5)) marginals, and
shows how two successive halfspace depth contours, D™ (t; = .1) (light green) and D™ (t, = .2) (dark green), can be inferred from the 7,-quantile biplot
(blue contour). All the directions found by parametric programming (indicated by the blue segments leading from the origin) are also faces of all the cones
Cy and comprise not only all 7,-critical directions but also some others (such as the horizontal and vertical directions in this case). All these directions are
orthogonal to the corresponding projection t;-quantile hyperplanes (gray or magenta) that include all the prolonged faces (magenta) of the two halfspace
depth contours displayed. Note that even the redundant 7,-quantile hyperplanes (gray) border the inner halfspace depth contour from the right side. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

0.3 s
0.2

0.1

-0.5 3 St
05 0 0.5

Fig. A.2. The plot shows all the projection t-quantile hyperplanes (blue, black or magenta) corresponding to the directions obtained from parametric
programming, for t = .2 and n = 499 points from the bivariate distribution with independent U([—.5, .5]) marginals. The projection t-quantile
hyperplanes really determining the shape of the halfspace depth contour D™ (7) (green) are drawn in magenta and those corresponding to semiaxial
directions are plotted in black. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

where [u — I'hd¥]'u = 1. Therefore, if (c,, d,)’ is a minimizer of (2.4), then @ e b ) = (e, (dT)), (u— rudy))’

minimizes the M_,ps-based version of (2.1). On the other hand, since uu’ + () =1, we can write
Elp: (0'Y — a'’X)] = E[p, (W'Y — (@"), =b'TH)T, (W', Y) —a')]

for any b satisfying b’'u = 1, where a =: (a', (a%)’)’. Hence, for any minimizer (a;_lpg . b;_lp§ T)/ of the M, pz-based version

of (2.1), (cz, d))" = (cq, (d¥)’, @) = (all_lpé o (a‘]:l"Pé T)/, _b;-[pé Tl"i’.)’ minimizes the objective function in (2.4). The two
families of t-quantile hyperplanes [Tz . and 1 Myt thus coincide. O

Proof of Lemma 4.1. Recall that (4.4) states that D™ (f) coincides with the intersection of all closed halfspaces containing
atleast n— £+ 1 observations. Actually, one can restrict to closed halfspaces containing exactly n—£+1 observations; see [4],
page 1805. It can also be shown (see [5]) that D(”)(f)—provided that its interior is not empty—is bounded by hyperplanes
containing at least m points that span an (m — 1)-dimensional subspace of R™. This establishes the result since we assume
that the observations are in general position and that D(")(%) has a nonempty interior. O
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Fig. A.3. Halfspace depth contours D™ (7) (green) and quantile biplot contours B™ (t) (blue), for n = 999 and t € {.05, .10, .20, .30, .40}, obtained from
the bivariate distribution with independent U([—.5, .5]) (left) and U([1, 2]) (right) marginals. Quantile biplots are not even shift equivariant, but always
contain halfspace depth contours at the same level (which is trivial to prove). (For interpretation of the references to colour in this figure legend, the reader

is referred to the web version of this article.)
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Fig. A.4. Halfspace depth contours D™ (1), for n = 9999, obtained from the bivariate standard normal distribution and for t € {.01,.05, .10, .15, ..., .45}
(left), and from the bivariate distribution with independent standard Cauchy marginals and for t € {.15, .20, ..., .45} (right). They match their theoretical

counterparts (circles and squares) very well.

2

Fig. A.5. Halfspace depth contours D™ (), for n = 199, obtained from the trivariate standard normal distribution and for € {.05, .10, .15, ..., .40}
(left), and from the trivariate distribution with independent standard Cauchy marginals and for r € {.15, .20, ..., .40} (right). They match their theoretical

counterparts (spheres and cubes) quite well, even for such a small sample size.
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Fig. A.6. Raw piecewise linear (blue) and convex (red) approximations of quantile biplots B™ (7) of order T = .10 and the resulting halfspace depth
contour D™ (7) (green), with n = 199, from the trivariate standard normal distribution. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

1
0.8 4
0.6 4
0.4 J

0.2 J

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. A.7. Polar plots of the mappingsu € §' ||)~$Lj»w||u/(supve‘51 ||xf;;3,j,w||) (left) and u \agg)j_wlu/(supvdl |a$ﬂ,j.w\) (right), for T = 0.1 and

n = 9999 points drawn from the bivariate standard normal distribution (green), the distribution with independent U([—.5, .5]) marginals (blue), and
the distribution with independent Exp(1) — 1 marginals (red), respectively. The resulting shapes clearly reflect the axes of symmetry of the underlying
distributions. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Proof of Lemma 4.2. (i) Fix £, 7, andj as in the statement of the lemma. Clearly,

