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ON THE PASSAGE FROM NONLINEAR TO LINEARIZED
VISCOELASTICITY™

MANUEL FRIEDRICHT AND MARTIN KRUZIK?

Abstract. We formulate a quasistatic nonlinear model for nonsimple viscoelastic materials at
a finite-strain setting in the Kelvin—Voigt rheology where the viscosity stress tensor complies with
the principle of time-continuous frame indifference. We identify weak solutions in the nonlinear
framework as limits of time-incremental problems for vanishing time increment. Moreover, we show
that linearization around the identity leads to the standard system for linearized viscoelasticity and
that solutions of the nonlinear system converge in a suitable sense to solutions of the linear one. The
same property holds for time-discrete approximations, and we provide a corresponding commutativity
result. Our main tools are the theory of gradient flows in metric spaces and I'-convergence.
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1. Introduction. Neglecting inertia, a nonlinear viscoelastic material in Kelvin—
Voigt rheology obeys the following system of equations:

(1) —div(aFW(vy) + 8FR(Vy,8tVy)> — fin [0,T] x .

Here, [0, T is a process time interval with T' > 0, @ C R? (d = 2 or d = 3) is a smooth
bounded domain representing the reference configuration, and y : [0,7] x  — R?
is a deformation mapping with corresponding deformation gradient Vy. Further,
W : R¥4 — [0, 00] is a stored energy density, which represents a potential of the first
Piola-Kirchhoff stress tensor T, i.e., T¥ := 9pW := OW/OF, and F € R%*? is the
placeholder of Vy. Finally, R : R?4 x R4*? — [0, 00) denotes a (pseudo)potential of
dissipative forces, where ' € R%*? is the placeholder of 8, Vy, and f : [0, T] x Q — R?
is a volume density of external forces acting on 2. In the present contribution, we
consider a version of (1) for nonsimple materials where the elastic stored energy
density depends also on the second gradient of y. In this case, we get

@) —div <8FW(Vy) +eLp(V2y) + 0,R(Vy, 6tVy)) = fin [0,7] x ,

where € > 0 is small and Lp is a first order differential operator which is associated to

an additional term [, P(V?y) in the stored elastic energy; e.g., for P(G) := |G|? with
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G € R&>Xd%d e get —divLp(V2y) = A%y. We refer to (12) for more details. Thus,
we resort to the so-called nonsimple materials, the stored energy density (and the
first Piola—Kirchhoff stress tensor, too) of which depends also on the second gradient
of the deformation. This idea was first introduced by Toupin [30, 31] and proved to
be useful in mathematical elasticity (see, e.g., [6, 8, 12, 23, 24, 26]) because it brings
additional compactness to the problem. The first Piola-Kirchhoff stress tensor, 77,
then reads for all 4,5 € {1,...,d}

d
TPi(F,G) := 0p,W(F) + ¢(Lp(Q)),; = Op,W(F) — ¢ > k(0
k=1

P(G)),

ijk

where G' € R4*4*4 i5 the placeholder for the second gradient of y. The term dg P(G)
is usually called hyperstress.

We standardly assume that W as well as P are frame-indifferent functions, i.e.,
that W(F) = W(QF') and P(G) = P(QG) for every proper rotation @ € SO(d), every
F € R¥™4 and every G € R4*4¥4_ This implies that W depends on the right Cauchy—
Green strain tensor C := F'T F; see, e.g., [11]. We wish to emphasize that, in the case
of nonsimple materials, no convexity properties of W are needed; in particular, we do
not have to assume that W is polyconvex; see [5, 11]. Moreover, it is shown in [21]
that if W satisfies suitable and physically relevant growth conditions (as W (F') — oo
if det F — 0), then every minimizer of the elastic energy is a weak solution to the
corresponding Euler-Lagrange equations.

The second term on the left-hand side of (1) is the viscous stress tensor S(F, F') :=
9 R(F, F) which has its origin in viscous dissipative mechanisms of the material.
Notice that its potential R plays an analogous role as W in the case of purely elastic,
i.e., nondissipative processes. Naturally, we require that R(F,F) > R(F,0) = 0.
The viscous stress tensor must comply with the time-continuous frame-indifference
principle, meaning that for all F,

S(F,F)=FS(C,C),

where S is a symmetric matrix-valued function. This condition constrains R so that
(see [3, 4, 22], also [17])

(3) R(F,F) = R(C,C)

for some nonnegative function R. In other words, R must depend on the right Cauchy—
Green strain tensor C' and its time derivative C.

In this work, we are interested in the case of small strains, i.e., when Vu :=
Vy — Id is of order § for some small 6 > 0. Here, u := y — id is the displacement
corresponding to y with id and Id standing for the identity map and identity matrix,
respectively. Such a property is certainly meaningful if one considers initial values
yo with [[Vyo — Id|[z2(q) < 6. Therefore, it is convenient to define the rescaled
displacement © = 6~ *(y — id). Introducing a proper scaling in the above equation we
get

4)  —div (5—1aFW(1d +6Vu) + ELp(0V?u) + 610, R(1d + §Vu, 53tVu)) =

for € = £() appropriate. Note that to obtain (4) from (1) we write the latter equation
for f := 0f and then divide the whole equation by §. Formally, we can pass to the
limit and obtain the equation (for € — 0 as § — 0)
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(5) fdiv((CWe(u) +(CD6(6'tu)) .

where Cyy := 9%, W (Id) is the tensor of elastic constants, Cp := 81252R(Id, 0) is the
tensor of viscosity coefficients, and e(u) := (Vu + (Vu)")/2 denotes the linear strain
tensor.

The goal of this contribution is twofold: we first show existence of solutions to the
nonlinear system of equations (4). Afterwards, we make the limit passage rigorous;
i.e., we show that solutions to the nonlinear equations converge to the unique solution
of the linear systems as 6 — 0. Interestingly, although the nonlinear viscoelastisity
system is written for a nonsimple material, in the limit we obtain the standard linear
equations without spatial gradients of e(u).

Our general strategy is to treat the system of quasistatic viscoelasticity in the
abstract setting of metric gradient flows (see [2]) which was, to our best knowledge,
formulated for the first time in [22] for simple materials (i.e., only the first gradient of
y is considered). However, in their setting, a passage from time-discrete problems to
a continuous one is only possible in a specific one-dimensional case. See also [7] for a
related approach in materials undergoing phase transition. This, in our opinion, also
supports models of nonsimple materials as their linearization leads to the usual small-
strain viscoelasticity model which seems unreachable (or at least rather difficult) in
the case of simple materials.

An abstract framework for the study of metric gradient flows along a sequence
of energies and metric spaces has been developed in [27, 28]. In practice, for each
specific problem the challenge lies in proving that the additional conditions needed to
ensure convergence of gradient flows are satisfied (we refer to [28] for some examples
in that direction). Our aim is to show that the passage of nonlinear to linearized
viscoelasticity can be formulated in this setting. Let us also mention that a rigorous
analysis of the static, purely elastic case without viscosity goes back to [15].

Heuristically, the idea of gradient flows in metric spaces stems from the observa-
tion that, having a Hilbert space (equipped with the dot product (-, -)), the inequality

W' +2(u, Vo(u)) + [Ve(u)]* > 0

becomes equality if and only if
ul = 7V¢(U)7

i.e., if u solves the gradient flow equation. This approach can be extended to metric
spaces provided we are able to find analogies to |u’| and |V¢| in metric spaces. These
are called the metric derivative and the upper gradient (or slope), respectively. Precise
definitions can be found in section 3.1 below.

The plan of the paper is as follows. In section 2, we introduce the nonlinear
and linear systems of viscoelasticity in more detail and state our main results. In
particular, Theorems 2.1 and 2.2 show the existence of solutions to the nonlinear and
linear problems, respectively. These solutions can be identified with so-called curves
of mazximal slope introduced in [16]. Proofs of existence rely on semidiscretization in
time and on the theory of generalized minimizing movements and gradient flows in
metric spaces (see [2]), where the underlying metric is given by a dissipation distance
suitably related to the potential R (see (10)). Finally, Theorem 2.3 shows the rela-
tionship between the two systems. Besides convergence of solutions of (2) to solutions
of (5), we also get analogous convergences for semidiscretized problems. Moreover,
convergences for vanishing time step and  — 0 commute; see Figure 1. (For a related
commutativity result in an abstract setting we refer to [10].)
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Section 3 is devoted to definitions of generalized minimizing movements and curves
of maximal slope. Here we also collect the necessary existence results proved in
[2]. Moreover, we present a statement similar to [25, 28] about sequences of curves
of maximal slope and their limits as well as a corresponding result for minimizing
movements.

Further, section 4 shows interesting properties of dissipation distances related to
our viscous dissipation. It turns out that by frame indifference (3) the dissipation
distances are genuinely nonconvex. However, due to the presence of the higher order
gradient we are able to obtain sufficiently good convexity properties in order to apply
the abstract theory (see [2, 28]). Finally, proofs of our results can be found in section 5.
In particular, we relate curves of maximal slope for the nonlinear system with limiting
curves of maximal slope as § — 0 and identify these configurations as weak solutions
of (2) and (5).

In what follows, we use standard notation for Lebesgue spaces, LP(2), which are
measurable maps on  C R? integrable with the pth power (if 1 < p < +00) or
essentially bounded (if p = +o00). Sobolev spaces, i.e., W*P(Q), denote the linear
spaces of maps which, together with their derivatives up to the order k£ € N, belong
to LP(Q2). Further, Wéc P(Q) contains maps from W*P(Q) having zero boundary
conditions (in the sense of traces). In order to emphasize its Hilbert structure, we
write H1(Q) := W12(Q). We also work with the dual space to Hg(£2) denoted by
H=1(Q). We refer to [1] for more details on Sobolev spaces and their duals.

If A € R¥*¥dxdxd and e € R¥*4 then Ae € R4*? such that for i,j € {1,...,d}
we define (Ae);; := A;jrer;, where we use Einstein’s summation convention. An
analogous convention is used in similar occasions in what follows. Finally, at many
spots, we follow closely notation introduced in [2] to ease readability of our work,
because the theory developed there is one of the main tools of our analysis.

2. The model and main results.

2.1. The nonlinear setting. We adopt the usual setting of nonlinear elasticity:
consider 2 C R? open, bounded with Lipschitz boundary. Fix § > 0 (small), p > d,
and 0 < o < 1. The parameter £(J) introduced in (4) is defined as £(5) := §17P«.

