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Abstract

We establish the large deviations principle (LDP), the moderate deviations principle
(MDP), and an almost sure version of the central limit theorem (CLT) for the stochastic
3D viscous primitive equations driven by multiplicative white noise allowing depen-
dence on the spatial gradient of velocity with initial data in H>. We establish the LDP
using the weak convergence approach by Budjihara and Dupuis and a uniform version
of the stochastic Gronwall lemma. The result corrects a minor technical issue in Dong
et al. (J Differ Equ 263(5):3110-3146, 2017) and establishes the result for a more
general noise. The MDP is established by a similar argument.

Keywords Large deviations principle - Moderate deviations principle - Primitive
equations - Weak convergence approach
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1 Introduction

The primitive equations are one of the fundamental models in geophysical fluid
dynamics, see, e.g. [39,45] and the references therein. They can be derived from the
Navier—Stokes equations using the Boussinesq approximation and hydrostatic bal-
ance. The aim of this paper is to study the behaviour of solutions of the stochastic
3D primitive equations driven by multiplicative white noise w.r.t. small noise limit. In
particular, we establish large and moderate deviations principles and an almost sure
version of the central limit theorem.
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A systematic study of the deterministic primitive equations began in the 1990s
[32-34]. The local and global existence and the uniqueness of strong solutions were
established in [19,22] and [6,28,29], respectively. More recent results include well-
posedness in L? spaces [21] and well-posedness of the primitive equations with partial
viscosity and/or diffusivity, see [23,30] and the references therein.

The stochastic 3D primitive equations driven by additive noise were studied in
[20]. Local and global existence of strong solutions (both in the stochastic and PDE
senses) were established in [9,10]. The existence and regularity of invariant measures
are shown in [16]. The time discretization of weak solutions (both in the stochastic
and PDE senses) was treated in [17]. In this paper, we use the existence theorem
from Brzezniak and Slavik [2], which allows noise terms o depending on the spatial
gradient of the velocity. Such noise terms are physically reasonable, see, e.g. [37,38]
and the references therein.

The stochastic 3D primitive equations driven by scaled multiplicative noise can be
written in an abstract form as

dU® + [AU® + B (U®) + A U® + EU® + Fy| dt = Jeo (U®) dW, U®(0) = u,
(1.1)

with U® = (v°, T?), where v® is the horizontal velocity and T°¢ is the temperature.
The full form of Eq. (1.1) can be found in Sect. 2 together with the definitions of the
operators and function spaces used here. We will study the convergence of U*¢ to the
solution of the deterministic equation

du° + [AUO +B <U0> + AU+ EU° + FU] dt =0, U%0) =uo, (12)
in various scales. Let A(g) be a certain deviations scale and let

RE = Ut — UO
INYON

If A(¢) = 1/./¢, the asymptotic behaviour of R® as & — O+ is known as the
large deviations principle (LDP), see [4,13,35,47] and the references therein. For the
stochastic primitive equations, the LDP was established in [12,15] in 2D and 3D,
respectively. In the last mentioned reference, the LDP result is obtained in the setting
of Debussche et al. [10], in particular with noise term that does not allow dependence
on gradients. Also, the proof of the main result of Dong et al. [12] contains certain
minor technical issues which we address in Sect. 3.3. Other related results include
the LDP for the stochastic 2D Navier—Stokes equations [7] and the stochastic 2D
quasi-geostrophic equations [36].

Let us formulate the main results of this paper. Let T > Obe fixed. Let (2, F, F, P),
F = (F;)r>0 be a fixed stochastic basis satisfying the usual conditions and let W be a
cylindrical F-Wiener process. The following theorem will be proved in Sect. 3.3.
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Theorem 1.1 (LDP) Let o satisfy assumptions [(2.14)—(2.21)] and let Fy satisfy
(2.10). Moreover; let o be such that the solution of the skeleton equation

dUy +[AU, + B(Uyp) + F(Up)] dt = o (Up)hdt, Up(0) = ug, (1.3)

satisfy U, € L®(0, T; H?) forall T > 0, ug € VN H? and h € L*(0, T; U). Then,
there exists eg > 0 such that for all uy € V the solutions {U°®}¢c(0,60] of (1.1) satisfy
the LDP with a good rate function I given by (3.22).

The additional regularity of solutions of the skeleton Eq. (1.3) will be used to get
compactness, see the proof of Proposition 3.3. An example of additional assump-
tions on o guaranteeing the desired regularity of solutions of (1.3) can be found in
Proposition 3.2.

If A(¢) — oo and /er(e) — O, the asymptotic behaviour of R® as ¢ — 0+
is known as the moderate deviations principle (MDP). The MDP for the stochastic
2D Navier—Stokes equations was established in [48]. Recently, the MDP for weak
solutions (in the PDE sense) of the stochastic 2D primitive equations is shown in [49].
The difficulty in obtaining analogous result in 3D and for strong solutions lies in more
delicate estimates of the nonlinear term. For these, we require higher regularity of the
solution of deterministic Eq. (1.2). We will prove the following theorem in Sect. 4.3.

Theorem 1.2 (MDP) Let o satisfy assumptions [(2.14)—(2.21)] and let Fy satisfy
(2.10). Then forallug € VNH?, there exists ey > 0 such that the solutions {U*® Yee(0,¢0]
of the stochastic 3D periodic Eq. (1.1) satisfy the MDP with a good rate function given
by (4.60).

For the MDP, additional regularity of solutions of (1.3) is not needed, see Sect. 4.1.

If X(e) = 1, the limiting process ¢ — 04 corresponds to the central limit theorem
(CLT). The CLT for weak solutions of the stochastic 2D primitive equations was
recently established in [49]. We prove a weaker version of the CLT with convergence
only P-a.s. instead of convergence in L?(R2). The weaker form of the CLT results
from a different definition of a solution, which does not guarantee that our solutions
considered over a time interval [0, 7] form an L?-integrable random variable for any
deterministic ¢+ > 0. We will establish the following theorem in Sect. 5.

Theorem 1.3 (Almost sure CLT) Let o, F and uq be as in Theorem 1.2. Let U be the
solution of

dl + [AL? +BW°, 0)+ BO, U + Fd(U)] ds = o (0)dW, U(0) = uo.

Then,

ve —U°

NG

We assume the Neumann boundary condition on the top and bottom parts of the
boundary. On the lateral part, we assume periodic boundary condition similarly as in,

— Uase — 0+ inC ([0, T], V)N L? (0, T; D(A)) P-a.s.
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e.g. [5]. The lateral periodic boundary condition allows us to use previous result to
establish additional regularity of the solution U?, i.e. the solution of a deterministic
Eq. (1.2), see Sect. 4.2. In particular, the existence result from Cao et al. [5] provides
sufficient regularity for the estimates in Sect. 4.2. We emphasize that we do not require
any additional regularity of the solutions of the stochastic 3D primitive Eq. (1.1).

