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Application of the Method of Maximum Likelihood to
Identification of Bipedal Walking Robots

Kamil Dolinský and Sergej Čelikovský

Abstract— This brief studies the problem of parameter
estimation and model identification for a class of underactuated
mechanical systems modeled via the Euler–Lagrange formalism,
such as underactuated walking robots. This problem is closely
related with the measurement of the absolute orientation during
walking. A novel identification method suited for this prob-
lem was proposed. The method takes advantage of the linear
structure of the model with respect to estimated parameters.
The resulting estimator is calculated iteratively and maximizes
the likelihood of the data. The method was tested on both
simulated and experimental data. Simulation was carried out
for an underactuated walking robot with a distance meter to
measure absolute orientation. Laboratory experiment was carried
out on a leg of a laboratory walking robot model equipped with
a three-axis accelerometer and gyroscope to measure absolute
orientation. The method performs favorably in comparison with
other benchmark estimation algorithms and both the simulation
example and the laboratory experiment confirmed its high
potential for the use in identification of underactuated robotic
walkers.

Index Terms— Control, identification, maximum likeli-
hood (ML), walking robots.

I. INTRODUCTION

UNDERACTUATED walking robots have been stud-
ied intensively in recent decades. And many results

connected to model-based nonlinear control algorithms
were developed [10], [19]. A mathematical model of the
robot—a mechanical chain of rigid links—can be obtained
using classical mechanics, for example via Euler–Lagrange
formalism [11]. This brief deals with experimental identifi-
cation of such systems—that is estimating the mathematical
model from data provided by robot’s sensors [12], [16]. The
main benefit of such approach is that the model can be
improved by using the data from walking. Although kinematic
parameters such as lengths of robot’s legs or tights can be
measured directly, the values of parameters related to dynamic
behavior of robot—location of center of gravity, inertia, and
friction effects—are more difficult to obtain, especially if
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Fig. 1. Schematics of the mechanical chain representing a walking robot.

the robot is more complicated. Other uses include mechan-
ical changes in the robot, in such an event experimental
identification can be very valuable. The underactuation is a
fundamental problem of robotic walking, since it is present in
any agile humanoid walking robot. It means that the system
has more degrees of freedom than independent actuators [19].
The underactuation occurs whenever the foot of the robot is not
flat on the ground. This is because the contact point between
the foot and the ground can be modeled as a pivot point.
However, this pivot point is not directly actuated and it is not
possible to place a motor to actuate robot in that point (see
Fig. 1) and note the underactuated angle q1. All the remaining
joints of the robot can be actuated directly using motors. This
fact is closely related to the problem of model identification.
To identify a model of an underactuated walking robot from
measurements obtained during walking, an information about
the absolute orientation of the robot is required. It is possible
to measure all the relative angles between the links of robot
using optical encoders or encoders based on Hall effect. These
provide accurate information about relative angles between
the links of the robot. Furthermore, these measurements can
be used to obtain information about relative angular veloc-
ities and accelerations between links. However, due to the
underactuation, it is not possible to use an encoder to directly
measure the absolute orientation of a walking robot. This
information has to be obtained using different sensors. The
human sensory system relies mostly on the sight and the inner
ear. This brief, therefore, studies two concepts of the absolute
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orientation measurement, the first uses a visual feedback pro-
viding the distance of the robot to a point on the ground. The
second concept uses a gyroscope and an accelerometer. Such
an unavailability of the absolute orientation measurements is
the main difference, which distinguishes the problem of iden-
tifying the model of walking robot from a closely related prob-
lem of identification of robotic manipulators [2]–[5], [7]–[9].
For both, walking robots and manipulator robots, joint torques
are related only with configuration angles, angular velocities,
angular accelerations, and parameters. When the appropriate
parameterization of model is used, this relationship is linear in
parameters. In the case when the angular data are available and
are accurate, they can be used to construct regression matrix
for this estimation problem and the method of weighted least
squares (WLS) can be used to estimate the parameters [1].
A robotic manipulator is a fully actuated mechanical chain,
and therefore, all of the configuration angles—including the
absolute orientation angle—can be accurately measured using
encoders. Associated angular velocities and accelerations can
be estimated using filtered finite differences. On the contrary,
the underactuation of walking robots resulting in the unavail-
ability of encoder readings of the absolute orientation angle
and the necessity of measuring the angle using sensors sus-
ceptible to errors complicates the estimation procedure. This
brief studies two issues: first, how to include the information
about the absolute orientation into the estimation procedure
when the angle is not directly measured and second, how to
remove the errors from the absolute orientation data, using
the maximum likelihood estimation (MLE) method, so that
the assumptions of the WLS estimator are not violated. These
issues are studied on two examples. The first example is a
simulation study of a three link walking robot, which uses
a laser distance measurement to measure the underactuated
angle. This example shows that the approach developed in
this brief can deal with the measurement errors and per-
forms favorably in comparison with other common estimation
methods. The other example is a laboratory experiment, where
the parameters of a leg of an underactuated walking robot are
estimated and the underactuated angle is measured using a
three-axis accelerometer and gyroscope LSM9DS1 [22].

