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Composition Operator for Credal Sets
Reconsidered

Jifina Vejnarova

Abstract This paper is the second attempt to introduce the composition operator,
already known from probability, possibility, evidence and valuation-based systems
theories, also for credal sets. We try to avoid the discontinuity which was presentin the
original definition, but simultaneously to keep all the properties enabling us to design
compositional models in a way analogous to those in the above-mentioned theories.
These compositional models are aimed to be an alternative to Graphical Markov
Models. Theoretical results achieved in this paper are illustrated by an example.

1 Introduction

In the second half of 1990s a new approach to efficient representation of multidi-
mensional probability distributions was introduced with the aim to be alternative to
Graphical Markov Modeling. This approach is based on a simple idea: a multidi-
mensional distribution is composed from a system of low-dimensional distributions
by repetitive application of a special composition operator, which is also the reason
why such models are called compositional models.

Later, these compositional models were introduced also in possibility theory [7,
8] (here the models are parameterized by a continuous #-norm) and almost ten years
ago also in evidence theory [3, 4]. In all these frameworks the original idea is kept,
but there exist some slight differences among these frameworks.

In [9] we introduced a composition operator for credal sets, but due to the problem
of discontinuity it needed a revision. After a thorough reconsideration we decided to
present a new proposal avoiding this discontinuity. The goal of this paper is to show
that the revised composition operator keeps the basic properties of its counterparts in
other frameworks, and therefore it will enable us to introduce compositional models
for multidimensional credal sets.
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This contribution is organized as follows. In Sect. 2 we summarise the basic con-
cepts and notation. The new definition of the operator of composition is presented in
Sect. 3, which is devoted also to its basic properties and an illustrative example.

2 Basic Concepts and Notation

In this section we will briefly recall basic conce

pts and notation necessary for under-
standing the contribution.

2.1 Variables and Distributions

ForanindexsetN = {1,2, ..., n}let {X;}cn be asystem of variables, each X; having

its values in a finite set X; and Xy = XixXp x---x X, be the Cartesian product
of these sets.

In this paper we will deal with groups of variables on its subspaces. Let us note that

Xk will denote a group of variables {X; }iex with valuesin Xy = X iex X; throughout
the paper.

Any group of variables X can be described by a probability distribution (some-
times also called probability function)

P:Xg — [0, 1],

such that

Z P(xg) = 1.

\’xEXx

Having two probability distributions Py and P, of Xg we say that P, is absolutely
continuous with respect to P, (and denote Py <« Py) if for any xx € Xk

PE(-‘:K} == P| (xg) = 0.

This concept plays an important role in the definition of the composition operator.

2.2 Credal Sets

A credal set M(Xy) describing a group of variables Xk is usually deﬁged asla CL[;ZZ?
convex set of probability measures describing the values of this varlablgaeied (5]
to simplify the expression of operations with credal sets, it is often COHSlobabﬂi[y
that a credal set is the set of probability distributions associated to the Pr




; Let us note

that if g an
Mi(Xp) =

] joint, the
Mz(Xg) = ],

2.3 Strong Indeperzdence

Xgand x L are conditional!y
et M( KULUupm) (to simph'fy the Notation we will
relationship by & | L) it
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M(Xgurum)
= CH{®: - P)/PY" - Py € M), Py € Mk, P = pity.

In this section we wil] introduce a new definition of composition operator for creda]
sets. The concept of the composition operator is presented firstin a precise probability
framework, as it seems to be useful for better understanding to the concept.

3.1 Composition Operator of Probability Distributions

(P > Pa)(Xgyy) = 210 - PaXy) @
Py(Xxnp)

whenever P, (XxnL) < P, (Xknr); otherwise, it remains undefined.
It is specific property of composition operator for probability distributions—in
other settings the operator is always defined [3, 8].

3.2 Definition and Example

Let M, and M, be credal sets describing Xy and Xy, respectively. Our goal is to
define a new credal set, denoted by M, o M3, which will be describing Xy and
will contain all of the information contained in M, and, as much as possible, in M.

The required properties are met by Definition 1 in [9]." However, that definition
exhibits a kind of discontinuity and was thoroughly reconsidered. Here we decided
to propose the following one.

\Dﬂ.ﬁ-‘h—-q... .
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Definition 1 For two credal sets M, and M, describing Xx and X L, their composi-
tion My > M, is defined as a convex hull of probability distributions P obtained as
follows. For each couple of distributions Py € M;(Xx) and P, € My(X,) such that

qumL € argmin{Q, e Mo(Xgnr) : d(Q,, Pf’lmf“), distribution P is obtained by one
of the following rules:

[a] if PR « pi&nL
_ PP
P%KHL !

[b] otherwise
P ¢ ext{P}¥VLy,

Function d used in the definition is a suitable distance function (e.g. Kullback-
Leibler divergence, total variation or some other f-divergence [6]).

Let us note, that this definition of composition operator does not differ from the
original one [9] in case of Projective credal sets, as in this case the only distributions in
M > M, are those satisfying P = (P - Py) /P.,fr K”L, where Pf S P5L L] How-
ever, it differs in the remaining cases. Let us illustrate the application of the operator
in case [a] by an example.