The paper is organized as follows: In Sect. 2, we present the functional setting
and recall the sufficient condition for the LDP by Budhiraja and Dupuis [3]. The
LDP, MDP, and CLT are then established in Sects. 3, 4, and 5, respectively. Since the
proofs of Sects. 3 and 4 are quite similar, we choose to present the crucial stochastic
argument in full detail only for the LDP in Sect. 3. The MDP counterpart in Sect. 4 is
discussed only briefly. Similarly, since the estimates in Sect. 4 are more involved than
the estimates in Sect. 3, we include full proofs only for the estimates in Sect. 4.

2 Preliminaries

Let L,h > 0and let My = (0, L) x (0, L) € RZ, M = My x (—h,0) € R3. We
decompose the boundary of M into

[ =My x {0}, I;=0Mqyx (—=h,0), T)=Mqyx {—h}.

2.1 Functional Setting

The reformulated! stochastic 3D primitive equations® are given by

0
v+ (v-V)v+ w()dv + p—l()Vps — ﬂTgV/ Tdz + fkxv
z

— Uy AV — V0.0 = Fy + o1 (v, Vav, T, V3T) Wy, (2.1)
div /i v(x,y,7)d7 =0, (2.2)
0T J: T +wd. T — ur AT —v7d,.T = Fr + 03 (v, V3u, T, V3T) Wa,
(2.3)
where

Z

w)(x,y,z2) = —/ ' div v(x,y,z)d7 2.4)
h

is the vertical velocity, v = (v1, v2) denotes the horizontal velocity, pg is the surface
pressure, f is the Coriolis parameter, /4y, v, and pr and vr are the horizontal and
vertical viscosity and diffusivity coefficients, respectively. The equations are being

1 For the original system and the reformulation procedure, see, e.g. [40, Section 2.1].

2 Usually, the primitive equations of ocean also contain salinity. However, since it does not introduce any
additional mathematical difficulties, it is omitted here.
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driven by deterministic non-autonomous forces F,, Fr and stochastic terms o1 and
o, with multiplicative white noise in time. In the whole manuscript, the symbols div,
V and A denote the two-dimensional (that is w.r.t. the horizontal coordinates x and
y) divergence, gradient and Laplacian, respectively. Their three-dimensional variants
will be denoted by div3, V3 and As. Equations [(2.1)—(2.3)] are supplied with the
initial data

v(0) =vo, T(0)=To,
and the boundary conditions

onl;: d,v=0, 9,T+aoT =0,
onl;: vandT are periodic,
onl'p: 9,v=0, 9,7 =0.

Unless specified otherwise, all the function spaces are tacitly considered to contain
functions with domain M. The Lebesgue space L” (M), p € [1, co] will be often
denoted by L”. The norms on L” (M) and L? (M) may both be denoted by |-|.». The
norm and the inner product on L2 will be denoted by |-| and (-, -), respectively. We will
also often omit the range of the function spaces as it should be clear from the context.
Therefore, assuming k € N and p € [1, oo], both the Sobolev spaces wk.p (M) and
wkp(M; R?) might be denoted by Wk-P_We will also use the notation W2 = H*,
k € N. The norm on H'! will be denoted by || - ||

Let Hy and H; be the spaces defined by

0 0
H = {v eL? (/\/l; ]R2) | div/ vdz = 0,/ v dz is periodic in Mo} ,
—h —h
H,=L*(M),
and let H = H; x H,. Equipped with the inner product of L, the spaces H, H»

and H are Hilbert spaces. Let Py, : L? — H; be the hydrostatic Helmholtz—Leray
projection, see [34, Lemma 2.2] and [21, Proposition 4.3], and let

n=(7)

where I is the identity on L. Let V; be the space defined by

0
VI = {v c H' (M; ]Rz) | diV/ vdz = 0, v is periodic w.r.t. x and y} ,
—h

Hy,=H' (M),

and let V = V| x V5. The spaces V1, V;, and V, equipped with the inner product of
H', are Hilbert spaces. Clearly, V < H.
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Let A; : Vi — V], Ay : V, — V, be the symmetric linear operators given by the
bilinear forms

(Ajv, V") = a1 (v, v%) = / Uy Vo - vl + vvazvazvIi dM,
M

(A2T, T?) = ax(T, Tﬁ)zf MTVT.VTM\)TaZTaZTthJra/ TTdr;.
M r;

By [25, Theorem 3.4], Ay = Py A in L(V, V). Let

. A1 v
= (1),
The operators A1, A and A can be extended to self-adjoint unbounded operators on
Hy, Hy and H, respectively, see [34, Lemma 2.4]. Then, we have

DA ={U eV |AU € H}.
Let b be the trilinear form defined by
bU, U U") = fM [(v- V)V* + w©)a,v*]v” + [vVT? + w(v)d, T*] T° dM.
From [40, Lemma 2.1], we have
lbU, U*, UM < CIIUNNU 21U, U, U e H', U* € H*.  (2.5)
By [40, Lemma 3.1], for U, U® € H? and U" € H we have

1/2
H2

1/2

1/2
+ ol vl

b (U, U5, 0°)| < € (Lo lUZ1 2108 10:U% 20, UF'12) U1,

(2.6)

Using a similar argument as in [40, Lemma 3.1], one can establish

2

1 2
b, U*, U"| < cllul2 ol s 1ot v

JU°, U, UPe HA U e L2
2.7

1/
H

Similarly, we can improve (2.5) to

2
b (U, U?, U°)| < ClollUF OB 1100 20012, v u® e Y UF e B2
(2.8)

A similar estimate for U” € H? has been established in [43, Lemma 2.3]. The form b
has the anti-symmetry property

b(U,U*, U = —b(U,U",U%, UeV,U"U"eVNH?
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in particular
b(U, U U =0, UeV,U"ecVNH. (2.9)

We define the bilinear operator B by

(v - V)vF + w(v)d, v’
B(U,U*) = PH( VT 4 w(v)d, T* )

and write B(U) = B(U, U).
Let Ay : V — H be the linear operator

0 /
AprU — PH (_ﬂTgv{)‘z TZ, dZ ) .

Clearly, Ap; is continuous. We define the linear operator £ : H — H by

EU = Py <fk0>< v)

The operator E is continuous and (EU, U) = 0. Let

Fy = Py <£;) € L} (0, 00; H). (2.10)
We denote
F(U)=AxU+ EU + Fy.