U {Hyroi e s nPAlOH oy ] = m and nP[(HyF )] = £ —j} € 2,7,

proj,tu proj,tu proj,tu
ued")

Now, fix H € Jt’é")l and let u be the unit vector that is orthogonal to dH and points to the interior of H. Then H is
a projection upper (ru)-quantile halfspace, since H satisfies the necessary and sufficient conditions equivalent to (3.8):
ntel—j—j)+m]=I[N,N+Z](fort > 2%1 this holds with strict inequalities so that H is then the unique such
upper halfspace). This shows that we indeed have Jt’é'?l - UueC(”) {Hé?é:w : nP,,[aH(”)+ ] =mand nPn[(H(")+ )] = £—j},

proj,tu proj,tu
which establishes the result. O

Proof of Theorem 4.2. Fix £ and 7 as in the statement of the theorem, and define §,, ,—; as in Lemma 4.2. The definition of
R™ () (see (4.1) with M = M) directly yields

proj

R € () () Homiirw : nPaldHg ] = m) = () | {Hyroj cu : MPalOHor ] = m}. (A1)
uec™ uec®
Now, note that any upper halfspace ng'r'g;m (irrespective of the number of data points contained in its boundary) satisfies
Pal(Hypo c)] € (€ =M — Sne g1, € =M — Spegmr + 1, £ — 1, (A2)

since (3.8) implies that N = nP,[(H™" )] € [[nt] —m, [nT]|] C [£ —m — 8pr.o—1, £ — 1].

proj,tu
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Y1 Y1

Fig. A.8. Two different views on the regression r-quantile contours R;’;l?'it(t), with t € {.01, .05, .15, .30, .45}, from 999 data points in a homoscedastic

((Y1, Y2) = 4(X3, X3)" + 2¢; left) and a heteroscedastic ((Y, Y2)' = 4(Xz, X2)' + 24/X;¢; right) bivariate-output regression setting, where X, ~ U([0, 1])
and ¢ has independent U ([—.5, .5]) marginals.

Using (A.2) jointly with Lemmas 4.1 and 4.2 yields

—j+1 L
M) U g s nPaloH 0 = m) = () U " ﬂD“” ( )= (5): ()

ueCy m

where we set r := min(m + 8, ¢—1, £). Eventually, (A.2) shows that any H[E,:t;:ru contains at least n — £ + 1 data points, so

that (4.4) proves that D™ (£) Rgﬁlj (7). This, jointly with (A.1) and (A.3), establishes the result. O

Prqof of Theorem 4.3. As mentioned in Section 4, the result follows quite easily from the comparison of the projection and
HPS subgradient conditions (3.4a)-(3.4c) and (3.6a)-(3.6¢). These two sets of subgradient conditions indeed imply that

HY —=H", and HY., =HT_
proj,7u HPS, T proj, v/ A proj ru| HPS, Tu proj,thype 1 /Ibyps oyl

forany t € (0, 1) and u € ™!, which shows both Ryyps(T) C Ryproj(t) and Ryoj(7) C Ryppe(t). O
Proof of Theorem 4.4. We start with the proof of Rggjm(t) c R(")p”c(r) for T € (0, 1). Recall that Rl(_l”l))grac(r) = Ny esm1

ﬂ{Hl:';);m : n[aHg;): ] = m+p—1}and fixa halfspace H (")+ = gg:m( 1(-1n135 v bl(_;'rzé ) inthis intersection. By defini-

tion, this means that (a, b) — ¥ " (a, b) = ,11 Y p(DYi—a X,) achieves its minimum over Mz , == {(@, )" € R™FP

b'u = 1} at (aggs o "Sﬁs ) By using convexity of the mapping (a, b) > ™ (a, b) and the fact that ¥ (ya, yb) =
(n) (n)

le/T(") (a, b) for any positive real value y, we obtain that e . / ”bggs || coincides with the minimizer A0 ru of the same
mapping over Mpou, = {@, V) € R™P : b = up}, withuy = b /|b™, |. Therefore H"" = H"F

HPS HPS,t HPS,Tu HPS,tu
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-1 0 1 2 3 4 5 0 2 4 6