II. STRUCTURE OF IDENTIFIED SYSTEMS

An open kinematic chain consisting of nr links is a mechan-
ical system of nr degrees of freedom and its motion can be
described by nr − 1 relative angles qr

i and corresponding
nr − 1 angular velocities q̇r

i and one absolute angle qa and its
associated velocity q̇a . All these angles at a particular time t
form a vector of configuration angles q(t) and together with
the vector of angular velocities q̇(t) they constitute the state
vector x(t). Torques corresponding to each degree of freedom
are included in the vector τ (t) and vector u(t) comprises the
actuator torques. Summarizing

q(t) = [
qr

1(t), . . . , qr
nr −1(t), qa(t)

]T = [qrT , qa]T (1)

q̇(t) = [
q̇r

1(t), . . . , q̇r
nr −1(t), q̇a(t)

]T = [q̇rT , q̇a]T (2)

x(t) = [qT (t), q̇T (t)]T (3)
τ (t) = [τ1(t), . . . , τnr (t)]T (4)
u(t) = [u1(t), . . . , unr−1 (t)]T . (5)

Kinematic chains can be modeled by Euler–Lagrange’s equa-
tions of motion

d

dt

(
∂L

∂ q̇

)
− ∂L

∂q
= τ (6)

where L denotes the Lagrangian, which equals the difference
between the kinetic and the potential energy of considered
mechanical system, that is

L = K (q, q̇) − V (q). (7)

The kinetic energy of the system is given as

K (q, q̇) = 1

2
q̇T D(q)q̇, D(q) = DT (q) � 0 (8)

and (6) will assume the following form [19]:
Bu = τ = D(q)q̈ + C(q, q̇)q̇ + G(q) + F(q, q̇) (9)

G(q) = ∂V (q)

∂q
(10)

C(q, q̇) = ∂

∂q
(D(q)q̇) − 1

2

(
∂

∂q
(D(q)q̇)

)T

. (11)

Matrix D(q) is called the inertia matrix, C(q, q̇) is the matrix
of Coriolis and centrifugal forces, and vector G(q) describes
gravity effects and vector F(q, q̇) contains friction model
terms. Matrix B describes how the actuator torques u are
generating torques τ . The associated state space model can
be found using (3) and (9) as

ẋ = f (x) + g(x)u. (12)

III. PARAMETER ESTIMATION

Using link masses, inertia tensors, link lengths, and so on,
to parameterize the motion equations of a mechanical chain
is quite natural. For the purpose of parameter estimation it is,
however, more advantageous to use a parameterization that
allows a model linear in parameters

Bu(t) = τ (t) = Z(q(t), q̇(t), q̈(t))β (13)

where the matrix Z(q(t), q̇(t), q̈(t)) can be formed by manip-
ulating the left-hand side of (9). The structural identifiability
of parameters β can be easily ensured by choosing a para-
meterization that makes the corresponding matrix Z of full
rank. To be able to exploit the linearity in the parameters, all
variables entering the design matrix Z must be available. Then,
the problem of parameter estimation reduces to a problem of
multivariate linear regression [1], [17], [18], [20], [21].