To summarize the above, we assume that /' : V — H satisfies

t t
/lF(U)lzdrfC(/ |FU|2+||U||2dr>, UeV,0<s<t<oo, (2.11)
A s

|F(U)~ FWUH| <CIU-U*|, UeV, (2.12)
with the constant C in (2.11) independent of s, 7.
Let Ay, A3 and R be the averaging operators and the remainder defined for v :

M — R? by

1 0
(A2v) (x,y) = E/hv(x,y,z’)dz/, (A3v) (x,y,2) = (Aov) (x,y), R=1—A;3.
(2.13)

It is straightforward to check that | Asll ) < 1 and [ A2lly y, 7, < 12 R
H, — Hyand||R||1(x;) < 2.Since the spaces H and H have the norm of L? (M; R?)
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and L2 (/\/lo; Rz), respectively, we observe that the operators A, A3 and R remain

bounded also if considered with L? (M) and L? (M) in place of H; and H.
Leto € Lip(V, L (U, H)) NLip (D(A), Ly (U, V)), in particular

lo @I qm) = € (1+1U1) +mollUI%, U H, (2.14)
lo @I, q0v) = € (14 1UI2) + mIAUR, U eV, (2.15)
lo(U) = o U], 0 < CIU = UIP, U, U* €V, (2.16)
lo @) = o (U2, < CIU = U + y|AU — AU, U, U* € D(A),
(2.17)

for some 719, n1, y > 0. Due to the nature of the estimates in Sects. 3 and 4 , we also
assume that o satisfies the following structural assumptions

[e¢)
> IR Weills = € (1+IRvl). (2.18)
k=1
o
Y lo2Werlle = € (1+17135) (2.19)
k=1
a1 @12, 5 = € (14 1UI) + mal AsAzul, (2.20)
19:0: I 4412y = € (14 1UI) + 3l V3. Ui . (221)

with 12, n3 > 0. A non-trivial example of a noise term o depending on the horizontal
gradient of the vertically averaged velocity satisfying the assumptions [(2.14)—(2.21)]
can be found in [2, Section 2.5].

Using notation from above, we are able to rewrite equations [(2.1)—(2.3)] in the
abstract form

dU +[AU+BWU)+ FU)]ldt =o(U)dW, U(0) = uop. (2.22)

In [19], anisotropic spaces were used to establish estimates on the nonlinear term
B.For 1 < p,q < oo, we denote

0 q/p
[vlpar = (/ (/ (|v1|P+|U2|p) dz> d/\/lo)
) Mo —h

Lemma 2.1 The following anisotropic estimates hold with constant C depending only
on M:

1/q

iz < CPy)' =4, ve H', =2, (2.23)
Il < CIW3IY34, el =6, 2.24)
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essSup.c(_,0) 1VCs D2 vy = iz < CIV20IY2 ve B, (229)
10’1132 < Clulgell0®I*7, v* e HY, (2.26)
Vs < COE IS, v e B, (2.27)

Proof The estimate (2.23) can be shown by repeating the argument from the proof of
[40, Lemma 3.1]. The inequality (2.25) has been established in [19, Lemma 3.3(a)].
The estimate (2.24) follows from (2.23). Denoting s = 1 — 6/¢, we use the Holder
inequality and (2.23) and obtain

3,1/3 3,(1=s)/31,,3115/3 1—sy.3s/3
Wlgage < 071 s, < CIVYIITP 03 = Clol 511017,

Regarding (2.26), we employ the Minkowski inequality, the Gagliardo—Nirenberg
inequality in 2D and the estimate (2.25) to deduce

|v5|i§ng - (/M (/h |U|10dz> dM()) < /h </M |v|15 dMo)
z o o _ .
0
— [ WY
7,1 X

0
3,4/3 342 3,10/3 3,4/3 32
< C/,h WLV R + Y dz < Clt R L I

312/3.,3118/3 2 318/3
< CI PRI I3 < Cplfelv’ |7

The final inquality (2.27) can be established similarly as (2.26). O

For the sake of completeness, let us recall the Burkholder—Davis—Gundy inequality.
Let X be a separable Hilbert space and r > 2. Let W be a cylindrical Wiener process
with reproducing kernel Hilbert space U defined on a probability space (2, F, P).
Then forall ® € L? (2, L? (0, T; L, U, X)))

'
/ P dw
0

where the constant Cgpg depends only on . For proof, see, e.g. [27, Theorem 3.28,
p. 166].

r

E sup

T r/2
< CopGE ( | 100 000 dr) L e
t€[0,T] 0

X

2.2 Definition of Solution
Let (2, F,F,P), F = (F;)r>0, be a stochastic basis satisfying the usual conditions.
We will consider only solutions strong both in the stochastic and PDE senses.

Definition 2.2 A progressively measurable stochastic process U : Q x [0, 00) — V is
a global solution of Eq. (2.22) if there exists a nondecreasing sequence of F-stopping
times Ty such that
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1. forall N e Nand T > 0,

UCAm) L2 @ CA0.TLV)), LoniOU € L2 (2 L7 0.T; D)),
(2.29)

2. forall N € Nandr > 0, the stopped process satisfies the following equation P-a.s.
in H

IATN
U(lATN)+/ AU+ BWU) + ApU + EU — Fyds = U(0)
0
INTN
~|—f o(U)dw, (2.30)
0

3. 7y — oo P-almost surely.

In the following Sections, equations similar to (2.22) are studied and the above
definition needs to be adjusted accordingly. The following well-posedness result was
established in [2, Theorem 2.6].

Theorem 2.3 Letug € V. Let Fy satisfy (2.10) and Fr € L* (Q; L? (0, T; L*(T'))).
Let o satisfy [(2.14)—(2.21)]. If the constants y, n;, i = 1,2,3,4, in (2.14), (2.15),
(2.17), (2.20), and (2.21) are sufficiently small, then there exists a unique global solu-
tion of Eq. (2.22). Moreover, if Ty is the sequence of stopping times from Definition 2.2,
the solution U satisfies

LoayU € LP (2 L¥0.T: V), Loy IVIP AU e L' (2 L0, 1)),
forallN eN, p>2andT > 0.

2.3 Large Deviations Principle

Let (2, F,P) be a complete probability space, let X be a separable Banach space,
and let W be a cylindrical Wiener process with reproducing kernel Hilbert space /.

Definition 2.4 A function I : X — [0, o] is called a rate function if it is lower
semicontinuous. If for all M > 0 the set {U € X | I(U) < M} is compact, a rate
function [ is called a good rate function.

Definition 2.5 Letep > 0 and let {U?®}.¢(0,¢,] be X-valued stochastic processes, U0 e
X and let / be a rate function. We say that the processes {U®}¢¢(0,¢,] Satisty

1. the large deviations principle (LDP) with the rate function [ if for each A €
Borel(X)

—inf I(x) < limér}rfelog]P’({U5 € A}
£—>

xX€eA°
< limsupelogP({U® € A}) < — inf I(x),
e—0+ x€eA
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2. the moderate deviations principle (MDP) the with rate function / if the processes

R = {(U* = U")/(Ver(e))eew.c0)
satisfy the LDP with the rate function /.