Stored elastic energy and body forces. We introduce the nonlinear elastic
energy ¢5 : W2P(Q;R?) — [0, 00] by

©) 050 =35 [ W) ot gz [ PVy@)de =5 [ 1)@ da

for a deformation y : W2P(;RY) — R Here, W : R?*4 — [0, 0] is a single-well,
frame-indifferent stored energy functional with the usual assumptions in nonlinear
elasticity. Altogether, we suppose that there exists ¢ > 0 such that the following
holds:

(i) W is continuous and C* in a neighborhood of SO(d).
(7) (i) Frame indifference: W(QF) = W(F) for all F € R Q € SO(d).
(iii) W(F) > edist?(F, SO(d)), W(F) = 0iff F € SO(d),

where SO(d) = {Q € R4 : QTQ =1Id, det Q = 1}. Moreover, P : R¥*xd _ [, o0]
denotes a higher order perturbation satisfying the following:
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(i) Frame indifference: P(QG) = P(G) for all G € R4 Q € SO(d).
(ii) P is convex and C.
(iii) Growth condition: for all G € R¥*¥*4 we have

alGP < P(G) < clGPP,  |0cP(G)] < el G

for 0 < ¢1 < cp. Finally, f € L°(£2;R?) denotes a volume force. From now on we
always drop the target space R? for notational convenience when no confusion arises.
We remark that by minor adaptions of our arguments we can also treat potentials with
additional dependence on the material point x € Q2. We scale the energy appropriately
with a (small) positive parameter ¢ as we will eventually be interested in the behavior
in the small strain limit 6 — 0.

Dissipation potential and viscous stress. Consider a time-dependent defor-
mation y : [0, T] x Q — R?. Viscosity is related not only to the strain Vy(¢, ) but also
to the strain rate 9;Vy(¢,x) and can be expressed in terms of a dissipation potential
R(Vy, 8;Vy), where R : R¥*4 x R4 — [0, 00). An admissible potential has to satisfy
frame indifference in the sense (see [3, 22])

(9) R(F,F) = R(QF,Q(F + AF)) VQ € SO(d), A € Skew(d)

for all F € GLy(d) and F € R*? where GL,(d) = {F € R¥? : det F > 0} and
Skew(d) = {A € R™¥4: A= —-AT}.

Following the discussion in [22, section 2.2], from the point of modeling it is
much more convenient to postulate the existence of a (smooth) global distance D :
GL4(d) x GL4(d) — [0,00) satisfying D(F, F) =0 for all F € GL(d), from which
an associated dissipation potential R can be calculated by

N, 1 9 R 71 9 9 L.
(10) R(F.F) := lim o D*(F + ¢F. F) = 103, D*(F. F)[F\ F]

for F € GLy(d), F € R¥*?, where 02, D?(F}, F») denotes the Hessian of D? in direc-
1

tion of Fy at (Fy, Fy), being a fourth order tensor. We have the following assumptions
on D for some ¢ > 0.

) D(F\,Fy) > 0if F|' Fy # F, F,
) D(F1,Fy) = D(Fy, Fy),
(iii) D(Fy, F3) < D(Fy, Fy) + D(Fs, F3),
) D(-,-) is C® in a neigborhood of SO(d) x SO(d),
) separate frame indifference: D(Q1Fy, Q2F5) = D(Fy, Fs)
for all Q1,Q2 € SO(d), for all F1,Fy € GLy(d),

(vi) D(F,Id) > cdist(F, SO(d)) for all F € R¥% in a neighborhood of SO(d).

Note that conditions (i) and (iii) state that D is a true distance when restricted to
symmetric matrices. We cannot expect more due to the separate frame indifference
(v). We also note that (v) implies (9) as shown in [22, Lemma 2.1]. Note that in our
model we do not require any conditions of polyconvexity for either W or D [5]. For
examples of admissible dissipation distances we refer the reader to [22, section 2.3].
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Equations of nonlinear viscoelasticity. We will impose the boundary con-
ditions y(t,xz) = x for (t,x) € [0,T] x 0L, and for convenience we define the set
WEP(Q) = {y = id + u € W2P(Q) : u € WJP(Q)}, where id denotes the identity
function on Q2. We remark that our results can be extended to more general Dirichlet
boundary conditions, too, which we do not include here for the sake of maximizing
simplicity rather than generality. We now introduce a differential operator associated
to the perturbation P (cf. (8)). To this end, we use the notation (Vy);x = Ory; and
(V2y)ijr = 8]2kyi for i,j,k € {1,...,d} and define

(12) (Lr(V2y)),; = - 22:1 O (0cP(V*Y)ijk, 4,5 € {1,....d},

fory € Wi?i’p (€2), where the derivatives have to be understood in the sense of distribu-
tions. The equations of nonlinear viscoelasticity then read as (respecting the different
scalings of the terms in (6))

_div (aFW(Vy) + 6279 L p(V2y) + 0, R(Vy, &Ny)) —=30f in[0,00) x O,
(13) y(()’ ) = 1Yo in Q,
y(t,-) € Wi%ip(Q) for t € [0, 00)

for some yg € WiQd’p(Q), where OpW (Vy(t, z)) denotes the first Piola—Kirchhoff stress
tensor and 0, R(Vy(t,x),0,Vy(t,x)) the viscous stress with R as introduced in (10).
The first goal of the present contribution is to prove the existence of weak solutions
to (13). More precisely, we say that y € L>([0,00); WP (Q2)) N W2([0, 00); H(Q))
is a weak solution of (13) if y(0,-) = yo and for a.e. t >0

(14)
+ / 527paaGP(v2y(t7l,)) : V250(93) dxr = 5/ f(JC) . @(«I) dx
Q Q

for all ¢ € WO2 P(Q). In particular, we note that the first term in the second line is
well defined for a weak solution by (8)(iii) and Hélder’s inequality.

2.2. The linear problem. After rescaling with 6! and introducing the rescaled
displacement field u(t, ) = 6~ *(y(t, =) — x), the partial differential equation (13) can
be written as

—div (ylaFW(id +6Vu) + 61 PL p(5V2u) + 6710, R(id + 6V, &wu)) = f

with an initial datum ug = d~!(yo — id). For « small, letting § — 0 we obtain, at
least formally, the equation

—diV(CWe(u) +(CD6(6tu)) =f in[0,00) x ,
(15) (0, ) = uo in 0,
u(t,-) € H}(Q) for t € [0, c0),

where Cyy := 02, W (Id) and Cp := $02,D*(Id,Id) (cf. (10)). Note that the frame
1
indifference of the energy and the dissipation (see (7)(ii) and (11)(v), respectively)

imply that the contributions only depend on the symmetric part of the strain e(u) =
1(Vu+(Vu) ") and the strain rate e(dyu) = (9, Vu+0,(Vu)T). Let us also mention
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that the stress tensor is related to the linearized elastic energy ¢q : H(Q) — [0, 00)
given by

(16) in(w) = [ SCwle@@.e@lde = [ (@) ula)da

for u € HE(Q2). The goal of this article is to show that the above reasoning can
be made rigorous: we will prove that (15) admits a unique weak solution and that
solutions of (13) converge to the solution of (15) in a suitable sense. Here, similarly
as before, we say u € WH2([0,00); H}(Q)) is a weak solution of (15) if u(0,-) = ug
and for a.e. t > 0 and all ¢ € H{(Q2) we have

/((Cwe(u) + Cpe(diu)) : Vo = / [
Q Q

2.3. Main results. Let us introduce the global dissipation distance between two
deformations for the nonlinear and linear setting by

(17) Ds(yo,y1) = 0+ (/Q D2(Vyo,Vy1)>l/27

1/2
@O(UO,Ul) = </ (CD[VU,O — Vul,Vuo — VU1]>
Q

for yo,y1 € Wfd’p () and ug, u; € HE(Q), respectively. (In many notations we include
an overline to indicate that the notion is related to the linear setting.) We also define
the sublevel sets ZM 1= {y € W3P(Q) : ¢5(y) < M}. (For convenience we do not
include Q in the notation.) Our general strategy will be to show that the spaces
(M Ds) and (H} (), Dy) are complete metric spaces and to follow the approach in
[2] (see Theorems 4.5 and 4.6 below).

In particular, to show existence of solutions to (13) and (15), we will apply an
approximation scheme solving suitable time-incremental minimization problems and
show that time-continuous limits are curves of maximal slope for the elastic ener-
gies @5, do, respectively. Finally, using the property that in Hilbert spaces curves of
maximal slope can be related to gradient flows, we find solutions to (13) and (15).

Moreover, to study the relation between the nonlinear and linear problems we will
apply some results about the limit of sequences of curves of maximal slope proved in
section 3.3.

For the main definitions and notation for discrete solutions, (generalized) mini-
mizing movements (abbreviated by MM and GMM; see Definition 3.2), and curves
of maximal slope we refer to section 3.1. In particular, we define ®5 and ®, respec-
tively, as in (20), replacing ¢,D by ¢s5,Ds and ¢g, Do, respectively. Moreover, we
write |0¢s|p,, |0¢o|p, for the (local) slopes and |y/|p,, |v/|p, for the metric deriva-
tives, respectively (see Definition 3.1). Finally, discrete solutions for time step 7 > 0
will be denoted by }775 and U'E, respectively.

Our first main result addresses the existence of solutions to the nonlinear problem.

THEOREM 2.1 (solutions to the nonlinear problem). Let M > 0 and M = {y €
Wiip(Q) s 0s(y) < M}, Then for 6 > 0 sufficiently small only depending on M the
following holds:

(i) Ezistence of GMM. GMM (®s;y0) # 0 for all yo € SM.

(ii) Curves of mazimal slope. For all yo € M eachy € GMM (®s;y0) is a curve
of mazimal slope for ¢s with respect to the strong upper gradient |0¢s|ps; in particular
for all T > 0 we have the energy identity
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09 3 [ W@} [ 0o )+ o) = o)

(iii) Relation to PDE. For allyy € #M eachy € GM M (®s;y0) is a weak solution
of the partial differential equations of nonlinear viscoelasticity (13) in the sense of
(14).

For the linearized model we obtain the following results.

THEOREM 2.2 (solutions to the linear problem). The limiting linear problem has
the following properties.

(i) Ezistence/uniqueness of MM. For all ug € H}(Q) there exists a unique u €
MM (®o; ug).

(ii) Curves of mazimal slope. For all ug € H}(Y) the minimizing movement
u € MM(éo;uo) is the unique curve of maximal slope for ¢o with respect to the
strong upper gradient |8<£0\@0.

(iii) Relation to PDE. For all ug € H () the unique u € MM (®s;uq) is a weak
solution of the partial differential equations of linear viscoelasticity (15).

In contrast to Theorem 2.1, we get that the weak solution to (15) for given initial
value ug € Hg () is uniquely determined and a minimizing movement (and not simply
a generalized one). Finally, we study the relation of the solutions to (13) and (15).