A. Estimating Relative Angular Velocities and Accelerations

A typical situation encountered in practice is that the mea-
surements of actuator torques and relative angles are available
from motor-current sensors and rotary encoders, respectively.
The encoder data are usually very accurate, and after digital
filtering, practically noise free. For data set consisting of N
samples, we have

yτ (tk) = τ (tk) + eτ (tk) = B yu(tk) (14)

yu(tk) = u(tk) + eu(tk) (15)

yr
q(tk) ≈ qr (tk) (16)
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where k = 1 . . . N . Actuator-torques measurement errors
eu(tk) are assumed to be independent, identically distributed,
following normal distribution and to have zero mean. That is

E[eu(tk)eu(tk)
T ] = �u (17)

E[eu(tk)eu(tl)
T ] = 0 for tl �= tk . (18)

As a consequence, eτ ∼ N (0,�τ ), where �τ = B�uBT .
On the other hand, the angular velocities and accelerations are
usually not available, but in the case of relative angles, they
can be estimated from angular data using central differences

ˆ̇qr
fcd(tk) = q̂r

f (tk + Ts) − q̂r
f (tk − Ts)

2Ts
(19)

ˆ̈qr
fcd(tk) = q̂r

f (tk + 2Ts) − 2q̂r
f (tk) + q̂r

f (tk − 2Ts)

4T 2
s

(20)

where q̂r
f denotes digitally filtered relative angular data, Ts the

sampling rate and the filtering is used to reduce the noise
amplification introduced by numerical differences.

B. Eliminating the Dependence on the Absolute Angle

There are various sensors that can measure various quanti-
ties h that are directly related to the absolute angle, e.g., dis-
tance from the ground or linear accelerations measured by an
accelerometer. These quantities can be used to eliminate qa

from (13). To achieve this using accelerometer measurements,
both q̇a and q̈a are required. Angular velocity q̇a can be
measured using gyroscope and q̈a can be obtained using cen-
tral differences from filtered measurements of q̇a . Therefore,
the following measurement model is obtained:

yh(tk) = h(tk) + eh(tk) (21)

yq̇a (tk) = q̇a(tk) + eq̇a (tk). (22)

For a compact reference, the following vectors are defined for
the case of accelerometer measurements:

ya(ts) = [ yh(tk), yq̇a (tk)]T (23)

ea(ts) = [eh(tk), eq̇a (tk)]T (24)

where ea(tk) ∼ N (0,�a). And the vector ya(ts) = yh(tk) in
the case of distance meter and it is assumed that associated
changes can be carried out by the reader. Measurement errors
e = [eT

τ , eT
a ]T are assumed to be normally distributed with

zero mean and to be uncorrelated across time. Thus

E[e(tk)e(tk)T ] = � =
[
�τ 0
0 �a

]
(25)

E[e(tk)e(tl)T ] = 0 for tl �= tk . (26)

The covariance of errors eh(tk) is either constant or dependent
on the quantity h(tk), a typical example is when the error of
the distance measurement grows with the distance. The model
for a whole data set can be written as

yτ,1...N = Z̃1...N
(
ĥ f , q̂r

f , ˆ̇q f , ˆ̈q f

)
β + eτ,1...N + v1...N (27)

where ˆ̇q f = [ ˆ̇qrT
fcd,

ˆ̇qa]T , ˆ̈q f = [ ˆ̈qrT
fcd,

ˆ̈qa
fcd]T , where ˆ̇qa is either

calculated from distance measurements using finite differ-
ences, or determined by the gyroscope measurements yq̇a , ˆ̈qa

fcd

is a central difference-based estimate of q̈a calculated from ˆ̇qa .
The matrix Z̃ equals matrix Z, but is now parametrized using
the filtered measurements ĥ f of the quantities h, which are
measurable—contrary to the absolute angle qa . Error v stands
for errors due to unmodeled dynamics or discrepancies in the
design matrix caused by angular measurement errors. Since the
structure of the identified system can be described accurately
by the Euler–Lagrange equations, it is assumed that the errors
due to unmodeled dynamics can be neglected. If there are
any additional dynamic phenomena, such as friction or gear
dynamics, they should be included in the model. In the case
when the positional data are accurate, the discrepancies in the
design matrix as well as potential correlation due to closed
loop can both be neglected (see [5], [14], [15] and references
therein). In such a case, β can be estimated using the WLS
estimator

β̂ = (
Z̃T

1...N WZ̃1...N
)−1(Z̃T

1...N W y1...N

)
(28)

where the weighting matrix is equal to

W = �τ ⊗ 1N×N . (29)

However, this method does not explicitly account for the
measurement noise in the absolute orientation data and, there-
fore, cannot provide optimal estimates when measurements are
noisy—which is the case of walking robots.