Itis well known that if U is a separable Hilbert space such that the embedding U/ —
Up is Hilbert-Schmidt, the cylindrical Wiener process W has continuous trajectories
in Up. Let G¢ : C([0, 1], Up) — X be a measurable map such that U¢ = GE(W(-)).
For M > 0, let

T
Ty = {h e L2(0,T; U) | / lh(s)|7,ds < M} ,
0

Ay ={¢p : 2 x [0, T] — U | ¢ is an F-predictable process s.t. ¢ (w, -)
€ Ty for P-a.s. w e Q}.

The space L*(0, T;U) is equipped with the weak topology which makes the set
Ty C L2(O, T; U) compact for arbitrary M > 0.

The following theorem from Budhiraja and Dupuis [3, Theorem 4.4] establishes a
sufficient condition for the LDP.

Theorem 2.6 Let G° : C ([0, T, Uy) — X be a measurable map satisfying the fol-
lowing conditions:

1. Let M > 0 and let {h. | ¢ € (0, g9]} € Ay be such that hy — h in distribution
for some Tyr-valued random variable h. Then,

Gg° (W(.) + L / he(s) ds) - g° (/ h(s) ds) in distribution. (2.31)
Ve Jo 0

2. The set

Ky = {go (/ h(s)ds) | h e TM} (2.32)
0

is compact in X for all M > 0.

Then, Y*¢ satisfies the large deviations principle with a good rate function

T .
[(U) = inf {%/ \h1Z;ds | h e L*(0, T;U)s.t.U = G° </ hds)} . (2.33)
0 0

3 Large Deviations Principle

The proofs in this section are modifications of the ones in [12], the modifications con-
sisting in considering less regular noise term o and taking into account the definition
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of solution of the stochastic primitive equations. We will concentrate mainly on the
differences between our setting and the one of Dong et al. [12].
In this Section, we assume ug € V. Let U? be the solution of the equation

dU® + [AU® + B (U®) 4+ F (U®)] dt = Jeo (U®) dW, U®(0) =uo. (3.1)

Equation (3.1) is well-posed by Theorem 2.3 for arbitrary y, n;, i = 0, 1,2, 3, and
sufficiently small ¢ > 0. Indeed, the analogues of the constants y, n;,i = 0, 1, 2, 3,
for 6 (U®) = /eo(U?) can be made sufficiently small by choosing &y > 0 small
enough and considering only ¢ € (0, go].

By the result of Rockner et al. [42], there exists a measurable map G°
C([0, T1,Up) — C([0, T], V) N L0, T; D(A)) such that U = GE(W(-)).

3.1 Skeleton Equation
Let h € L* (0, T; U). By the skeleton equation, we understand the equation
dUy + [AU, + B(Uy) + F(Up)] dt = o (Up) hdt, Up(0) = uop. (3.2)

Proposition 3.1 The skeleton equation (3.2) is well-posed. Moreover, the solution Up,
satisfies

T
sup Uyl + / |AUL > ds < CT M- (3.3)
s€[0,T] 0

Proof The proof runs along the same lines as in [12, Section 5], that is by using
the approaches of Petcu et al. [40] and Cao and Titi [6] for the local and global
existence results, respectively, with only minor additional complications in regard to
the presence of the control term o (Up)h. Similar estimates will be seen in Sect. 4.2
for a more complicated stochastic equation. O

Before we proceed to the compactness argument, let us return to the regularity
assumption U, € L*°(0,T; H 2) in Theorem 1.1. Existence of local regular solutions
of (3.2) has been established in [5] for 0 = 0 by a fixed point argument. In the following
Proposition, we introduce additional assumptions on o to ensure Uy, € L*°(0, T; H 2y,
These assumptions are more or less a technical issue in the sense that the LDP result
from Theorem 1.1 depends only on the regularity of Uj; and not on the particular
additional assumptions formulated below.

Proposition 3.2 Leto : [0, 00) X V — H be such that the bounds [(2.14)—(2.15)] and
[(2.18)—(2.21)] are satisfied with o (t, U) instead of o (U) with constants C, n;, i =
0, 1, 2, 3, independent of t. Let yy, yv : [0, 00) — [0, 00) be continuous functions
such that yp (0) = yy(0) = 0 and
lo@t, U) —ot, U)ll,t.1y < veONUL = Uzll, Ui, Uz €V, (3.4)
lo(t, Ur) — o (t, U)ll,atvy < wwOIUL — Ually2, Ui, Ur € H.  (3.5)

@ Springer



1748 Journal of Theoretical Probability (2022) 35:1736-1781

Then the solution Uy, of (3.2) satisfies
Uy e c (10,71, 52) N L2 (0, T: HY)

forallT >0, h e L>(0, T;U) andug € V N H>.

Proof We briefly comment on the extension of the fixed point argument from Cao et al.
[5, Section 2]. For simplicity, we will not include all the details, such as the reflection
argument. Let for 7 > 0

Xr {U —wT)eC ([0, 7], Hz) nL? (o, T H3) | div Azv = 0} ,

T
IUI%, = sup (U3 +/ 1U ()13, ds.
X 0T LR H?

Let
DWU)=-BWU)— AU —EU — Fy, U € Xr.

Using the decomposition into barotropic and baroclinic modes as in [6] and standard
regularity theory for the Stokes and parabolic equations, one can show that the equation

dV + AVdt = (DWU) +a(U)h) dt,  V(0) = U(0), (3.6)

has a solution in X7 forall U € X7.Leth € L%(0, T; U) with 120l 20, 7:00) < M for
some M > 0.Let Uy, Uy € X7 suchthat [|U; |l x;, IU2llx; < K for some K > 0 and
let V1, V> € X7 be the respective solutions of (3.6) with U = U and U, respectively.
Subtracting the equations for V; and V), testing by V = V; — V, and —VAYV and
using the bounds on D(U) from Cao et al. [5, Proposition 2.2] and [(3.4)—(3.5)], we
obtain the estimate

T
sup [[VI|3,2 +/ IVVI3,2ds < CIUL — Ual%,
s€[0,T] 0

<1(2T1/2+M2 sup max{J/H(s),Vv(s)}).
s€[0,T]

It is now easy to see that, thanks to the continuity of yy, yy and yy (0) = yy(0) =0,
the solution operator is a contraction if we choose 7' > 0 sufficiently small. The rest
of the fixed point argument follows similarly as in [5, Propositions 2.1 and 2.3].