THEOREM 2.3 (relation between nonlinear and linear problems). Fizx a null se-
quence (Ox)x and a sequence of initial data (y§)ren C Wi%p(ﬂ) such that

Suppen d5, (5) < / POV2E) =0, 6. (vk — id) = uo € HL(Q).

Let u be the unique element of MM (®q;ug). Then the following holds:

(i) Convergence of discrete solutions. For all 7 > 0 and all discrete solutions f/fk
as in (21) below there is a discrete solution (NJS for the linearized system such that
6 H(Y2k(t) — id) — UL(t) strongly in H'(Q) for all t € [0,00).

(ii) Convergence of continuous solutions. Each sequence y, € GMM (®s,;yk),
k € N, satisfies 0, " (yr(t) — id) — u(t) strongly in H'(Q) for all t € [0, 00).

(iii) Convergence at specific scales. For each null sequence (1x,)r and each sequence
of discrete solutions }77‘1’“ as in (21) we have 5,;1(17;1’“( )—id) — u(t) strongly in H(Q)
for all t € 0, 00).

We remark that, in the formulation of [9, 10], property (iii) states that the con-
figuration w is a minimizing movement along ¢s, at scale 7. Let us emphasize that
the convergence in Theorem 2.3 is with respect to the strong H'(Q)-topology. In par-
ticular, Theorems 2.1-2.3 imply a commutativity result which we illustrate in Figure
1. From now on we set f = 0 for convenience. The general case indeed follows with
minor modifications, which are standard.

3. Preliminaries: Generalized minimizing movements and curves of
maximal slope. In this section we first recall the relevant definitions and also give a
convergence result for discrete solutions to curves of maximal slope proved in [2]. In
section 3.3 we then present a result about the limit of sequences of curves of maximal
slope being a variant of results presented in [13, 28].
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8 H(VPk(t) —id) —— o &, (s — id)
k — o0 k— o0
n,k — oo
770
U"'" n — 00 u

Fic. 1. Illustration of the commutativity result given in Theorems 2.1-2.3. The horizontal
arrows are addressed in Theorems 2.1 and 2.2, respectively. For the vertical and diagonal arrows we
refer to Theorem 2.3.

3.1. Definitions. We consider a complete metric space (., D). We say a curve
u: (a,b) = 7 is absolutely continuous with respect to D if there exists m € L(a,b)
such that

(19) D(u(s),u(t)) < [t m(r)dr Va<s<t<hb.

The smallest function m with this property, denoted by |u/|p, is called the metric
derivative of u and satisfies for a.e. t € (a,b) (see [2, Theorem 1.1.2] for the existence

proof) ;
|| (t) := lim W

We now define the notion of a curve of mazimal slope. We only give the basic definition
here and refer to [2, sections 1.2 and 1.3] for motivations and more details. By
Rt := max(h,0) we denote the positive part of a function h.

DEFINITION 3.1 (upper gradients, slopes, curves of maximal slope). We consider
a complete metric space (., D) with a functional ¢ : . — (—o0, +0].

(i) A function g : & — [0,00] is called a strong upper gradient for ¢ if for every
absolutely continuous curve v : (a,b) — . the function g o v is Borel and

¢
60(0) ~ 60D < [ gEDWIntdr Va<s<i<h
(ii) For each u € &7 the local slope of ¢ at u is defined by
- +
10¢|p(u) := lim sup W

(iii) An absolutely continuous curve u : (a,b) — % is called a curve of mazimal
slope for ¢ with respect to the strong upper gradient g if for a.e. t € (a,b)

L,

Sout) <~ (1) - 507 (w(t).

We now introduce minimizing movements. In the following we will use an approx-
imation scheme solving suitable time-incremental minimization problems: consider a
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fixed time step 7 > 0, and suppose that an initial datum U? is given. Whenever
U, ...,Ur 1 are known, U is defined as (if existent)

1
(20) U = argmin, s ®(7, U Lv),  ®(r,u;0) = Q—D(v, u)? + ¢(v).

T
Supposing that for a choice of 7 a sequence (U”),en solving (20) exists, we define the
piecewise constant interpolation by

(21) U.(0)=U°, U.(t)=U"fort e ((n—1)7,n7], n> 1.

In the following, U, will be called a discrete solution. Note that the existence of
discrete solutions is usually guaranteed by the direct method of the calculus of varia-
tions under suitable compactness, coercivity, and lower semicontinuity assumptions.
Finally, we introduce the modulus of the derivative

~ n n—1
|UL|p(t) = % fort € (n — )71, n7], n > 1.

DEFINITION 3.2 (minimizing movements). (i) We say a curve u : [0,00) — %
is a minimizing movement for ® as defined in (20), starting from the initial datum
ug € &, if for every sequence of time steps (Tx)x with 7, — O there exist discrete
solutions defined in (21) such that

lim (U2 ) = ¢(ug), limsup,_, D(UY, ug) < 00,
(22) k— o0 R

Jim DU, (), u(t)) =0 ¥t € [0,00).
—00

By MM (®;ug) we denote the collection of all minimizing movements for ® starting
from ug.

(ii) Likewise, we say a curve u : [0,00) — . is a generalized minimizing move-
ment for ® starting from ug € 7 if there exists a sequence of time steps (7). with
T — 0 and corresponding discrete solutions such that (22) holds. The collection of
all such curves is denoted by GM M (®;up).

3.2. Compactness of discrete solutions and convergence to curves of
maximal slope. Suppose again that (., D) is a complete metric space. As discussed
in [2, Remark 2.0.5], it is convenient to introduce a weaker topology on . to have
more flexibility in the derivation of compactness properties. Assume that there is a
Hausdorff topology ¢ on ., which is compatible with D in the sense that o is weaker
than the topology induced by D and satisfies
(23) Up S u, v, v = liminf D(u,,v,) > D(u,v).

n—oo
Consider a functional ¢ : . — [0, +00) with the following properties:
() e S u, U, D(tn ) <00 = liminf (un) > o(u);
’ T—00
(24) (ii) for all N € N there is a o-sequentially compact set Ky such that
{u€e Y : ¢(u) + D(u,us) < N} C Ky for some point u, € 7.

Note that nonnegativity of ¢ can be generalized to a suitable coerciveness condition,
(see [2, Equation (2.1.2b)]), which we do not include here for the sake of simplicity.
From [2, Proposition 2.2.3, Theorem 2.3.3, Remark 2.3.4(i)] we obtain the following
compactness and convergence result.
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THEOREM 3.3. Suppose that ¢ satisfies (24) and v € & +— |0¢|p(v) is a strong
upper gradient for ¢ and o-lower semicontinuous. Then the following holds:
(i) Suppose that there is a sequence of initial data (U )ren and ug € . with

supy, D(UL ,ug) < 400, U, = ug, and ¢p(UL)) — ¢(ug). Then there is an absolutely
continuous curve u : [0,00) = & and a subsequence, not relabeled, of (Tk)ren such
that a sequence of discrete solutions (Uy, )ren defined in (21) satisfies Ur, (t) 2 u(t)
for all t € [0,00).

(ii) Bvery u € GM M (®;ug) for each ug € . is a curve of mazimal slope for ¢
with respect to |0¢|p, and in particular u satisfies the energy identity

@) 5 [ W@ [ 100)d+ o) = o) VT >0

Moreover, for a sequence of discrete solutions (Ur, )ken as in (1) we have
Jim ¢(Un, (1) = (u(t)) Vt € [0,00),
lim [90[(07,) = 106lp(u) in L.((0.50)).

lim |7, |p = [u'[p in Li,([0,00)).
k—o0

In particular, Theorem 3.3(i) states that the limit u is a generalized minimizing
movement, provided that o coincides with the topology induced by D. We remark
that GM M (®; ug) could also be defined with respect to the weaker topology o; see
[2, Definition 2.0.6]. For our purposes, however, a definition in terms of D is more
convenient.

The result can be considerably improved if ® satisfies suitable convexity properties
(see [2, Theorems 4.0.4 and 4.0.7]).

THEOREM 3.4. Suppose that ¢ is D-lower semicontinuous and ¢ > 0. Moreover,
assume that for all 7 > 0 and for all w,vy, vy € & there exists a curve (V¢)iejo,1] C 7
with vo = vg and 1 = vy such that

t(1—t)

O(1,w;v) < (1 —t)P(1,w;v9) + tP(7, w;v1) — D(vo,v1)* ¥t €[0,1].

Then for each ug € .7 there exists a unique u € MM (®;ug). Moreover, the assertion
of Theorem 3.3 (with o being the topology induced by D) holds, and for a discrete
solution U, with U® = ug we have D(U,(t), u(t))? < 172|10¢|% (uo) for all t > 0.

Note that in contrast to Theorem 3.3, Theorem 3.4 yields also a uniqueness result
for minimizing movements. Observe that (24)(ii) is not necessary for Theorem 3.4
since the solvability of the problem argmin, ,®(7,u;v) for 7 > 0 and v € &% (cf.
(20)) follows from a convexity argument. In this setting, much more refined results
can be established, and we refer to [2, section 4] for more details.

3.3. Limits of curves of maximal slopes. We now consider a set . and a
sequence of metrics (D), on . as well as a limiting metric D. We again assume
that all metric spaces are complete. Moreover, let (¢,), be a sequence of functionals
with ¢, : ¥ — [0,00]. Suppose that there is a Hausdorff topology ¢ on . which is
weaker than the topology induced by each D,,, D and satisfies similarly to (23)

(26) Up 2 u, vy > v = liminf D, (up,v,) > D(u,v).

n—oo
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Moreover, assume that (¢, ), satisfy (24)(ii), i.e., for all N € N there is a o-sequentially
compact set Ky and u, € . such that for all n € N

(27) {u €7 dn(u) + Dn(u,u.) < N} C K.

To ensure the existence of limiting curves of maximal slope, we will apply the following
refined version of the Arzela—Ascoli theorem.

THEOREM 3.5. Let T > 0, and let metrics Dy, D and functionals (¢n,)n be given
such that (26) holds with respect to the topology o. Let K C . be a o-sequentially
compact set. Let uyp : [0,T] — .7 be curves such that

u,(t) € K VYn e Nt €[0,T), limsupD,(un(s),un(t)) <w(s,t) Vs, te[0,T]

n—oo
for a symmetric function w : [0,T]?> — [0, 00) with

lim  w(s,t)=0 Vrel0,T]\¥,

(5,t)=(r,r)

where € is an at most countable subset of [0,T]. Then there exists a (not relabeled)
subsequence and a limiting curve u : [0,T] — 7 such that

un(t) S u(t) Vte[0,T], wu is D-continuous in [0,T]\ €.