IV. MAXIMUM LIKELIHOOD ESTIMATION

OF PARAMETERS FROM OPEN-LOOP

NOISY DATA

Due to errors in the measurements determining the absolute
orientation of the robot, the design matrix

Z̃(ĥ f , q̂r
f , ˆ̇q f , ˆ̈q f ) �= Z̃(h, qr , q̇, q̈) (30)

and the resulting estimate of parameters will be biased. There-
fore, one would like to find estimates of ĥmle(tk), ˆ̇qa

mle(tk)
and ˆ̈qa

mle(tk), which most likely correspond to the values of
h(tk), q̇a(tk) and q̈a(tk), respectively, for k = 1, . . . , N . It is
assumed that the error properties (25) are known. To be more
specific, matrix �, or matrices �τ and �a , are known up to
a scalar multiple. Estimates of these matrices can be obtained
from specially designed repeated experiments. The distribution
of measurements yτ (tk) and ya(tk) is given by multivariate
normal distribution

f (yτ (tk), ya(tk))

= 1
√

(2π)2r |�| exp

(
−1

2
e(tk)T �−1e(tk)

)
. (31)

The likelihood function of measurements yτ (tk) and ya(tk) is
a function of τ (tk) and h(tk), q̇a(tk), q̈a(tk) and is proportional
to (31). By using the model (27), estimator (28), and by
using central differences to eliminate all the derivatives, one
concludes that � for a whole data set is given as

�(h1...N , q̇a
1...N ) =

k=N∏

k=1

exp

(
−1

2
e(tk)T �−1e(tk)

)
. (32)
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Maximization of �(h1...N , q̇a
1...N ) can be obviously achieved

by minimizing the sum of squares

S(h1...N , q̇a
1...N ) =

k=N∑

k=1

(e(tk)T �−1e(tk)). (33)

A. Implementation of the Minimization Procedure

Minimizing the criterion (33) is a nonconvex optimiza-
tion problem and, therefore, the solution has to be sought
iteratively. However, the sum of squares can be calculated
extremely efficiently thanks to utilizing the WLS estimator
in conjunction with the central differences. In particular, this
approach does not require to integrate the equations of motion.
The implementation of the identification procedure can be
performed using the following steps, with some small differ-
ences, which depend on whether the absolute orientation was
measured using the distance meter or using the combination
of accelerometers and gyroscopes.

1) Initialization:

a) Set the iteration counter to i = 1.
b) For k = 1 . . . N , filter the actuator torques, relative

angles, the quantity h related to the absolute angle

û f (tk) = lowpass(yu(tk)) (34)

q̂r
f (tk) = lowpass(yr

q (tk)) (35)

ĥ f (tk) = lowpass(yh(tk)). (36)

If accelerometers and gyroscopes are used then
also filter the gyroscope measurements

ˆ̇qa
f (tk) = lowpass(yq̇a (tk)). (37)

c) For k = 1 . . . N , calculate finite difference-based
estimates

ˆ̇qr
fcd(tk) = q̂r

f (tk + Ts) − q̂r
f (tk − Ts)

2Ts
(38)

ˆ̈qr
fcd(tk) =

ˆ̇qr
fcd(tk + Ts) − ˆ̇qr

fcd(tk − Ts)

2Ts
. (39)

d) For k = 1 . . . N calculate yτ (tk) = Bû f (tk) and
form the vector yτ,1...N .

e) Initialize the ML estimator of absolute orientation
data as

ĥmle,1(tk) = ĥ f (tk) (40)

and in the case of accelerometers and gyroscopes
also

ˆ̇qa
mle,1(tk) = ˆ̇qa

f (tk). (41)

2) Calculation of Minimization Criterion:

a) In the case of distance meter, estimate the angle
q̂a

mle(tk) using the estimate ĥmle,i (tk) and for
k = 1 . . . N calculate

ˆ̇qa
mle,i (tk) = q̂a

mle,i (tk + Ts) − q̂a
mle,i (tk − Ts)

2Ts
.

(42)

In the case of accelerometers and gyroscopes, this
step is omitted.

b) For k = 1 . . . N , calculate the central differences-
based estimate from the current ML estimate
ˆ̇qa
mle,i (tk) as

ˆ̈qa
mle,i (tk) =

ˆ̇qa
mle,i (tk + Ts) − ˆ̇qa

mle,i (tk − Ts)

2Ts
.