Example 1 Let

Mi(X1X;) = CH{[0.2, 0.8, 0, 0], [0.1,0.4,0.1, 0.4],
[0.25,0.25, 0.25, 0.25],[0,0,0.5, 0.51},

and

Mo(X5X3) = CH({[0, 0.3,0,0.7], [0.2,0.1,0.4, 0.3],
[0.5,0,0.5,0], (0.2, 0.3,0.2,0.3]},

be two credal sets describing binary variables X1X; and X, X, respectively. These
tWo credal sets are not projective, as Mi(X;) = CH{[0.2, 0.8], [0.5,0.5]}, while
My(X,) = CH{[0.3, 0.7], [0.5, 0.5]}. Therefore Ma(Xz) C M, (Xy). Definition 1
in this case leads (using total variation) to

(M1 > M) (X1 X, X3)

= CH{J0, 03, 0,07 0,0,0, 0], [0.2,0.1,0.4, 0.3,0.8; 0, 0],

[0,0.1,0, 0.3,0,0.2, 0, 0.4],10.07,0.03. 0.1 K O13,:0.13 0.07,0.23, 0.1 il
[0.25, 0, 0.25, 0, 0.25,0,0.25, 0], [0.1, 0.15,0.1,0.15, 0. 1,0.15,0.1. 0.15],
(0,0, 0,0, 0.5,0,0.5, 01, [0, 0,0, 0.0.2,0.3, 0.2,0.3]

[0,0.2, 0, 0.8,0,0,0, 0], [0.13, 0.07, 0.46, 0.34,0,0,0, 0],

[0,0.1,0, 0.4,0,0.1, 0, 0.4], [0.07, 0.03, 0.23, 0. 17,0.07, 0.03, 0.23,0.17)).
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On the other hand

(Mz > M1)(X1X2X3)

= CH{[0, 0.3,0,0.7.0,0,0,0], [0.2,0.1, 0.4,0.3,0,0,0,0],
[0,0.1,0,0.3,0,0.2,0,04], [0.07,0.03,0.17,0.13,0.13, 0.07, 0.23,0.17],
[0.25,0,0.25,0,0.25,0, 0.25,0],[0.1,0.15,0.1,0.15, 0.1, 0.15, 0.1, 0.15],
[0,0,0,0,0.5,0,0.5,0], [0,0,0,0,0.2,0.3,0.2,0.3]},

which differs from (M] > Mg)(Xl X2X3). <&

This difference deserves an explanation. M > M, is smaller (more precise) than
M, > M,, which corresponds to the idea that we want My M, to keep all the
information contained in M. Therefore, we do not consider those distributions from
M, not corresponding to any from M, although these distributions are taken into
account when composing M > M.

This is an example of a typical property of the operator of composition—it is not
commutative. The next subsection is devoted to other basic properties.

3.3 Basic Properties

In the following lemma we prove that this composition operator possesses basic
properties required above.

Lemma 1 For two credal sets M and M, describing Xg and X, respectively, the
following properties hold true:

1. M, > M is a credal set describing Xgur.
2. (Mg > Mp)(Xkx) = Mi(Xk)
3. My e My = My My iff Mi(Xgnr) = Ma(Xgnr)-

Proof 1. To prove that M, > M, is a credal set describing Xxyy it is enough to
take into consideration that it is the convex hull of probability distributions on
Xxur, which is obvious from both [a] and [b] of Definition 1.

2. As marginalization of a credal set is element-wise, it is enough to prove that for
any P € (M; > M2)(Xgur), P*K = p; € M;(Xk) holds. But it immediately
follows in case [a] from the results obtained for precise probabilities (see €.8. (2.
In case [b] itis obvious, as any P belongs to a vacuous extensionof P, € M1(Xk)
to Xxur-

3. First, let us assume that

(M, > M) (Xgur) = (Ma > M) (Xkur)-



Composition Operator for Credal Sets Reconsidered 493
Then also its marginals must be identical, particularly
(Mo M) (Xgrr) = (M > M) (Xgnp).

Taking into account 2. of this lemma we have

(Mi> Mo)(Xknr) = ((My > Ma) (X)) ) K
= (M > My)(Xg))HENL
= (M (Xg))*EL = M Xgnr)

and similarly
(Mz > M) Xknr) = My(Xgny),

from which the desired equality immediately follows.

Let, on the other hand, M Xgnr) = M (Xknr). In this case only [a] of Defini-
tion 1 is applied and for any distribution P of (M, M) (Xgur) there exist P, e
Mi(Xk)and Py € My(Xp) such that PY¥™ = pIK™L gngp — (p, - Py)/PyEE
But simuItaneous]y (due to projectivity) P = (P, - P) /P;L‘m"‘, which is an ele-
ment of (M; &> M;)(Xk;). Hence

(M) > Ma)(Xkur) = (M, > M) (Xkur),

as desired. ]

The following theorem, proven in [9], expresses the relationship between strong
independence and the operator of composition. It is, together with Lemma 1, the
most important assertion enabling us to introduce multidimensional models.

Theorem 1 Let M be a credal set describing Xy with marginals M(Xg) and
M(X;). Then
MXgu) = (M MY (Xur)

iff
(K\L) IL L\K)|(KNL).

This theorem remains valid also for this, revised definition, as M (Xx) and M (X;)
are marginals of M (X, ), and therefore only [a] (for projective distributions) is
applicable,
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4 Conclusions

We presented revised version of composition operator for credal sets. This definition
seems (o be satisfactory from the theoretical point of view; it satisfies the basic
required properties and, in contrary to the original one, it avoids discontinuity.

Tt seems to be a reasonable tool for construction of compositional multidimen-
sional models. Nevertheless, many problems should be solved in the near future.
From the theoretical point of view itis the relationship to probabilistic and evidential
compositions operators. From the practical viewpoint it is the problem of effective
finding of the nearest probability distributions (if there is no projective).
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