Proof. We follow the proof of [2, Proposition 3.3.1] with the only difference being
that the lower semicontinuity condition for the metric is replaced by our condition
(26) along the sequence of metrics. 0

Now consider also a limiting functional ¢ : ¥ — [0,00]. We suppose lower
semicontinuity of the functionals and the slopes in the following sense: for all u € .
and (ug)r C .7 we have

(28) u, Hu = lim inf [O¢|p, (ux) = 06| p (u), liminf gy (ug) > ¢(u).

We now obtain the following result about limits of curves of maximal slope.

THEOREM 3.6. Consider a set ¥, metrics (Dp)nen and functionals ¢, : % —
[0,00], n € N, as well as D and ¢ : .¥ — [0,00]. Suppose that there is a weaker
topology o on .7 such that (26), (27), and the implication (28) hold. Moreover,
assume that |0, |p,, , |0d|p are strong upper gradients for ¢, ¢ with respect to Dy,
D, respectively.

Let T >0 and u € .. For allmn € N let u,, be a curve of mazximal slope for ¢,
with respect to |0y |p, such that

n’

(i) sup sup (¢n(un(t)) + Dp(un(t), 1)) < oo,
(29) neN¢€[0,T]

(i) un(0) =@,  @n(un(0)) — d(a).

Then there exists a limiting function u : [0,T] — & such that up to a subsequence,
not relabeled,

un(t) 2 ult),  fn(un(t)) = ¢(u(t)) Vte[0,T]

as n — oo and u is a curve of maximal slope for ¢ with respect to |0¢|p.
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The result is an adaption of a statement in [28] where condition (26) is replaced
by a lower bound condition on the metric derivatives along the sequence. We also refer
o [13], where a similar result is proved without the assumption that the slopes are
strong upper gradients (cf. [2, Definitions 1.2.1 and 1.2.2] for the definition of strong
and weak upper gradients), which comes at the expense that a suitable continuity
condition along (¢ ) for sequences (uy)xi converging with respect to the metric has
to be imposed.

Proof. From the properties of a curve of maximal slope we have (cf. (25))

(30) / 3, (s)ds + / 106 (n(5)) ds + dr(tn(£)) = b (1 (0))

for all ¢ € [0,T]. (Here, we have used that |0¢,|p, are strong upper gradients for ¢,
with respect to D,,.) From (30) and the equiboundedness of ¢, (u,(t)) (see (29)(i))
we get

T T
sup / 3, (£) dt + sup / 1063, (un (1)) dt < o0,
0 neNJO

neN

Consequently, there is a function A € L?((0,T)) such that |ul|p, — A weakly in
L2((0,T)) up to a subsequence, not relabeled. In particular, this yields

(31) lim sup Dy, (ur (8), un (t) <hmsup/ lul|p, < w(s,t) / Alr

n—oo n—oo
forall 0 < s <t <T by (19). Using (27), (29)(i), and (31), we can apply Theorem
3.5 and obtain an absolutely continuous curve u : [0,7] — . as well as a further
subsequence (not relabeled) such that wu,(t) = wu(t) for all t € [0,7]. Moreover,
recalling (26) we get D(u(s), u(t)) < f; A(r) dr, which gives |u'| < A. By (28) we get

o, (tun (1)), (u(t)) < liminf 6, (un (1)

for t € [0,7]. This together with the fact that |u,,|p, — A weakly in L*((0,7)) and
|u'| < A gives

09l (u(t) < liminf[9g,

3 [ Wb+ [ 0obutsnas + su(t)

< 2/ 2(s) ds + 2/ tim inf |96, 3, (1 (5)) ds + limind 6, (1 (1)

0

n—oo

<tmiut 5 / By (5) ds + / 000, (n(3)) ds + 641 (8)

for all ¢ € [0,T], where in the second step we used Fatou’s lemma. Using (29)(ii),
(30), and @ = u(0) we get

/ /B (s)ds + 3 / 190[3 (u(s)) ds + (u(t)) < liminf b, (1 (0) = 6(u(0)).

On the other hand, as |0¢|p is a strong upper gradient for ¢ with respect to D, we
obtain (recall Definition 3.1)

H(u(0)) < / 1061p (u()) o (5) ds.
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Therefore, combining the previous estimates and using Young’s inequality we derive

w'[p(t) = |0¢]p(u(t)), ¢(u(0))—¢(u(t))=/0 06D (u(s)) | (s) ds

for a.e. t € [0,T] and limy, 00 ¢ (un(t))

= ¢(u(t)) for all t € [0,T]. It follows that u
is absolutely continuous, and for a.e. t € [0, T

] we have

%wu(t)) = —10¢lp (u(t))|u'|p(t).

This concludes the proof. ]
We now study discrete solutions along the sequence of functionals (¢, ).

THEOREM 3.7. Consider a set ., metrics (Dp)nen, and functionals ¢, : & —
[0,00), n € N, as well as D and ¢ : .¥ — [0,00). Suppose that there is a weaker
topology o on & such that (26), (27), and the implication (28) hold. Moreover,
assume that |0¢|p is a strong upper gradient for ¢ with respect to D.

Let T > 0. Consider a null sequence (i) and initial data (U2 )i, @ with

sup, D (U2 ,u) < +oo, U2 Sa,  ¢(UL) — o(a).
Then for each sequence of discrete solutions (Uy, )i starting from (U2 )i there is a
curve u of mazimal slope for ¢ with respect to |0p|p such that up to a subsequence,
not relabeled, U, (t) > u(t) and ¢r(Uy, (t)) — d(u(t)) for t € [0,T).

For the proof we refer to [25, section 2]. Let us also mention the recently obtained
variant [10] where, similarly to [13], the lower semicontinuity along the sequence (¢, )
(see (28)) is replaced by a continuity condition. Note that in their setting it is not
necessary to require that |0¢|p is a strong upper gradient.

4. Properties of energies and dissipation distances. In this section we
prove several properties about the energies and dissipation distances. Let § > 0 and
0 < o < 1 and recall the definition of the nonlinear energy in (6)—(8) as well as (11).
We recall that M = {y € Wi%i’p(Q) : ¢s(y) < M}. In the whole section, C' > 1 and
0 < ¢ <1 indicate generic constants, which may vary from line to line and depend on
M, Q, the exponent p > d (see (8)), and on the constants in (7), (8), and (11), but
are always independent of the small parameter ¢.

4.1. Basic properties. We start with some properties about the Hessian of
W and D. By 02D? we denote the Hessian and by 8%12D2,8%22D2 the Hessian in
the direction of the first or second entry of D2, respectively. Moreover, we define
sym(F) = F"'QiFT for F € R%*? and recall the definition of Cy,Cp in (15). By
Id € R%*? we again denote the identity matrix.

LEMMA 4.1 (properties of the Hessian). Let Fy, Fy € R4 and Y € R¥¥4 in q
neighborhood of Id such that 0*D*(Y,Y) exists.

(l) We have 82D2(K Y)[(Fl,FQ),(Fl,FQH = 8%12D2(Y, Y)[Fl — FQ,FI — FQ] =
92, D*(Y,Y)[Fy — Fy, Fy — B,

(11) We have 821)2(]:Cl,:[d)[(f7|17 Fg), (Fl,Fg)] = (CD[sym(Fl — Fg),sym(Fl — Fg)]

iii) There is a constant ¢ > 0 independent of F' such that Cy [F, F] > c|sym(F)|?,
CplF, F] > clsym(F)[2.
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Proof. (i) Set H = 9?D*(Y,Y) for brevity. By symmetry (11)(ii) we find two
fourth order tensors Hy, Hy : R¥*4 x R4 5 R such that H[(Fy, Fy), (F1, F2)] =
Hl[Fl,Fl] + 2H2[F1,F2] + Hl[FQ,FQ] and HQ[Fl,FQ] = HQ[FQ,Fl]. Note that H1 =
612:12D2(Y, Y) = 812,§D2(Y,Y). As D(F,F) = 0 for all F € GL,(d), we get that
H[(F,F),(F,F)] =0 for all F € R¥*4. Thus, we obtain H;[F, F] = —H;[F, F] for all
F € R¥*? and we compute

H,[Fy — F5,F1 — F>]
= —Hy[Fy — Fo, Fy — 5| = —Hy[Fy, F1| + 2Hs[Fy, Fy]| — Hy[Fy, Py
= H\[F1, F1) + 2H;s[F\, F5| + H1[F», F>] = H[(F1, Fs), (F1, F»)).

Property (ii) follows from frame indifference (11)(v) by an elementary computation.
Finally, the growth condition for Cy and Cp stated in (iii) follow from (7)(iii) and
(11)(vi), respectively. O

In the following, by id we again denote the identity function.

LEMMA 4.2 (rigidity). There is constant C > 1 independent of & such that for &
sufficiently small for ally € M we have

(i) lly —id|[g1 (@) < C dist(Vy, SO(d)) |2 (),

(i) [Vy —Id] (o) < C6%, |y — id]|p~(q) < C5°.

Proof. (i) is a typical geometric rigidity argument, see, e.g., [15, 19]. By [19,
Theorem 3.1] and Poincaré’s inequality we find a rotation Q € SO(d) and b € R?
such that

(32) ly = (@ +b) 510y < Cl dist(Vy, SO(d)) || L2 (o)

Passing to a trace estimate and using y = id on 992, we get [[id — (Q - +b)| £2(90) <
C| dist(Vy, SO(d))||2()- Using [15, Lemma 3.3] we then find |b] + [Q — Id| <
Cllid — (Q - +b)| £2(aq) for a constant only depending on 2. This together with (32)
implies (i).

We now prove (ii). By the definition of ¢s and (8)(iii) we get ||V2y||’£p(m <
CMéPe for all y € M. As p > d, Poincaré’s inequality yields some F € R4 and
b € R? such that

(33) ly — (F - 4+b)[[wr.e () < C6*

for a constant additionally depending on Q, M, and p. Using ¢s(y) < M, (7)(iii), and
(i) we compute

[(F - 4b) — id|[711 oy < Ol dist(Vy, SO(d))[[72(q) + CIQ6** < C5°M + C|Q5.

Since a < 1, this gives |b| + |F — Id| < C§“, which together with (33) yields (ii). 0O

In the following we set for shorthand Hy := 302, D*(Y,Y) = 302,D*(Y,Y) for
1 2

Y € GLy(d), and given a deformation y € W2P(Q) we also introduce the mapping
Hy, : Q — Rxdxdxd hy fg, (1) = Hyy(z) for x € Q. Recall the definition of Ds, Dy
in (17) and Cy below (15).