The global existence follows from apriori estimates analogous to those in [26,
Section 3]. O

Proposition 3.3 Let {h,};°, € Ty and let U" = Uy, be the respective solu-
tions of (3.2). Then, there exist h € L*(0, T;U) and a subsequence (for simplicity
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not relabelled) such that h,—h in LZ(O, T.:U) and U" — Uy in L0, T; V)N
L2(0, T; D(A)).

Moreover, there exists a measurable map G%: (o0, T, Uy — C0,T], V)N
L2(0, T: D(A)) such that Uy, = go( Ji s ds).

Proof Recalling the growth estimate of o (2.14) in L, (U; H), we may repeat the argu-
ment from Dong et al. [12, Proposition 5.3] to show that there exists a (not relabelled)
subsequence U" and U € L*°(0,T; V) N L%(0, T; D(A)) such that

U" > Uin L20,T; V), U 20 inL®0,T;V), U"20inL%0,T; D(A).  (3.7)

The continuity of U can be shown using a maximal regularity type argument based on
the Lions—Magenes lemma, see, e.g. [44, Lemma 1.2, Chapter 3], similarly as in [24,
Section 4] for the deterministic or [9, Section 7.3] for the stochastic case. The case of
o satisfying assumptions [(2.14)—(2.15)] is established in [2, Proposition 3.3].

Next, we show U = Up,. We proceed similarly as in, e.g. [9, Section 7]. Let
U' € D(A) and t € [0, T] be fixed. Since A is self-adjoint, we may use the Cauchy—
Schwartz inequality and the first convergence in (3.7) to get

' ¢ 12
/ (AU" — AU, Uﬁ) ds| < C|U%| (/ lu" — U||2ds> 0.
0 0

By the Lipschitz continuity of F in (2.12) and the first convergence in (3.7), we have

t
< G |U¥| (/ |u" — U||2ds> - 0.
0

Using the estimate (2.5) and the first two convergences (3.7), we deduce

/Ot (F(U") — F), Uj) ds

‘/Ot (B(U”) — B, Uﬁ) ds

t
< C./O WU U™ = UNAUP + U™ = U U(|AU*|ds

t 1/2
< Ci| sup [[U"[|+ sup U] (/ IIU"—UllzdS) — 0.
s€[0,7] s€(0,t] 0

By the triangle inequality, we have

l o (U, —o(U)h, U?) ds
0

t
</
0

+ /Ot (o@) [ = 1], U) ds

([o(U”) - 0(0)] h, Uj)’ ds

= |+ 1131
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The first integral can be estimated directly using the Lipschitz continuity (2.16) of o
in Lo(U, H), the boundedness of &, and the first convergence in (3.7) by

t 1/2 t . 1/2
\I?\SCIUjIU Ihnli,ds> (/ ||U”—U||2ds> .
0 0

Since a(fl ) L2 O, T;U) — L? (0,T;H)isa lineag bounded operator, the integral
I3 converges to zero using the weak convergence o (U)[h, — h]—01in L>(0,T; H).
Collecting the above, we get

t
(U™(1), U%) +f (AU™, U%) + (B(U™), U*) + (F(U"), U?) — (o(U™), U¥)
0

N (U(z‘), Uﬁ) n fot (AU, Ut) n (3(0), Ut) n (F([/), Uﬁ) - (a(ﬁ), Uj)

and thus U satisfies the skeleton Eq. (3.2) in D(A)'. Using the density of D(A) in H,
we get that U satisfies (3.2) in H and thus by uniqueness U =U,.

It remains to establish the strong convergence in L*°(0, T; V) N LZ(O, T; D(A)).
To that end, we adapt the proof of [12, Theorem 5.8]. Let w" = U" — Uj,. Clearly,
w,, satisfies

dw" +[Aw" + B(U") — B(Uy) + F(U") — F(Uy)] dt
= [o(U™"hy, — o (Up)] dt, w"(0) =0.

By the It6 lemma, see, e.g. [2, Theorem A.1], we have
dllw"|* +2|Aw" ? dt = -2 (A]/2 [BW") — B(Ww]. A‘/zw") di
2 [(AW [FU™ - FUp)]. Al/zw”)
+ (A2 [o "y — o UA], A2 ) | dr.

Fixn > Oandlet? € [0, T]. Since A is self-adjoint, we recall the Lipschitz continuity
of F in (2.12) and use the Cauchy—Schwartz and the Young inequalities to obtain

t t t
‘2[0 (A2 [P = Fwp]. A Pum) as| < g/o |Aw”|2ds+C,7/O w12 ds.

Next, we use the estimate (2.7) and the boundedness of U" in C ([0, T'], V) to deduce

t
‘2/ (AW [BW") — BWY)]. Al/zw") ds
0

t t
5/ |(B(U", U" — Uyp), Aw")| ds +/ |(B(U™ — Un, Up), Aw")]| ds
0 0
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t t
< g/ |Aw”|2ds+C,7/ |AU" [ |w" 1% ds.
0 0

The final term is treated using the idea from Dong et al. [12, Theorem 5.8] and the
additional regularity of the solution of the skeleton Eq. (3.2). By the Lipschitz conti-
nuity of o (2.16) in Lo (U, H) and the growth estimate of o (2.15) in Lo(U, V), we
obtain

t
/ (A1/2 [0 (U™hy — o (UR], A1/2w") ds
0

<

t
/ (A1/2 [o(U™) = (U] s Al/zw”) ds
0

t
/ (AI/ZG(U;,) [h, —h], Al/zw”) ds
0

+

t t
sﬁf |Aw"|2ds+cn/ a2, 1" ds
3 Jo 0

! 1/2 ' 172
+ C sup (1+ |Unllg2) (/ |hn—h|§,ds> (f ||w"||2ds> )
s€[0,1] 0 0

Collecting the estimates above and choosing 1 > 0 sufficiently small, we get

t t 1/2
||w"(r>||2+f |Aw"|*ds < C (/ ||w"||2ds)
0 0

t
+C,7/ w2 (1 + AU + | AU + |hn|5,) ds. (3.8)
0

for all t € [0, T]. By the Gronwall lemma and the bounds (3.7), we get

t 1/2
lw" (O < Chothe) o ( /0 ||w"||2ds) : (3.9)

where the constant Cj, depends only on 4, the bound of {hk},fozl in L2(0, T; ) and
ug, and is independent of n. Recalling that w" — 0 in L2(O, T;V) by (3.7), we
may pass to the limit in (3.9) and obtain strong convergence in C ([0, T]; V). Strong
convergence in L?(0, T; H?) then follows immediately from (3.8).