(43)

c) Form the design matrix Z̃ for each k = 1 . . . N as

Z̃(tk) = Z̃
(
ĥmle,i (tk), ˆ̇qa

mle,i (tk), ˆ̈qa
mle,i (tk),

q̂r (tk), ˆ̇qr (tk), ˆ̈qr (tk)
)
. (44)

d) Form matrices Z̃1...N and W and calculate the
estimate of parameters as

β̂ = (
Z̃T

1...N WZ̃1...N
)−1(Z̃T

1...N W yτ,1...N

)
. (45)

e) For k = 1 . . . N , calculate the joint torques pre-
dicted by the ML estimates

τmle,i (tk) = Z̃
(
ĥmle,i (tk), ˆ̇qa

mle,i (tk), ˆ̈qa
mle,i (tk),

q̂r (tk), ˆ̇qr (tk), ˆ̈qr (tk)
)
β. (46)

f) For k = 1 . . . N , calculate residuals

eτ (tk) = yτ (tk) − τmle,i (tk) (47)

eh(tk) = yh(tk) − ĥmle,i (tk). (48)

For gyroscope measurements, also calculate

eq̇a (tk) = yq̇a (tk) − ˆ̇qa
mle,i (tk). (49)

For the case of distance meter form the error to be
optimized as e(tk) = [eT

τ (tk), eh(tk)]T , and in the
case of accelerometer and gyroscopes the error is
formed as e(tk) = [eT

τ (tk), eh(tk), eq̇a (tk)]T . Form
the sum of squares to be minimized

S =
k=N∑

k=1

(
e(tk)T �−1

τ,a e(tk)
)
. (50)

3) Perform Gauss–Newton Update:

a) Form the numerical gradient gmle of S.
b) Form the numerical Hessian H of S.
c) Obtain the new ML estimate as

w = H−1 gmle. (51)

d) Increase iteration counter i by one and continue
to step 2 or end if a stopping criterion of the
optimization procedure is satisfied. Vector w =
ĥmle,i,1...N in the case of the distance meter and

w = [ĥT
mle,i,1...N , ˆ̇qaT

mle,i,1...N ]T in the case of
accelerometers.

The steps (3.a) to (3.d) are only illustrative and can be
replaced by a particular implementation of nonlinear least
squares minimization procedure.
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Fig. 2. Schematics of a 3-link robot.

V. APPLICATION TO PARAMETER ESTIMATION OF A

PLANAR BIPEDAL WALKING ROBOT

This section studies the simulation example of one of the
simplest mechanical systems capable of underactuated planar
bipedal walking [6], [13]. The robot is composed of three rigid
links—two legs and a torso—connected by two actuated rotary
joints. Schematics of robot are shown in Fig. 2. The set of
configuration angles q is composed of one absolute angle qa

1
and two relative angles qr

2, qr
3. It is assumed that the relative

angles would be measured by incremental encoders and that
the absolute orientation of the robot would be obtained by a
laser distance sensor. The distance meter is rigidly fixed to
the stance leg and is pointing toward the ground, see Fig. 2.
Note that d2 denotes the distance from the point, where the
stance leg touches the ground to the sensor location. Value
of d2 is known and constant. The distance d1 is measured by
the sensor. Furthermore, the angle γ3 between the stance leg
and the optical axis of the sensor is also known and constant.
The underactuated angle qa

1 can be obtained using equations

qa
1 = π

2
− arcsin

(
d1

d3
sin(γ3)

)
, for d1 ≤ d2

cos(γ3)
(52)

qa
1 = −π

2
+ arcsin

(
d1

d3
sin(γ3)

)
, for d1 >

d2

cos(γ3)
(53)

where

d3 =
√

d2
1 + d2

2 − 2d1d2 cos(γ3). (54)

Once the angle qa
1 is determined from the distance mea-

surements d1, the estimates for q̇a
1 and q̈a

1 can be easily
calculated using central differences. In this simulated study,
the conversion from d1 to qa