LEMMA 4.3 (dissipation and energy). There are constants 0 < ¢ < 1, C > 1
independent of § such that for all y,yo,v1 € LM for § sufficiently small we have

(i) [6°Ds(y0,51)* = Jo Hvyo V(51 = 90)s V(w1 = y0)]l < ClIV(1 = y0) 1350
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(ii) cllyr — vollar () < 6Ds(vo,y1) < Cllyr — yoll (s

(iii) |D§(y07y1)2 - 250(“07”1)2’ < Co,

(iv) |(5‘2 JoW(Vy) = [o %CW[e(u),e(u)H < 0,
where w = 6~ *(y —id) and u; = 6 1(y; —id), i = 0,1. In particular, (ii) shows that
the topologies induced by Ds and || - || g1 (o) coincide.

Proof. Recall that D? is C? in a neighborhood of (Id,Id). In view of the uniform
bound on Vg, Vy; (see Lemma 4.2(ii)) and a Taylor expansion of D? at (Vyo, Vo),
we derive by Lemma 4.1

/ D2(Vyo, Vi) = / ey [V (01— 10), Vo — 50)] + OV (1 — 0) s an)-
Q Q

This gives (i). We obtain ||Hyy, — Cp||lr~) < C0* by regularity of D and Lemma
4.2(ii). This together with (i), Lemma 4.2(ii), and Lemma 4.1 yields

/ D2(Vyo, Vi) = / Cple(wr) — e(wo) e(wn) — e(wo)]
Q Q
+0(6*[Vyr = VollZ2(0)-

(34)

Now by (34), Lemma 4.1(iii), and Korn’s inequality we derive for ¢ small enough

/Q D2(Vyo, V1) > clle(@1) — e(uo)l122( + OG0 V51 — Vol ()
> ¢||Vyr = Violl72 ()

Here we used that y; —yo = 0 on 9. The first inequality in (ii) follows from Poincaré’s
inequality. The other inequality can be seen along similar lines. By Lemma 4.2(i),
(7)(iii), and the fact that yo,y; € M we get

(35) IVys = 1d|[72(0y < O dist(Vyi, SO(d)[|72(q) < Cos(ys) < CMS?

for i = 0, 1. Recalling the definition of Ds, Dy, we now obtain (iii) by (34).
Finally, to see (iv), an argument very similar to (i), essentially relying on a Taylor
expansion and Lemma 4.3(ii), yields

_ 1 e
672 [ W(vy) — | SCwle(w).e()]] < €572 Vy ~1d |32,
Q 02

which together with (35) implies the claim. 0
We close this section with proving differentiablity of [, W (Vy).

LEMMA 4.4 (differentiablity of [, W(Vy)). For (yn)n C S and y € S with
Ds(yn,y) — 0, we have

i J2 W (Vyn) = Jo W(VY) = Jo e W (Vy) : (Vyn = Vy)
n—oo D&(yn, y)

=0.

Proof. By a Taylor expansion we find a universal constant ¢/ > 0 such that
|W(F2) - W(Fl) - 8FW(F1) : (F2 - F1)| S C/|F1 - F2|2 for all Fl,FQ with |F1 -
1d|, |F; — Id| < Cd%, where C is the constant in Lemma 4.2(ii). This together with
Lemmas 4.2(ii) and 4.3(ii) gives the result. d
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4.2. Metric spaces and convexity. In this section we show that (M, Ds),
(H}(Q),Dy) are complete metric spaces and derive convexity properties for the ener-
gies and dissipation distances.

THEOREM 4.5 (properties of (M, Ds) and ¢5). For § > 0 small enough we
have the following:

(i) (FM,Ds) is a complete metric space.

(ii) Compactness: If (yn)n C M, then (yn)n admits a subsequence converging

weakly in W2P(Q), strongly in W1>°(Q), and with respect to Ds.

(iii) Lower semicontinuity: Ds(yn,y) — 0 = liminf, o d5(yn) > ds(y).

Proof. First, recalling (6) and (8)(iii), we have HVQyHi,,(Q) < CMoP* for all
y € M, which together with Lemma 4.2(ii) shows supye o [|[y|lw2r() < oo. This
implies (ii) recalling p > d and also using Lemma 4.3(ii). In particular, for a sequence
(Yn)n converging to y with respect to Ds we have y, — y weakly in W2P(Q) and
Yn — y strongly in W1°°(Q). Then (iii) follows from Fatou’s lemma and the fact that
liminf, oo [, P(V2yn) = [, P(V2y) by (8)(ii).

We now finally show (i). Apart from the positivity, all properties of a metric
follow directly from (11) and (17). To show that if Ds(yo,y1) = 0 for yo,y1 € SM,
then yo = y1, we apply Lemma 4.3(ii). Finally, it remains to show that (#,Ds)
is complete. Let (yx)r be a Cauchy sequence with respect to Ds. By (ii) we find
y € W2P(Q) and a subsequence (not relabeled) such that y, — y in W1°°(Q). Then
also limy_ 00 Ds(yk,y) = 0 by Lemma 4.3(ii). By (iii) we get y € . The fact that
(yk)k is a Cauchy sequence now implies that the whole sequence yj, converges to y
with respect to Ds. This concludes the proof. 0

Similar properties can be derived in the linear setting. Recall the definition of Dy
in (17).

THEOREM 4.6 (properties of (H{(2),Dy) and b0). We have the following:
(i) (Hg(2), Do) is a complete metric space. B
(ii) Continuity: Do(un,u) -0 = lim, oo do(un) = do(u).

Proof. By Lemma 4.1(iii) we find a constant ¢ > 0 such that
Do(uo,u1)* > clle(ug) = e(ur)[|72(q) > lluo — w1 (qy

where the last step follows from Korn’s and Poincaré’s inequality. This show that
(H;(9), Do) is a complete metric space, where Dy is equivalent to the metric induced
by || - [[z#1(q). Recalling (16) we find that ¢g is continuous with respect to Dy. O

The following properties are crucial to use the theory in [2].

THEOREM 4.7 (convexity and generalized geodesics in the nonlinear setting).
There is a constant C > 1 independent of § such that, for § small and for all yo,y1 €
gM

(1) Ds(ys,10)* < $*Ds(y1,40)* (1 + C|Vyr — Vol = (),
(i) ¢s(ys) < (1 —s)ps(vo) + sps(y1),

where ys := (1 — s)yo + sy1, s € [0,1].

Note that y, is not a geodesic in the sense of [2, Definition 2.4.2], but ys can be
understood as a generalized geodesic. We also refer to [22, sections 3.2 and 3.4] for a
discussion about generalized geodesics in a related setting.
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Proof. Let ys = (1 — s)yo + sy1. By Lemma 4.3(i) we obtain

§*Ds(y1,y0)* /Hwo [V(y1 —v0), V(y1 — yo)] 0/ [Vyr — Vyol*.

Likewise, we get

§°Ds(ys,y0)* < 82/ Hyvyo [V (y1 = 0), V(y1 — vo)] + 083/ V1 — Vol
Q Q
Combining the two estimates, we therefore obtain

Ds(ys, y0)? < 5°(Ds(y1,90)* + C 2| Vyr = Vol 7s(0))
which together with Lemma 4.3(ii) shows (i). To see (ii), it suffices to show that
JoW(Vys) < (1 =) [o W(Vyo) + sz (Vy1) since P is convex (see (8)(ii)). A
Taylor expansion gives fQ (Vy) =3 fQ Cw[Vy, Vy]+w(Vy) for a (regular) function
w: R4 — R with dpw(0) = 0 and §2,w(0) = 0. We get

/Q Cw [V, V] = (1 — 5) /Q Cw [Vyo, Vo] + /Q Cw [V, Vil
(36)
sl s) /Q Cw V(1 — o), V(51 — 30))-

Denote by Bacsa(Id) € RX4 the ball with center Id and radius 2C3% with the
constant C' from Lemma 4.2(ii). Since F — w(F) + 3[|0%:w| 1o (Byesa xay|F|? is
convex on Bycsa (Id), we get by Lemma 4.2(ii)

[t <s [ @@+ -9 [ o)

1
+ 58(1 - S)H6F2WHL°°(B20504 Id))/ |Vyr — vZ/0|2-

By the fact that 9%,w(0) = 0 and the regularity of w we find [|0%.w|| Lo (Bye s (1a)) <
Co0*. Combining the previous three estimates and recalling that

/ W(Vy) = / Cw([Vy, Vy] + w(Vy),
we conclude

W(Vys) —(1=s) [ W(Vyo) —s | W(Vy1)
Q Q Q

< —s(1=9) [ CwlTlmn = ). Tl =)l + 5501 =908 [ 1V — ) <0

for 0 small enough, where the last step follows from Lemma 4.1(iii) and Korn’s in-
equality. ]

We note without proof that by a similar reasoning as in (ii) one can show that
for given w € SM

Dy (ys, w)* < (1 — 8)Ds(yo, w)? + sDs(y1,w)?> — s(1 — s)(1L — C6*)Ds(y1,y0)>-

This implies that Ds is 2(1 — Cd“)-convex in the sense of [2, Assumption 4.0.1]. Note
that this property is not strong enough to apply directly the results in [2, sections 2.4
and 4]. Nevertheless, we will be able to derive representations and lower semicontinu-
ity properties for the slopes by direct computations (see Lemmas 4.9 and 5.3 below.)
However, in the linear setting we obtain 2-convexity, as the following result shows.
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LEMMA 4.8 (convexity in the linear setting). For all ug,u; € HF(Q) and v €
HY(Q) with us := (1 — s)ug + su; we have

Do(us,v)? < (1 — 8)Do(ug,v)? + sDo(u1,v)? — s(1 — 5)Do(u1,uo)>.
Proof. The property follows from an elementary computation as in (36) taking
into account that D3 is quadratic. a

4.3. Properties of local slopes. We now derive representations and properties
of the slopes corresponding to ¢5 and ¢g. Recall Definition 3.1.

LEMMA 4.9 (slopes). (i) For § > 0 small enough the local slopes in the nonlinear
setting admit the representation

|0¢s|ps (y) = sup (¢5(y) — ¢s(w))*

vy e M,

where C' is the constant from Theorem 4.7. The slopes are lower semicontinuous with
respect to both H'(Q) and Ds and are strong upper gradients for ¢s.
(ii) The local slope for the linear energy ¢o admits the representation

L (Gyl) = dol)
‘a¢0|D0( )_ U#E @0(U7U)

and is a strong upper gradient for ¢g.

Proof. Before we start with the actual proof, let us recall from [2, Lemma 1.2.5]
that in a complete metric space (., D) with energy ¢ one has that |0¢|p is a weak
upper gradient for ¢ in the sense of [2, Definition 1.2.2]. We do not repeat the
definition of weak upper gradients but only mention that weak upper gradients are
also strong upper gradients if for each absolutely continuous curve z : (a,b) — &%
with |0¢|p(2)|2'|p € L'(a,b), the function ¢ o z is absolutely continuous.