The measurable map G° : C([0, T1,Uy) — C([0,T], V) N L*(0, T; D(A)) is
defined by

Uj, ifh= [;h(r)dt for some h € L2(0, T;U),
0, otherwise,

Gh) = (3.10)

asin [12]. O
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3.2 Preliminary Estimate
Let h, € L2(O, T; U). The equation

dU® +[AU® + B(U®, U®) + F(U®)] dt
=0 (U"hedt + ea(U)dW, U®(0) = uo. (3.11)

will play an important role in the proof of Theorem 1.1. In [12], the existence and
uniqueness of (3.11) is established by the means of the Girsanov theorem. However,
for the argument in the proof of [12, Theorem 1.1, Step 2] to go through as described,
one needs additional information on the behaviour of AU, .

Existence of global pathwise solutions U*¢ essentially follows from BrzeZniak and
Slavik [2], which is inspired by the arguments of Cao and Titi [6] and Debussche et
al. [9,10]. In order to avoid repetition, we will only state the necessary preliminary
result. The following proposition can be established by a series of estimates similar
to those in [2, Section 4], see also Sect. 4.2 for estimates of the same kind for a more
complicated equation.

Proposition 3.4 Let U, be the solution of (3.11) and let t,lg’g be the stopping time
defined by

t
rg’g’pzinf{tZOI/ ||U€||”_2|AU€|2dszK}., K > 0,¢ € (0, &)
0

Then, ‘L'I[(j * 5 00 P-almost surely. Moreover, for all t > 0, one has

lim P ({III(J’S < t}) = 0 uniformly w.r.t. & € (0, &o].

K—oo
3.3 Proof of Theorem 1.1
We follow the proof presented in [12, Theorem 1.1]. There are two minor technical

issues in the original proof that deserve clarification. First, in [12], it is assumed that
the solution of the stochastic 3D primitive equations has the regularity

UeL?(Q:;C(0,T], V)N L2 (Q; L2(0,T: D(A))) forall T > 0,

but the stronger integrability in €2 compared to Definition 2.2 has not been established.
This regularity allows the authors to prove the convergence

780 in L2 (Q;C([O, T1, V)N L? (O,T;D(A))),

see (3.13) for the definition of Z®. We can resolve the issue by establishing the dis-
cussed convergence in probability, see (3.15). Second, after using the Skorokhod
theorem, the existence of the solution of the equation for X i in the notation used
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here denoted by R?, see (3.16), is not discussed. As we will see in Sect. 4.2, if we were
to establish the existence using the decomposition into the barotropic and baroclinic
mode and similar estimates in [6], we would need additional regularity of Z¢ which
we do not have. Here, the existence of R® is immediate by definition. After using the
Skorokhod theorem, the same problem, arising for RE, is resolved by the Bensoussan
trick from Bensoussan [1].

By Theorem 2.6, it suffices to check that the conditions specified in (2.31) and
(2.32) are satisfied. The second condition (2.32) holds by Proposition 3.3. Regarding
the first condition, let M > 0 and let i, € Ay be such that h, — h as Tys-valued
random variables in law. Let

& _ e L '
Y=g (W(.)+ﬁ/() hg(s)ds).

Our goal is to show that law(Y?) — law(U}), where Uy, is the solution of (3.2). By
the Girsanov theorem, Y ¢ solves

dY® +[AY® + B(Y®) + F(Y®)] dt = Vea (Y*)dW + o (Y®)hedt, Y*(0) = uo.

Let t}g’g be the stopping time defined for K > 0 by

t
178 :inf{t >0 | / 1YE)2, ds > K}.
0

An argument similar to the one in [2, Section 4] or Sect. 4.2 in this manuscript shows
that

rg’g — 00 as K — oo in probability uniformly w.r.t. € € (0,¢0].  (3.12)
Let Z¢ be the solution of
dZf + AZ8 dt = Jeo(Y®)dW, Z£(0) =0. (3.13)

By the It6 lemma, see, e.g. [2, Theorem A.1], and the bound (2.15) on o in Lo (U, V),
we get

U,e U,e
. “ oo Trtg .o T Atk e
b lzE2+ |AZE)2dt | < Cr.pueE 1+]AYE)Pdr |.
0 0

re[O,T/\r[l(/‘E]

(3.14)
The convergence (3.12) implies
Zf e C (0, T; V)N L? (0,T; D(A)), P-as.foralle € (0,&]and K > 0.

However, we do not know whether Z¢ € L?(Q; C([0, T1, V) N L*(0, T; D(A))).
Using the estimate (3.14) and the bounds on AY¢ from Proposition 3.4 we may employ

@ Springer



1754 Journal of Theoretical Probability (2022) 35:1736-1781

an argument similar to the one in the proof of the uniform stochastic Gronwall lemma
in Proposition A.1 to show that Z® — 0 in X in probability as ¢ — 0+, that is

T
lim IP’(! sup ||zS||2+/ |AZ£|2dtzn}> =0 forally >0. (3.15)
0

>0+ 1€[0,T]

Let us also define R¢ = Y¢ — Z¢, that is R® solves

dR® 4+ [AR® 4+ B(R® + Z°) + F(R® + Z°)] dt = 0 (R® + Z®)hsdt, R°(0) = u.
(3.16)

Since h, — hinlaw onthe space 7, and Z, — 0in X in probability by (3.15), one can
use the Portmanteau lemma in Polish spaces, see, e.g. [ 14, Theorem 18.2.6], to establish
a version of van der Vaart [46, Theorem 2.17(v)]. In particular, the convergences above
imply (he, Z¢) — (h, 0) inlaw on the space 7); x X. By the Skorokhod representatlon
theorem, see, e.g. [8, Theorem 2.4], there exists a probability space (Q F, ]P’) and Ty x
Tu x X x C([0, T1, Up) x C([0, T1, Uy)-valued random variables (hg, h, Zg, WS, W)
such that W, and W are cylindrical Wiener processes with reproducing kernel Hilbert
space U and

law (hg, Zg, W) = law (ﬁg’ Zs, Ws) s (25’ Ee, Ws)

— (0,/3, W) P-a.s.in (X, Ty, C ([0, T1, Up)) . (3.17)

Let

e _ pe T L -
Y=g (W(-)+ﬁ'/0hg(s)ds).