1 was omitted for simplicity and it
is assumed that directly qa

1 is measurable, thus the following
measurement model was used both in the simulations and in
the estimation procedure:

yqa
1

= qa
1 + eqa

1
(55)

eqa
1

∼ N
(
0, σ 2

qa
1

)
(56)

where the variance σ 2
qa

1
is known. Physical parameters of the

robot are listed in Table I. Values of physical robot parameters

TABLE I

PARAMETERS OF THE 3-LINK ROBOT

are based on a numerical example of [6] where a different
parametrization is used. Parameters are as follows:

l1 = 1, l2 = 1, l3 = 0.5

lc1 = 0.5, lc2 = 0.5, lc3 = 0.2

m1 = 5, m2 = 5, m3 = 25

I1 = 0, I2 = 0, I3 = 1.5. (57)

Lagrangian formalism results in the following model matrices:

D =
⎡

⎣
β1+β2+β3+2β4cr

2+2β5cr
3, β2+β4cr

2, β3+β5cr
3

β2+β4cr
2, β2, 0

β3+β5cr
3, 0, β3

⎤

⎦

C =
⎡

⎣
−β4q̇r

2sr
2 −β5q̇r

3sr
3, −β4sr

2

(
q̇a

1 +q̇r
2

)
, −β5sr

3

(
q̇a

1 +q̇r
3

)

β4q̇a
1 sr

2, 0, 0
β5q̇a

1 sr
3, 0, 0

⎤

⎦

G =
⎡

⎣
−β6sa

1 − β7sa+r
1,2 − β8sa+r

1,3
−β7sa+r

1,2
−β8sa+r

1,3

⎤

⎦, B =
⎡

⎣
0 0
0 −1
1 1

⎤

⎦

using the following abbreviations: cr
2 = cos (qr

2), cr
3 =

cos (qr
3), sa

1 = sin (qa
1 ), sr

2 = sin (qr
2), sr

3 = sin (qr
3), sa+r

1,2 =
sin (qa

1 + qr
2), and sa+r

1,3 = sin (qa
1 + qr

3). Substitution

β1 = I1 + l2
1m2 + l2

1m3 + l2
c1

m1, β2 = I2 + m2l2
c2

β3 = I3 + m3l2
c3

, β4 = l1lc2 m2

β5 = l1lc3m3, β6 = g(l1m2 + l1m3 + lc1m1)

β7 = glc2m2, β8 = glc3m3 (58)

makes the model linear with respect to the parameters β. The
state space vector is given as

x = (
qr

1, qr
2 , qa

3 , q̇r
1, q̇r

2, q̇a
3

)T
. (59)

A. Monte Carlo Analysis
Since the measurement of the absolute angle is corrupted

with noise, a Monte Carlo simulations were utilized to analyze
the performance of the estimation algorithms. Four cases with
different variance σ 2

qa
1

were analyzed, see Table II. Further-

more, the case when σ 2
qa

1
= 10−3 was also studied. In this

case, the data begin to be too noisy with respect to their
curvature and the resulting estimates ceases to be reliable due
to premature termination of the optimization procedure. This
case is used to demonstrate the effects of local minima. As a
validation of proposed estimation method a 103 Monte Carlo
simulations were performed for each setting of the variance
σ 2

qa
1

totaling in 4×103 simulations for the four cases described

in Table II and additional 103 simulations were analyzed for
the case when σ 2

qa
1

equals 10−3. The short duration of the
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TABLE II

FOUR STUDIED CASES AND MOST RELEVANT PARAMETERS

experiments is due to the open-loop controller and the unstable
nature of walking.

The MLE algorithm was compared with the WLS estimator
based on the filtered central differences (FCDs). Filtering
of the absolute angle measurements ya

q1
was realized using

MATLAB built in function filtfilt, which performs for-
ward and backward filtering to reduce the distortion of data.
The designed filter was a Butterworth filter of 5th order with
a half power frequency, well-tuned for each σ 2

qa
1

separately
according to Table II. The resulting filtered data are denoted
as q̂a

1, f . Relative angular data qr were not filtered, since
they are available noise-free. The estimates of velocities and
accelerations are calculated using central differences based on
data q̂ f = [qrT , q̂a

f ]T as

ˆ̇qfcd(tk) = q̂ f (tk + ncdTs) − q̂ f (tk − ncdTs)

2ncdTs
(60)

ˆ̈qfcd(tk) = ˆ̇qfcd(tk + ncdTs) − ˆ̇qfcd(tk − ncdTs)

2ncdTs
. (61)