Moreover, [2, Lemma 1.2.5] also states that if ¢ is D-lower semicontinuous, then
the global slope

— p (80) — St
(37) S¢(,U) L w;ﬁlz D(U, w)

is a strong (and thus also weak) upper gradient for ¢.

We now give the proof of (i). We partially follow the proofs of Theorem 2.4.9
and Corollary 2.4.10 in [2]. To confirm the representation of |0¢s|p,, we use the
definition of the local slope in Definition 3.1 and obtain, with C' being the constant
from Theorem 4.7(i),

o (hsy) = ds(w)) (65(y) — ds(w))*
193], (y) = Hmsup = Sy s (4 + ClVy — V)2

(05(y) — ps(w))™
=S D) (14 Oy — Va2

where in the second equality we used that w — y (with respect to Dy) implies ||[Vw —
VLo (@) —+ 0 by Theorem 4.5(ii). To see the other inequality, it is not restrictive to
suppose that y # w and

(38) bs(y) — ds(w) > 0.
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By Theorem 4.7(ii) with yo = y and y; = w we get

¢s(y) — bsys) o ¢s(y) — ds(w) sDs(y, w)
Ds(y,ys) —  Ds(y,w)  Ds(y,ys)

for all s € [0,1], where y; = (1 — s)y + sw. Then we derive by (38) and Theorem
4.7(1)

bs(y) — ps(w)
|0¢s|p, (y) = Ds(y, w)(1 + C||Vy — Vwlo) /2’

The claim now follows by taking the supremum with respect to w. To confirm the
lower semicontinuity, we consider y;, — y in Ds or equivalently in H'(Q) (see Lemma
4.3(ii)). If w # y, then w # y;, for h large enough, and thus

. - (¢s(yn) — ¢s(w))*
1 f >1 f
W 100sle ) = B ) (1 + OV — V) 72

(¢5(y) — ds(w))*
" Ds(y,w)(1+ ClIVy = Vwlleo)'/?”

where we used Theorem 4.5(ii),(iii). By taking the supremum with respect to w the
lower semicontinuity follows.

It remains to show that |0¢s|p; is a strong upper gradient. With Lemma 4.2(ii),
for 6 small enough we find Sy, (y) < 2|0¢s|p,(y) with Sy, as introduced in (37).
Recalling the remarks at the beginning of the proof, to show that |0¢s|p; is a strong
upper gradient we have to check that for all absolutely continuous z : (a,b) — Y(;M
with |0¢s|p, (2)|2'|p; € L(a,b), the function ¢s o z is absolutely continuous. First, it
follows Sy, (2)|2'|p; € L'(a,b) as Sp; < 2|0¢s|p;. Since ¢5 is Ds-lower semicontinous,
Sys is a strong upper gradient. Thus, we indeed get that ¢soz is absolutely continuous;
see Definition 3.1.

We now concern ourselves with (ii). The representation of the local slope fol-
lows from the convexity property in Lemma 4.8 as was shown in [2, Theorem 2.4.9].
Therefore, S5, = |0¢0|p,, which is Dy lower semicontinous by Lemma 4.6(ii), and
thus |8q§0|@u is a strong upper gradient. ]

5. Proof of the main results. In this section we give the proof of Theorems
2.1-2.3.

5.1. Existence of curves of maximal slope. In this section we prove the
first two parts of Theorems 2.1 and 2.2, which essentially follow from the properties
of the metric spaces established in sections 4.2 and 4.3 by applying the general results
recalled in section 3.2.

Proof of Theorem 2.1(i),(ii). First, we note that the assumptions of Theorem 3.3
are satisfied by Lemmas 4.9(i) and 4.5(ii),(iii), where we let . = % and let o be
the topology induced by Ds.

(i) Fix yo € #M. Define the initial data U2 = yo for all 7 > 0. Applying
Theorem 3.3(i) we find a curve y which is the limit of a sequence of discrete solutions
with y(0) = yo. Thus, in view of Definition 3.2, y € GM M (®Ps;yo), which is therefore
nonempty.

(ii) To see that generalized minimizing movements are curves of maximal slope,
it suffices to apply Theorem 3.3(ii). d
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Proof of Theorem 2.2(i),(ii). In the linear setting the convexity property given in
Lemma 4.8 holds, and ¢y is convex by (16) and Lemma 4.1(iii). Thus, Theorem 3.4
is applicable. Apart from uniqueness, the result then follows from Theorem 3.4. It
remains to show that the unique minimizing movement is also the unique curve of
maximal slope for ¢¢ with respect to the strong upper gradient |8q30|150. To this end,
we follow an idea used, e.g., in [20].

/‘2

We first observe that the metric derivative |u By 2.

is convex. Indeed, let u',u
[0,00) = H}(Q) be two curves. We get for u? = 1(u! + u?) by Young’s inequality
(define v® = u(s) — u'(t), i = 1,2, for brevity)

@dﬁ@%ﬁﬁﬂ2=l¥bk«f+W%ﬂ%d@1+ﬁV%]

- Zi—lQi/ Cole(v'),e /CD ), e(v?)]
Zz 122/ e(v')] = 5 Do(u'(s),u'(1))” + Do( 2(s),u?(t))%.

Dividing by |s —t|? and letting s go to t we obtain the claim. We also anticipate from
Lemma 5.4 below that u |8¢_>0|%O (u) is convex.

Assume there were two different curves of maximal slope u', u? starting from
up; i.e., we find some T such that e(u!(T)) # e(u?(T)) since otherwise the curves
would coincide by Korn’s inequality. Set u® = %(u1 +u?), and compute by the strict
convexity of Cy on RE< (see Lemma 4.1(iii)), the convexity properties of the slope
and metric derivative, and (25)

T
OEEDY (;/ 0y a4 5 [ 19308, 0 ())dter_)o(ui(T)))

_;2
o2 [ty s ] [ o, 000+ e )

which contradicts the fact that [0¢g|s, is an upper gradient (see Definition 3.1(i), and
use Young’s inequality). This contradiction establishes uniqueness and concludes the
proof. O

5.2. T'-convergence and lower semicontinuity. As a preparation for the pas-
sage to the linear problem, we recall and prove I'-convergence results for the energies
and lower semicontinuity for the slopes. In the following it is convenient to express
all quantities in terms of the linear setting. To this end, recalling (6) and (17), for
u,v € WaP(Q) and 7,8 > 0 we define

¢5(u) = ps(id + 0u), ¢5p(u) =077 /Q P(6V?u), ¢sw(u) = ¢s(u) — g5 p(u),

Ds(u,v) = Ds(id + du, id + dv),  ®5(7,v;u) = ds(u) + %ﬁ‘s(“’ o),
T
06| p, (u) = |0s]p, (id + du).

We extend ¢s to a functional defined on H§ () by setting ¢s(u ) = +oo for u €
H(Q\WZP (). Likewise, we extend ®5. Moreover, we say u € .M if id+du € 7M.
We obtain the following I'-convergence results. (For an exhaustive treatment of I'-
convergence we refer the reader to [14].)
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THEOREM 5.1 (T-convergence). Let (9,,), be a null sequence.

(i) The functionals ¢s, : HL () — [0,00] T-converge to ¢o in the weak H'()-
topology.

(ii) For each 7 > 0, M > 0, and each sequence (0,,)n, with T, € 525];4 and v, —
v strongly in HY(Q), the functionals ®s, (1,0n;-) : HY(Q) — [0,00] T-converge to
Oo(7,7;-) in the weak H'(Q)-topology.

Proof. (1) The result is essentially proved in [15], and we only give a short sketch
highlighting the relevant adaptions. Since ¢s, p > 0, for the lower bound it suffices
to prove liminf,, o ¢s, w(un) > ¢o(u) whenever u,, — u weakly in H*(Q). This
was proved under more general assumptions in [15, Proposition 4.4]. In our setting
it follows readily by using Lemma 4.3(iv) and the lower semicontinuity of ¢o (see
Lemma 4.1(iii)).

By a general approximation argument in the theory of I'-convergence it suffices
to establish the upper bound for smooth functions u; cf. [15, Proposition 4.1]. For
such a function, setting u,, = u, we find lim,, ¢5, w (u,) = ¢o(u) (see Lemma 4.3(iv)
or [15, Proposition 4.1]), and moreover it is not hard to see that ¢s, p(u,) — 0 by
the growth of P and the fact that o < 1. This concludes the proof of (i).

(ii) We first suppose that the sequence (9,), is constantly . Then ®;, (7, ;")
I'-converges to ®g(7,v;-) repeating exactly the proof of (i), where, in addition to
Lemma 4.3(iv), we also use Lemma 4.3(iii). To obtain the general case, it now suffices
to prove that for every sequence (u,), uniformly bounded in H{ () and u, € %ZZI
for some M large enough we obtain

lim,, o0 |@6n (una @n)Z - ﬁén (unv 6)2| =0.

In view of Lemma 4.3(iii), it suffices to show lim,, o0 |Do(tn, Un)? — Do (tn,v)?| = 0.
To this end, we note that (recall (17))

Do(un,ﬁn)Q—Do(un,T;)Q:/CD[VTJ,,,VT)"]—/(CD[VTJ,VT}]
Q Q

-2 | Cp[Vun, Vo, — V1),
Q

which by the assumption on (v,), and (u,), converges to zero. |

We remark that by a general result in the theory of I'-convergence we get that
(almost) minimizers associated to the sequence of functionals converge to minimizers
of the limiting functional. We obtain the following strong convergence result for
recovery sequences which in various settings has been derived in, e.g., [15, 18, 29].

LEMMA 5.2 (strong convergence of recovery sequences). Suppose that the as-
sumptions of Theorem 5.1 hold. Let M > 0, and let (un)n be a sequence with
u, € M. Let u € Hy(Q) such that u, — u weakly in H*(Q) and

() s, (un) = go(u) or (i) s, (7,0n;un) — Po(T,V;u).
Then u, — u strongly in H*().

Proof. If ¢s, (un) — ¢o(u), we find ¢o(uy,) — ¢o(u) by Lemma 4.3(iv), and thus
by Lemma 4.1(iii)

le(un = w)3a(ey < C | Covlelttn = ). elun =)

—c ([ ewletwn.ctwn] + [ Cwletw.etw] -2 [ Cwletun).c]) -0
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as n — o0o. The assertion of (i) follows from Korn’s inequality. The proof of (ii) is
similar, where one additionally takes Lemma 4.3(iii) into account. d

We close this section with a lower semicontinuity result for the slopes.
LEMMA 5.3 (lower semicontinuity of slopes). For each sequence (up)n C 5’751:[
with u, — u weakly in H' () we have liminf, ., |0¢s, |55, (Un) = 10005, (u).