Using the Girsanov theorem, we observe that Y€ solves
dve + [A?S + B + F(?S)] dt = Jeo (Y8 dW, + o (V)i dt, T2(0) = u.
By [41, Theorem 1.6], we have

law (Y*, W) = law (178, W£>. (3.18)

The equality of laws (3.18) allows us to employ a stopped version of the Bensoussan
trick to show that Z® solves

dZ° + AZf dt = Jea (Y®)dW,,  Z°(0) =0.
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Indeed, defining 72 = o (Ljo.qWe, Lio.n¥%, 1j0.02%), Fr = o(Lpo.qW, Ljo.qY),
F® = (Ff)i=0 and F = (F;);>0, we observe that W,, resp. W, is a cylindrical Fé-
Wiener, resp. I'-Wiener, process. Let

t
f§>€=inf{t30|f ||Y8||§,2dszK}, K>0,6€(0,8]. (3.19
0

Then, since the map that maps a single trajectory in L>(0, T'; H?) to the hitting time
defined in (3.19) is Borel measurable, T }g’g is arandom variable. By the debut theorem
[11, Theorem 50, p. 116] T ;g isa IF‘S-stopping time. It remains to apply the Bensoussan
trick from [1, Section 4.3.4] to the equation for Z& = Z¢(- A t};’g)

dZg + 1y, v AZ di =1y v Jeo (F)dW, Z°(0) =0,

to show that Zf( =75 A f};’s) is a solution of
dZ3y + ]l[o,f,?s]AZ% dt = ]l[o’f;,g]\/EU(Yg)dWS, Z%(0) =0,

and take the limit K — oo. _
Defining R® = Y*® — Z?, we observe that R® satisfies

dRE + [Azéf + B(R® + Z°) + F(R® + 28>] dt = o (R® + Z5hedt,  RE(0) = u.
Referring to the equality in laws in (3.17) and (3.18), we obtain
law(R?) = law(R?). (3.20)

By the P-a.s. convergences in (3.17), we deduce that R — R P-almost surely, where
RO satisfies

dR° + [ARO + B(RY) + F(EO)] dt = o (RORdt, RO(0) = u,
and therefore, recalling (3.17) again, we have
law(R%) = law(U;) = law(Up). (3.21)
We are now ready to finalize the proof. By (3.20), we have law (Y £—7.) = law(R®).
Using the convergence R® — R° P-almost surely and (3.21), we have law(Y? — Z¢) —
law(Up). Recalling Z¢ — 0 in probability, we finally have law(Y?) — law(Uj).

By Theorem 2.6, the LDP holds with the good rate function 7 : C([0,T],V) N
L%(0, T; D(A)) — R given by

T .
1(U) = inf {%/ \h7,dt | h e L*(O0, T;U) s.t. U = G° </ hdt)} (3.22)
0 0
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where GY has been defined in (3.10). O

4 Moderate Deviations Principle

Let ug € V N H? and let U be the solution of the deterministic equation
dU° + [AUO +B (UO) 4 F (Uo)] dt =0, U°0) = uo. 4.1y
Let R? be defined by

. Ut — UO
R° = W, & € (O, 8()], (42)

where U¥ is the solution of (3.1) with the same initial condition u. It is straightforward
to check that R¢ is well defined and satisfies

dR® + [ARE +B (Rf, U0+ ﬁA(S)RS) +B <U0, RS) + Ap R + ERS] dr

— 2 o) (UO + ﬁk(s)RS) dW, R°(0)=0. (4.3)

Similarly as for the LDP, we need to establish certain estimates on R before we
proceed to the proof of the main theorem. The process itself is more technically
involved than the respective estimates for U¢ and seems to require additional regularity
of the deterministic solution U°. The additional regularity will be discussed in detail
in Sect. 4.2.

4.1 Skeleton Equation

Let h € L?(0, T; U). The skeleton equation corresponding to (4.3) is the equation

dR), + [ARh +B (Rh, UO) +B (UO, Rh) + ApRy + ERh] dt

—0o (UO) hdi, R, (0) = 0. (4.4)

Following a similar argument as in Sect. 4.1, we may establish the following equiv-
alent of Proposition 3.3. The additional regularity of Ry, is not required in this case
since the potentially problematic term with o does not play any role in the compactness
argument.

Proposition 4.1 Let {h,}22, € Ty and let R* = Ry, be the respective solu-
tions of (4.4). Then, there exist h € L*(0, T;U) and a subsequence (for simplicity
not relabelled) such that h,—h in L%0,T:U) and R" — Ry, in L2, T: V)N
L*(0, T; D(A)).
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Moreover, there exists a measurable map g% : C(0, T, Uy) — C(0,T], V)N
L2(0, T; D(A)) such that R), = gg(fo‘ h, dt).
4.2 Preliminary Estimates
In the estimates in this subsection, we require additional regularity of the solution U°
of the deterministic Eq. (4.1). Even though this is restrictive, it is not unusual to assume
more regular initial data to obtain qualitative results on the primitive equations, see,

e.g. the mathematical justification of the hydrostatic limit in [31]. To be more precise,
it suffices to assume

v ec (10,71 H' )N L2 (0.7 H) N L* (0. T; %), 0.U°

e L™ (0, T H‘) nr? (0, T H2) .

Let ug € V N H?. By [5, Proposition 2.1], there exists a unique global solution of
(4.1) satisfying

v'ec ([0, T1. H2> nL2 (0, T H3> forall T > 0.

Let ‘L’I% be the stopping time defined by

r,%:inf{tzm sup [|U°]| + sup |U%|z~ + sup [|3-U°|

s€[0,1] s€[0,1] s€[0,7]

t
+f0 IU°13,2 + 19:U°)13,2 ds > K}

Since t2 is essentially deterministic and U is a global solution, we observe
lim P ({12 < r}) — 0forall 7 > 0. (4.5)
K—oo

Proposition 4.2 Let rz’g be the stopping time defined for K > 0 and ¢ € (0, 9] by
!
Tt = inf{z >0 | / |RE|* + |RE|I1” + |R°|*|| R ds > K}.
0

Then, r?’s — o0 P-almost surely as K — oo for all ¢ € (0, 9] and, for all t > 0,
one has

KIEHOOP({T?‘? < t}) = Ouniformly w.r.t.e € (0, &].
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Proof Let p > 2. Applying the Itd lemma [2, Theorem A.1], we obtain

dIR*)P + pl R [IRIP + (B (R V) RY) + (AR + ER, RY) | dt
< p @R (0 (U0 + VEA@ R AW, R ) + plR|P di

(p—1), _ )
+ B2 @R o (U0 + Vor @RI g1, -

By the estimate (2.8) on B, we have

12
H?

< nIREIP2|RE|1* + Cy | RE 1P| UC N UON3,

pIRC P2 |(B (RS U°), RY)| < CplRe P2 RE U200 7 1R 2R 2

for some n > 0 precisely determined later. Using the boundedness of the operators
Apr and E, we deduce

PIR*|P™%|(Ape R + ER®, R¥)| < CIRIPHIR?| < nIRE|P2|IRE (1> + Cy|RF|P.
By the bound (2.14) on o in Lo(U, H), we have

pip—1), _ -
= 2@)|R° 1P 2lo (U° + Ver@ R )

< A2 R (14 10O + 1001
+Ce|R|” + p(p — DenolR¥|P~2|V3R®|%.
LetK > 0, N € Nandlet t, and 7, be stopping times such that0 < 7, < 7, < T/\‘L'I%.