Parameter ncd ≥ 1 is related to the number of data samples
used in the central-difference approximation of a derivative.
Making the parameter ncd > 1 results in a smoother esti-
mates of the derivatives for the specific values refer to
Table II. This algorithm will be denoted as WLS with
FCDs (WLS-FCDs). The MLE algorithm initial estimates
of angles, angular velocities and accelerations are calculated
using WLS-FCD algorithm. For comparison purposes the
recursive least squares (RLS) and hybrid extended Kalman fil-
ter (HEKF) were tested as well. Their detailed implementation
is provided in the appendix. The results of all estimation
algorithms are summarized in Table III. By studying Table III,
one can see that the performance of the MLE method is
superior to all other approaches, especially for the cases, where
the noise has larger variance. The RLS method, however,
works also very well. The problem of HEKF lies in high
nonlinearity of the system and, therefore, the filter is often
unstable and fails to integrate.

VI. PARAMETER ESTIMATION OF A LEG OF

LABORATORY WALKING ROBOT

The aim of this section is to verify the proposed estimation
procedure, described in Section IV, by estimating parameters
of the leg of a prototype underactuated walking robot, which
was firmly attached to a rigid platform. The identified system
is shown in Fig. 3. The leg consists of two rigid links and
two joints, the joint between the links is actuated, the other

TABLE III

SAMPLE MEAN AND VARIANCE OF SUMMED SQUARED
SIMULATION ERRORS OF THE 3-LINK ROBOT

Fig. 3. Photograph of the prototype walking robot—front leg is identified.

joint is left intentionally unactuated and so it plays the role of
the pivot. Therefore, only one motor is installed and the motor
is equipped with an optical encoder to measure the relative
angle q2 between the links. Furthermore, both joint angles
q1 and q2 can be measured using a contactless hall encoders,
which are used in order to provide benchmark measurements
of both the actuated and the underactuated angle. However,
these measurements are not used by the parameter estimation
procedure. Therefore, this system possesses principal chal-
lenges that are characteristic for identification of underactuated
walking robots. Finally, the motor torque τ is measured using
current shunt monitor and the leg is equipped with a 3-axis
accelerometer—measuring proper acceleration ax parallel with
the leg link and ay perpendicular to the upper link, both in the
sagittal plane and az in the lateral plane—and a gyroscope—
measuring angular velocity q̇1. The joint angle q1 is defined
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TABLE IV

PARAMETERS OF THE 2-LINK ROBOT LEG

TABLE V

SUMMED SQUARED ERRORS FOR IDENTIFIED MODEL OF
THE ROBOT LEG SIMULATED ON VALIDATION DATA

FROM REAL LABORATORY EXPERIMENT

with respect to the horizontal axis passing through the center
of the joint, parallel with the sagittal plane of the robot.
Angle q2 is defined as a relative angle between the links.
Corresponding physical parameters of the robot are listed
in Table IV. A substitution rendering the model linear in
parameters was used resulting in following matrices of the
model:

D =
[
β1 + β2 + 2β3 cos (q2); β2 + β3 cos (q2)

β2 + β3 cos (q2); β2

]

C =
[−2β3 sin (q2)q̇2; −β3 sin (q2)q̇2

β3 sin (q2)q̇1; 0

]

G =
[
β4g sin (q1) + β5g sin (q1 + q2)

β5g sin (q1 + q2)

]

F =
[
β6q̇1 + β8sign(q̇1)
β7q̇2 + β9sign(q̇2)

]
, B =

[
0
1

]
. (62)

The absolute orientation angle can be related with measure-
ments using the accelerometer data ax , ay , angular veloc-
ity q̇1 measured by gyroscope and the angular acceleration
q̈1—which can be easily obtained by filtered differences
from q̇1. These results in the following relation:

h =
[

sin(q1)
cos(q1)

]
=

⎡

⎢
⎢
⎣

ls q̈1 − ax,s

g
−ay,s − ls q̇2

1

g

⎤

⎥
⎥
⎦. (63)

Since sin(q1 + q2) = sin(q1) cos(q2) + cos(q1) sin(q2) and
by combining with the optical incremental encoder measure-
ments of the angle q2 and by approximating its derivatives
q̇2, q̈2 using FCDs, all the data required for constructing
matrices D, C, G are available. By using also the torque
measurements it is possible to use the MLE method to estimate
parameters β. Table V shows summed squared errors between
response of simulated model obtained by identification and the
real validation data—not the data set used for identification.
Data were collected at sampling period of 0.01[s]. Three
methods were compared, WLS method-based only on Hall
sensor measurements for benchmark, then both WLS and MLE
methods based on gyroscope and accelerometer data. We see

Fig. 4. Accelerometer and gyroscope measurements and their MLE estimates.