Proof. For e > 0 fix u' € C2°(%RY) with [|u' —ul| g1 gy < e. Fix v e C(;RY),
v # v, u. We first note that with w,, := u, —«' + v we have by Lemma 4.9(i)
- s, (un) — s, (w))*
965,15, (wn) = sup (¢s,, (un) (w)) -
w#tu, Ds, (Un,w)(1 + C|Id + 0, Vu, — (Id + 6, Vw)|| L~ (0))
(G5, (wn) — G, (w3)*
o Dén (un7 wn)(l + Cvén)1/2 ’
where C,, is a constant depending also on v and u’. Note that, since u’, v are smooth,

we indeed get w, = u, —u' +v € {7761;4 for n large enough for some possibly larger
M > 0. Consequently, by Lemma 4.3(iii),(iv) we get

(39) liminf 065, |p,, (un) > lim inf Boltn) - (bO(wn)zaT)(ﬁ?,’fuiu)n) SOk

Recalling (16) (for f = 0) we obtain by a direct computation

(40)
Jim (do(un) — Go(un, — ' +0)) = Jim. (c;_SO(v —u) — Q/Q(CW[e(un), e(v— u’)])

= —do(v =) =2 | Cwle(u).e(v v

= Foluw) — Bo(v) — Fol —u) + 2/ Cwle(w — ), e(v)].
Q
Moreover, by convexity of P and the definition w,, := u, — v’ + v we find
(41)  ¢s, p(un) — ¢s, Pty —u' +v) > (551"1/ daP(6,V?wy,) : 6,(V?u' — V%),
Q

which vanishes as n — oo by (8)(iii), Holder’s inequality, 1 + a(p — 1) — ap > 0,
and the fact that H(SnVanHip(Q) < CM6E*. (The latter follows from w, € .7{.)
Combining (39)—(41), using Do(u,,w,) = Do(v,u’), and recalling u,, — u, we get
after some calculations

(¢o(u) = ¢o(v) = do(u' —u) + 2 [, Cwle(uw' —u),e(v)])*
Do(v,u)

lim nf 065, |, (1) >
> (éo(u) - @O(U))Jr
- Do(v,u)

for some C' > 0 depending only on u, ¢/, and v. Letting first ¢ — 0 and taking then
the supremum with respect to v we get

—Ce

_ % — 4 +
liminf |0¢s, |p,; (un) > sup (%o (u_) $o(v) .
n— 00 n VEC (Q),v#u Do(’l], U)
In view of Lemma 4.9(ii), the claim now follows by approximating each v € H3(Q)
by a sequence of smooth functions noting that the right-hand side is continuous with
respect to H'(Q)-convergence. O
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5.3. Passage from nonlinear to linear viscoelasticity. In this section we
now give the proof of Theorem 2.3. For the whole section we fix a null sequence ()
and sequence of initial data (y§)ren C Wi%i’p(Q) such that 0, ' (y§ —id) — uo € H(Q).
Moreover, we fix M > 0 so large that yf € 5”5];4 for k € N.

Proof of Theorem 2.3(i). Let 7 > 0, and let Y as in (21) be a discrete solution.
For each k € N we then have the sequence (UJ)nen with Ut = 6,1 (Y. (n7) — id) €
j(;],\f for n € N. We need to show that there exists a sequence (Uf'),en with U = ug
such that

i) Uy = argminveHé(Q)@o(ﬂ Uy~tiv), (i) Up — Ug strongly in H' (1)

for all n € N. We show this property by induction.

Suppose (U§)™, have been found such that the above properties hold. In partic-
ular, we note that (ii) holds for n = 0 by assumption. We now pass from step n to
n+ 1.

As U — U{ strongly in H'(Q) and thus by Theorem 5.1(ii) ®s, (7,UJ;+) I'-
converges to ®q(7, Uf;-), we derive by properties of I'-convergence that the (unique)
minimizer of ®q(7, U;-), denoted by Ug”'l, is the limit of minimizers of ®5, (7, U}; ).
Consequently, we obtain U} — US*! weakly in H*(Q) and &5, (7,U; Uy —
Qo (1, U Ug”rl). Thus, Lemma 5.2 implies that the sequence even converges strongly
in H'(Q). This concludes the induction step. |

In the following let u be the unique element of M M (®g;ug).

Proof of Theorem 2.3(ii). We let o be the weak H'(Q)-topology. We consider the
sequence of metrics Dy = ﬁgk on H(} (©) and the functionals ¢y, = gf_)gk as well as the
limiting objects Dy and ¢y. We note that (26) is satisfied due to Lemma 4.3(iii) and
the fact that Dy is quadratic and convex (see Lemma 4.1(iii)). Moreover, (28) is also
satisfied by the I'-liminf inequality in Lemmas 5.1(i) and 5.3.

Finally, (27) holds also. In fact, by the rigidity estimate in Lemma 4.2(i) and (6),
(7)(iii) we find for all k € N and u € :5261]\:[ letting y = id + fxu

[ullF ) = 6 2lly — id][Fn o) < C8; 2| dist(Vy, SO(d)) |72 (0

42
) < 05205, (y) < CM.

Now consider a sequence (yi)r of generalized minimizing movements starting
from y& with 0, '(y§ — id) — wup in H'(Q). For convenience we also introduce the
curves u, = & '(yr — id). Fix M > 0 so large that y§ € #M for k € N. As
b5, (ur(t)) < s, (y2) for all t > 0, we get supy, sup, (¢, (ur(t)) + Dr(ur(t), uo)) < 0o
by (42) and Lemma 4.3(iii).

Consequently, (29)(i) also holds, and (29)(ii) is satisfied by the assumption on the
initial data and Lemma 4.3(iv). Since the slopes are strong upper gradients by Lemma
4.9, we can apply Theorem 3.6, and the existence of a limiting curve of maximal slope
follows. As this curve is uniquely given by u (see Theorem 2.2(ii)), we indeed obtain
ug(t) = u(t) weakly in H'(Q) for all ¢ € [0,00) up to a subsequence. Since the limit
is unique, we see that the whole sequence converges to v by Urysohn’s subsequence
principle.

It remains to observe that the convergence is actually strong. This follows from
the fact that limg_,oo ds, (ur(t)) = ¢o(u(t)) for all t € [0,00) (see Theorem 3.6) and
Lemma 5.2. O
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Proof of Theorem 2.3(iii). Proceeding as in the previous proof, we see that all
assumptions of Theorem 3.7 are satisfied. Therefore, we get that for any sequence
of discrete solutions there is a subsequence converging pointwise weakly in H*(Q)
to a curve of maximal slope for ¢y which can again be identified as u. The strong
convergence as well as the convergence of the whole sequence follow exactly as in the
previous proof. 0

5.4. Fine representation of the slopes and solutions to the equations.
In this section we derive fine representations for the slopes which will allow us to
relate curves of maximal slope with solutions to (13) and (15).

Recall that Cp as defined in (15) is a fourth order symmetric tensor inducing a
quadratic form (Fy, Fy) — Cp[Fy, F5] which is positive definite on R4 (cf. Lemma
4.1). Moreover, it maps R?* to ngxn?, denoted by F' +— CpF in the following. More
precisely, the mapping F + CpF from R%X4 to R4X4 is bijective. By v/Cp we denote

sym sym

its (unique) root and by /C Dfl the inverse of v/Cp, both mappings defined on ngxn‘f
We start with a fine representation of the slope in the linear setting.

LEMMA 5.4 (slope in the linear setting). There exists a linear differential oper-
ator Lo : Hi (Q;RY) — L2(Q;REXY) satisfying divLo(u) = 0 in H~ (4 R?) such that
for all w € H} () we have

|0¢0|5,(u) = [v/Cp ((Cwe )+ Lo(w) [ r2(0)-

Particularly, we note that |8(50|%0

Proof. Recalling (16) (for f = 0), (17), Definition 3.1(ii), and Lemma 4.1, we
have

is convex on Hg(£2).

(43)  [0¢0lp, (u) = limsup (o(w) = Jo(v))*

— Do (u,v)

~ limsup (Jo Cwle(u), e(u —v)] = 3Cwle(v — u), e(v — u)])+
vru (JoCple(u —v),e(u - U)])l/2

iy Jo Gl el =)l _ -y Cufe). )

= sup ,
Chall ||\/@€(U—U)||L2(Q w;ﬁO [vVCpe(w )||L2(Q)

where in the second step we used [, Cw[e(v —u), e(v —u)]/[[V/Cpe(u —v)| 20y = 0
as v — u. Let w be the unique solution to the minimization problem

[ (51VEoe)? - [ ewletw.c)] )

Clearly, w necessarily satisfies
/Q (VEpe) : VChelp) — Cwle(u).e(9)]) = 0
for all ¢ € H}(Q). This condition can also be formulated as

(44)  Lo(u) :e(p) =0 VYo € HJ(Q), where Lo(u):= Cpe(w) — Cwe(u).

As the solution w depends linearly on u, we also get that Lg is a linear operator. By
(43) and the property of £y we now find
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_ Cwe(u) + Lo(u)) : e(w
960, (1) = sup Jol ﬁv \/%e(w)(h(gz)()g) G
o (VO @welw) + Low)) ) : VTpe(w)
"o IVCoe(w)llz=@)
< ||ﬁ (Cwe(u) + Lo(u))l 20

where in the last step we used the Cauchy—Schwarz inequality. On the other hand,
by definition of Ly in (44), we get

ol > Jo (VCb ™ (Cwe(u) + Lo(u))) s vCpe(w)
OPo = VCetlzzo)
= |\/Cpe(@)| 20y = Vo (Cwelu) + Lo(u u))||L2(0)-

This concludes the proof. |
Recall the definition of the symmetric fourth order tensor Hy = 182 D%(Y,Y)

for Y € GL,(d) (see before Lemma 4.3). Let Y € R?4 be in a small nelghborhood
of Id such that Y ~! exists. Similarly to the discussion before Lemma 5.4, we get that
Hy induces a bijective mapping from Y~ TRg;H‘f to YR‘Sinnﬁl by using frame indifference

(11)(v) and the growth assumption (11)(vi). We then introduce /Hy as a bijective

mapping from Y*TngXrg to YR‘SinHﬁl In a similar fashion, we introduce the inverse
~1
Hy

For a given deformation y : © — R? we introduce a mapping Hyy : Q —
RAxdxdxd by Hg,(x) = Hyy for z € Q. We note by Lemma 4.2(ii), the fact
that D € C3, and a continuity argument that

Hig — < C6”

45 ’
(45) @)

for all y € M for a sufficiently large constant C' > 0. Moreover, recall the definition
of the operator Lp : {V2u : u € WEP(Q)} — WhET (Q; R9¥) in (12). We write
B = 62~ in the following for convenience. Note that [, dgP(V?y) : Vi = Lp(y) :
Vo for all y € Wii{p(ﬂ) and ¢ € WZP (), where the boundary term vanishes due to
Ve =0 on 0F). We now obtain the following result.