Fig. A.9. Various cuts of the regression t-quantile regions Rg,'.f)j“t(r) from the same two models (left and right, respectively) as in Fig. A.8 with n = 999
observations. The top plots provide regression r-quantile cuts, t € {.01, .05, .10, .15, .20, ..., .45}, through 10% (magenta), 30% (blue), 50% (green), 70%
(cyan) and 90% (yellow) empirical quantiles of X,; the bottom ones show regression r-quantile cuts for the same 7 values, and through 25% (blue), 50%
(green) and 75% (yellow) empirical quantiles of Y;. Their centers provide information about trend, and their shapes and sizes shed light on variability. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(n) (n) _ ygm+
HPS,7u’ bHP§,ru) - HP"OJ'wfuo

m+p—1}C jog’”“(r).
We then turn to the proof that R](:P)g "y ¢ RW(7) for T € (0, 1), which is much more difficult. Fix a halfspace H =

(a @5 rug) = Himodu,- We conclude that RN (1) = Nucc® N{HDE o nPy[aHMY ] =

proj, tug proj,tu proj proj,tu proj,tu

proj
H[(,;‘gprmj in the intersection Ryx ™ (7) = Naeco N {H{OH .« nPy[OHSF 1 = m+p—1}.Denoteby h := (i1, ..., i), 1 <
i1 < --- < iy < n,the index set of those k := m + p — 1 data points Z; = (W, Y;)’ that are contained in 9H. Let us also

write X; = (1, W;),, W(h) = (W,'] ey W,‘k), X(h) = (X,’1 s ey X,»k), Y(h) = (Y,‘1 Sy Y,’k), and Z(h) = (Zil s ey Zik)-
The arrays W(s), W(t), X(s), etc. will be defined accordingly on the basis of the index sets s := {i;,..., i} and t =
{ip+15 -+ -5 ik

It follows from Proposition 2.2 that the HPS version of the problem in (2.6) is equivalent to the standard single-output
quantile regression of the responses w'Y;, i = 1,...,n, with respect to I';Z;, i = 1,...,n, and a constant term.

Consequently, Theorem 2.1 of [9] shows that H = H}({':;Tu if and only if

— 11 < &(h) = (X ()" Z (t — Iiz;gn)) (F/IZ) <1 -0 (A4)
igh u®™

where Xy (h) = (lku’(h)l“u) and the inequalities are considered coordinatewise.
It is clear (see Definition 2.3) that I'y can always be taken as
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for some (m — 1) x m matrix C, which allows one to decompose X} (h) into

remy— (X)) _ o X(s) X(D)
Kulh) = (cwm) = (CY(S) wm) '

Inverting this block matrix yields

1 -1 -1 _ -1

(&mnlz(ww ) SHOICYO) X@Swu$’ (A5)
where

ST = CY(t) — Y(5)X(s)IX(b)]. (A6)

: X Y
Now, defining the p-vector T}, and the m-vector Tj, through

)~ ()3, ) ez e)

let us consider

T} — Vy
—
1Ty — vwll

u=u, =

where vy, = Y()X(s)"'T} — [Y(t) — Y(s)X(s) 'X(t)]w for some fixed (m — 1)-vector w. Definition 2.3 requires the
orthogonality condition Cu = 0, which implies

> (@~ Tggm) (rzzi) =t ) (r Z) +@-D) (r z)

igh ZicH\oH Zi¢H

UATGAY
CTp Cvw

Hence, in view of (A.5), we obtain that

&.(h) = X, (h)™! Z (T — Iizig) (r’]z,-)

igh
X(5) TS + X(5) T 'X(6)SCY (5)X(s) ' TF — X(5) ' X(£)SCvy
—SCY($)X(s)"'T} + SCvy
X(5) 7T + X(5) "X (6)SCLY (5)X(5) ' T — vw]
—SCIY(5)X(s) " 'T} — vw]
The definition of v,y and (A.6) lead to

X(s)7'Ty 4+ X(5) "X (Hw
&®:<<> b+ X EOW), (A7)
Since the observations are assumed to be in general position, the directional vector up; (for which H = Héfg;rm loj) can

always be changed a little into a unit vector Wy, such that aHéféfw contains exactly p data points from them +p — 1

indexed by h; see Section 5.2. If the observations are reindexed so that these pdata points are indexed by s, then the necessary
and sufficient subgradient conditions for the projection (tupj)-quantile (provided by Theorem 2.1 of [9]) state that, for a
certainwg € {r, T — 1}, we have

—71, < X()7'Th + X(5) 'X(Hwo < (1 — 1)1,
where X(s), X(t), and TX are the same as above. Hence, in view of (A.7), all inequalities in (A.4) hold with T = tuy,, which
proves that H = H™F =H™  Therefore Rl(_;zg "ty c RM(7). O

Proj, Tproj HPS, Tu proj
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