Fig. 5. Comparison of torques. Measured from current sensor, predicted by
benchmark WLS model based on hall sensor measurements, predicted by the
MLE based on accelerometer and gyroscope data.

that the MLE-based model is superior in predicting the angles
q1 and q2, which is exactly what is most important, even in
comparison with the benchmark WLS method based on Hall
measurements. The covariance matrices of data, which are
required for algorithm to work, were tuned manually within
several minutes. This further boost the practical usefulness of
the algorithm. Fig. 4 shows ML estimates for accelerometer
and gyroscope data - recall that data related to q2 are accu-
rate and are not optimized. Fig. 5 shows torque prediction
for benchmark model and the MLE model. Note especially
excellent quality of the MLE prediction for the torque τ1 on
unactuated joint—which should be zero.

VII. CONCLUSION

This brief analyzed the possible application of a novel
identification method for walking robots based on ML method.
Two cases were analyzed. First, a simulation example of a
three link walking robot with a distance measurement was
studied using Monte Carlo method. The second example
was a real laboratory experiment focused on estimation of
parameters of a leg of a walking robot using accelerometer
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and gyroscope measurements. Both the simulations and the
laboratory experiments provided very positive results. It can
be concluded that the methods perform very favorably, even
in comparison with other commonly used methods.

APPENDIX A
RECURSIVE LEAST SQUARES

The RLS can be implemented as follows [23].
1) Initialization: Initialize the parameter estimate β̂(0) with

some initial estimate, e.g., using WLS-FCD estimator.
Initialize the covariance matrix P(0) of the parameter
estimate β̂(0).

2) Estimation: For tk = 1 . . . N , perform following:
a) Calculate the estimated torques using parameters

β̂(tk−1)

τ̂ (tk) = Z(q̂fcd(tk), ˆ̇qfcd(tk), ˆ̈qfcd(tk))β̂(tk). (64)

b) Calculate the gain matrix K(tk) and update the
parameter estimates and the associated covariance
matrix

K(tk) = P(tk−1)ZT (tk)(Z(tk)P(tk−1)Z(tk) + R)−1

(65)

β̂(tk) = β̂(tk−1) + K(tk)(yτ (tk) − τ̂ (tk)) (66)

P(tk) = (1 − K(tk)Z(tk))P(tk−1)(1−K(tk)Z(tk))

+ K(tk)R(tk)K(tk). (67)

Matrix R = B�uBT is of rank 2. Therefore, a reg-
ularization with some small number is necessary
in order to prevent numerical instability of the
algorithm.

APPENDIX B
HYBRID EXTENDED KALMAN FILTER

It is possible to estimate both states and parameters of the
system (12) using HEKF [23]. Unknown robot parameters can
be considered as state variables and the state vector can be
augmented as

x̄ = [xT ,βT ]T . (68)

Robot and measurement model are augmented as

x̄ = f̄ (x̄, u,w) =
[

f (x) + g(x)u
0

]
+

[
wx

wβ

]
(69)

y(tk) = h̄(x̄(tk), v(tk)). (70)

Between the measurements the state vector is propagated
according to augmented state equation and the covariance
matrix of the estimation error is propagated according to

Ṗ = AP + PA + LQLT (71)

where

A = ∂ f̄
∂ x̄

∣
∣
∣
∣ ˆ̄x+(tk−1)

, L = ∂ f̄
∂w

∣
∣
∣
∣ ˆ̄x+(tk−1)

.

The prior state estimate x−(tk) and the prior covariance matrix
estimate P−(tk) are updated at each measurement time tk

K = P−HT (HP−HT + MRMT )−1 (72)
ˆ̄x+ = ˆ̄x− + K(y − h̄( ˆ̄x−)) (73)

P+ = (1 − KH)P−(1 − KH)T + KMRMT KT (74)

where we have dropped the time indices to save space

H(tk) = ∂h
∂ x̄

∣
∣∣
∣ ˆ̄x−(tk)

, M(tk) = ∂ h̄
∂v

∣
∣∣
∣ ˆ̄x−(tk)

.
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