LEMMA 5.5 (slope in the nonlinear setting). There exists a differential oper-
ator L3 : {y € WEP(Q) : divLp(VZy) € H Y (R} — L2(QRI*Y) satisfying
divLh(y) = divLp(V3y) in H1(Q;R?) such that for 6 > 0 small enough and for all

e M we have

0651, (y {6”@ (OrW (Vy) + BL ) 2y if divEp(V3y) € HH(9),

else.

Remark 5.6. We remark that the expression is well defined in the following sense:
if Vy(z) = Y (x) in the above notation, then we indeed have dpW (Vy(z))+BL%(y(x))
€ Y(2)REX4 for a.e. x € Q.

sym
Proof. We prove the lower bond (i) first in the case divLp(V?y) € H1(Q) and
(ii) afterwards if divLp(V2y) ¢ H-1(Q). Finally, (iii) we establish the upper bound.
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(i) Suppose that divLp(V2y) € H=1(Q). Consider the minimization problem

min /Q (;|¢TWVw|2 — (0rW (V) +5cp(v2y)> V.

weH (Q)
By (45), the fact that v/Hiq = vCp, Lemma 4.1(iii), and Korn’s inequality we have
IV HeyVwlz ) > IV HiaVwlizg) — C8*Vwzaq)
> Clle(w)|[Z2() — CO**|[Vwl|Ez(q) > ClIVwlZa)

for ¢ sufficiently small for all w € H{(€2). Moreover, we have | [, Lp(V?y) : Vw| <
[divLp(V2Y)|| -1 [|w]| 1 () for all w € H($2). Thus, the solution @ of the problem
exists, is unique, and satisfies

(OrW (Vy) + BLp(V?y)) : Vo = \/Hy, Vi : \/Hy, Ve = Hy, Vi : Vi
for all ¢ € H}(2). Define L3 (y) := B~ (Hy,Vw — 0pW (Vy)) and note that
(46) Lp(y): Vo =Lp(V?y): Ve Ve Hy(Q)
as well as L3 (y) € L*(Q2). Moreover, since 8L5(y) + OpW (Vy) = Hy, Vi, recalling
the properties of Hy, we see that Remark 5.6 applies. Fix ¢ > 0, and choose w. €

C* (4 RY) with [0 — wellgro) < €. Letting w, = y — ~w. we get by a Taylor
expansion

8*(05(,)~05() = 1 | DEW (1) s (Vo = V) +10 (V1 = V(o)
08 [ 06P(V29) s (Vun = V2y) + 030 (920, = Pyl
- /Q OpW (Vy) : V. — B0 P(V?y) : V2w, + O(1/n),
where O(1/n) depends on the choice of w.. Similarly, we get by Lemma 4.3(i)
w28 Ds(y. w0, = | Ho, V(= w,), 9y = wn)] + 20 IV, = Vi)
= [/ Hy, Ve |20y + O(1/n).
For brevity we introduce
o) = ([ @eW(vs) + 5Lr(T20) V) I/, Tl
Since Ds(y, w,) — 0, we now obtain

— +
01063/, (y) > lim sup 5(%%)5 v ff](lf") )

- Jo 0rW (Vy) : Ve + [, B0cP(V?y) : Vw.
a H\/ﬁvvasHLz(Q)

- @(ws),

where in the last step we used the definition of £Lp in (12). Recalling the definition
of L% and (46) we now derive
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Jo Hyy Vo : Vi
H\/ HVva”Lz(sz)
fQ\/HVyV’lZ) : \/Hvva _
o Vi = ||\/HVva||L2(Q)
||\/ Vy w||L2(Q)
= |lVHvy (8FW Vy) + BLEW)) 220

By definition of w. we get |®(w) — ®(w.)| — 0 as ¢ — 0 and the lower bound in the
case divLp(V2y) € H1() follows.

(ii) Now suppose that divLp(V3y) ¢ H=1(Q). Let (y,)n be a sequence of smooth
functions converging to y in W2?(£2). Then L% (y,) is not bounded in L*(Q2). Indeed,
otherwise we would get by the definition of Lp, (8)(iii), and (46) that

‘/Q,cp(v?y):w‘ )/QaGP(VQy):v%] — lim /QaGP(VQy,,):V%

n—oo

(w) — (we) + 6|0s]p; (y) > P(w) =

= lim /Q[:};(yn) : V(p) < CHV%OH[}(Q)

n—roo

for all ¢ € WZP(Q). This, however, contradicts the assumption divLp(V3y) ¢
H=1(9Q). As energy and dissipation are W?2?({)-continuous (see (7), (8), and Lemma
4.3(ii)), we find for some fixed € > 0 and n large enough by Lemma 4.9(i)

(05(yn) — P5(w)) "
Os|p. (1) >
e +[9¢s|p; (v) u?;lgn Ds(Yn, w)(1 + C||[Vyn — V| poo (o)) /2

By the representation of the slope at y, and the fact that £5(y,) is not bounded in
L?(9), the right-hand side tends to infinity for n — oo, as desired.
(iii) For the upper bound, we first use Lemmas 4.3(i),(ii) and 4.5(ii) to get

1 — lim Ds (v, w)? > Jim su IVHvV(w )||L2(Q) C”vvaw”i?»(g)
— w—o Dy(v,w)? = pitng 0%2Ds (v, w)?

VHo,V(w — )2
= hglj?p ” VcPDfs(v,w))?HL2 - Chgljgp Vv = Vwl| L= ()
= limsup IV Eoo vie - U)||2L2(Q) .
w—v 02Ds (v, w)?
This together with Lemma 4.4 and the convexity of P gives

5% (ps(y) — dps(w))*

= |0¢s|Ds (yn)-

0|0¢s|ps (y) = limsup

w—y 6D5(y7w)
: _ 2.3 . O2( _
< limsup Jo OrW (Vy) : V(y —w) + [, B0cP(V?y) : V3(y w)'
woy lvVHvy(Vw = Vy)|lr2(a)

Recalling the definition of £p and using (46) as in the lower bound, we get

510681, (4) < timsup 2PV (YY) + BLpW)) : Vly —w)
o IVHey (Ve — Vy)llL2q)
Finally, the Cauchy—Schwarz inequality gives

-1
H OpW (V L( v(
8|9¢s|p, (y) < limsup Jov/Hvy (0rW(Vy) + 5 )i /HeyV(y — w)
w—y ||m (Vw — Vy ||L2 @
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Finally, following [2, section 1.4] we relate curves of maximal slope with solutions
to (13) and (15). Similar to [2, Corollary 1.4.5], this relies on the fact that the stored
energy can be written as a sum of a convex functional and a C! functional on H*().

Proof of Theorem 2.1(iii) and Theorem 2.2(iii). We only give the proof for the
nonlinear equation. The proof for the linear equation is easier and can be seen along
similar lines.

First, the fact that ¢5(y(t)) is decreasing in time, together with (6)—(8), gives
y € L([0,00); WZP(Q)). Moreover, since |y|p, € L*([0,00)) by (18) and Ds is
equivalent to the H!(Q)-norm (see Lemma 4.3(ii)), we observe that g is an absolutely
continuous curve in the Hilbert space H(2). By [2, Remark 1.1.3] this implies that
y is differentiable for a.e. t with 9,Vy(t) € L?(Q2) for a.e. t, that

t
(47) Vy(t) — Vy(s) = / WVy(r)dr ae inQ V0<s<t,

and that y € W12([0,00); H!(Q)). More precisely, by Fatou’s lemma and Lemma
4.3(1) we get for a.e. t

(48)
) — ti D@ 0) (8 Da((s).y(0)*)
|y|D5(t)*l%t s —¢| 7£at5 < s — ]2 )
1 . Vy(s) — Vy(t) Vy(s) — Vy(t)
L R B

1/2
s — 1] 20(1Vy(t) - w<s>|3>))

1/2
=61 (/Q Hvy(t)[atVy(t),atVy(t)]> = 6_1||m5tv9(t)“L2(Q).

We now determine the derivative $-¢s(y()) of the absolutely continuous curve ¢soy.
Fix t such that lim,_,; W exists, which holds for a.e. t. Then by Lemma 4.4
we find

iy oW V() = Jo WVY(®) = Jo 0rW (Vy(#)) = (Vy(s) = Vy(t))

5—00 s—t

=0.

The previous estimate together with the convexity of P yields

¢s(y(s)) — ds(y(t))

< 6s(y(0) = tim

s—t s—1
o 1
> timint s [ (0eW(VH(0) 1 (Vu(s) = Vu(t)

+ B0 P(V2y(1)) : (V3y(s) — V2y(1)))

- 1 ) .
= timint s [ (OFW(Vy(0) + BLR() : (Tu(s) = V(o)

where as before 8 = 627°P. In the last step we integrated by parts and used
div(Lp(y(t))) = div(Lp(V?y(t))) by Lemma 5.5. Note that the last term is well
defined as L3 (y(t)) € L*(Q) for a.e. t by Lemma 5.5 and (18). Now (47) implies
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o) 2072 [ \He, @eW(Tu(0) + BLHW)) ¢ \[Hoy00Tu(0)

We find by Lemma 5.5, (48), and Young’s inequality

(1005]5, (w(®) + 1y'[, (1) = —ds(y(t),

DN =
&)~

Coslu(e) = -

where the last step is a consequence of the fact that y is a curve of maximal slope
with respect to ¢5. Consequently, all inequalities employed in the proof are in fact
equalities, and we get

—1

Hyywy (OrW(Vy(t)) + BLE (1)) = —/Hoyw) 0 Vy(t)

pointwise a.e. in . Equivalently, recalling 0z R(F, F) = %812,2D2(F, F)YF = HpF
1
from (10), we obtain

OrW(Vy(t)) + BLE(y(1)) + 0 R(Vy(t), 0:Vy(t)) = 0

pointwise a.e. in Q. Multiplying the equation with V¢ for ¢ € Woz’p(Q), using
again [, Lp(y(t)) : Vo = [ Lp(V?y(t)) : Vi by Lemma 5.5 and the definition of
Lp(V?y(t)), we conclude that y is a weak solution (see (14)). O
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