We estimate the stochastic integral using the Burkholder—Davis—Gundy inequality
(2.28) and the bound (2.14) on ¢ in Lo (U, H) as

pA N eE sup

t€lta, ]

t
/ |RE|P~2 (a(Uo + JEA(e)R®) AW, Rf)

a

7 12
< Cppopr 'E ( / IR P20 (U + Ver@ R, qs.m) ds)

a

- 12
<Ci(oF (/ |RE[2P—2 (1 U2 + 8A2(s)|R8|2> ds)
T,

a

T 1/2
+ Cppg py/2enoE ( / |R5|2"‘2||R8||2ds)
T,

a

=L+ 1.
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Using the Young inequality, we obtain

173
L<Cc v Y@R| ([ sup [REP/? <f IREIP=2 (1
s€lty, ] Ta

1/2
FIOO + 220 R ds) }

T T
<nE sup |R8|p+CnA_2(g)]E/ R (14 1U°)2) dr+C,7£[ |RE|P ds,
T, T,

s€ltq,tp] a
4.6)
7 1/2
L < Cppgpy/2enoE | sup |RE|P/2 (/ |R8|"—2||Rf||2ds>
s€ltq,p] Ta
C%DGP%”O Ko 2 2
<(1—=8E sup |R8|”+7E/ |R®|P™=||R®||~ ds, .7
s€[ta,Tp] 2(1 - 8) Ta

for some § € (0, 1). Collecting the estimates above, choosing § and 7 sufficiently
small and assuming that g or &g are sufficiently small, we observe

T Tp
E[ sup |R?|P +/ |R€|P2||R€||2ds] < CE/ (1+1|R%|?) (1 + ||U°||2> ds
T T,

s€[Ta, 7] . a

with the constant C independent of e. The claim then follows by the means of the
uniform stochastic Gronwall lemma from Proposition A.1. O

In the rest of this Section, let us denote the velocity and temperature part of R®

by R = (v&, T?). Following the argument by Cao and Titi [6], we decompose the
velocity part v* into its barotropic and baroclinic modes v¢ = v® 4+ v*, where

V8= Ay, V=RV

Similarly as in [6], one can establish that the barotropic mode V¢ satisfies the equation
in My

dve + [ — LAV + Jer(e) [(VF - V)V + T (v V)] + (V- V) 80+ T (v, 0)

0
+ (170 . V) VE 4+ T (00, V) 4+ Vp§s — ﬁTgVA2/ Yéd7 + fk x \_/5:| dr
z
= 2" N e) Ao (U + Ver(e)R®) AWy, (4.8)

where, for sufficiently regular u, v, we denote

Bi(u,v) = (u- V),
T, v) = Ay [(@- V)0 + (diva) 7],
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with the periodic boundary conditions on My, and
divv®* =0, %) =0.

The baroclinic mode V¢ solves the equation in M
av* + [ — AV — vV + Ver(e) [BIG, V) + (v V)] + Bi(F, 1)

+ B0 + B @, ) + B, vE) — BrgVR /0 Yed7 + fk x W/S] dr
z
=17 (e&)Ro1 (U 4+ /er(e)R®) d Wy, 4.9)
where for sufficiently regular u, v we set
z

Ba(u,v) = Bi(u,v) + wu)d,v=(u-V)v — (/—h divudz’) 0;v,

Jo(u,v) = (@i - V)b — Ji(u,v) = @ V)0 — Az [(@- V)0 + (divii) 7]
with the periodic boundary conditions on I'; and

9, ¥* =0onT; UTy,, “°(0)=0.

Proposition 4.3 Let K > 0 and let 116(’8 be the stopping time defined by

t
oF =inf{t >0 | / 5186 + </ wf|4|v3w7€|2d/\/t> ds > K}. (4.10)
0 M
Then, '1:2"S — 00 P-a.s. as K — oo forall ¢ € (0, &9] and, for all t > 0, one has

lim IP’({I?(’8 < t}) = O uniformly w.r.t. e € (0, &o].

K—o00

Proof We will need the following estimates from Cao and Titi [6, p 256]. There exists
C > 0 such that, for all f € L° satisfying V3(f3) € L?, one has

|f|i;2L9 < Clf[6lVaf Iz +1£ 1% 4.11)

f17s.0 < CLFT6I I (4.12)
3/2

|f|i§Lg =< C|f|L/6 LA, (4.13)

The estimate (4.11) follows directly from (2.23) with ¢ = 4 and the others can be
established using the Minkowski inequality similarly as in Lemma 2.1.
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Employing the It6 lemma [2, Theorem A.1], integration by parts and the cancellation
property

(Bz(u,v),|v|qv)=0, ueVy,veVinH?,
where ¢ > 0 and |v| denotes the modulus of v, we have
d|w~/8|i6 +6(u AV) //vl Ve 14 V3VE 1> M dt

dt

0
<6 '/ 1 - (ﬁTgVR/ T¢d7 + \/E?»(S)Jz(vg,vs)> dM
M z
+6 ‘ f 5149 (B, 1) + B %) + (V) ) d/\/l‘ dr
M

oo
+61 Y f 5149 - (Roy(U° + Ver(e) R)er ) dMd W
M
k=1

2
dMdt

o0
+ 15/\*2(8)2/ Nk (Ral(U°+JEA(s)R€)
k=1 M
o0 o0
= Lidt + hLdt + Y _I§dWf + > Ijdt.
k=1 k=1

The estimates of I; follow from Cao and Titi [6, Section 3.2]. Estimates of the
stochastic terms If and the Itd correction terms I!{ are essentially the same as in [2,
Proposition 4.3]. The remaining term /> seems to require more work. We use and
slightly refine ideas from Debussche et al. [10, Proposition 4.3] with the anisotropic
estimates from Guillén-Gonzalez et al. [19].

Before we proceed to the estimates of the integrals above, let us make a short
auxiliary estimate. Let u, v, w € D(A). Following the argument from Cao and Titi
[6, Section 3.2], one may use integration by parts to establish

—/ 15145 - T, w) dM
M
:/ (divﬁ)|ﬁ|4ﬁ-w+(ﬁ-V)(|ﬁ|4ﬁ)-u')
M
— 9, (1915) @ dM.
which in turn leads to the estimate

‘/ 15145 - T2 (u, w)dM’
M

0 0
5/ [w] (/ |Vﬁ||6|5dz) d/\/lo+/ tl (/ |ﬁ||Vﬁ||ﬁ|4dz) d Mo
My —h My —h
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+ fMO (/_i Iﬁlltbldz) (/_(; |va||g|4dz> Mo

=75 (v, u, w) + T3, u, w) + T5 (v, u, w). (4.14)

We split the integral /; into I} and I? as

0
h§6MgU‘WWWVVR</’W&)dN4
M z

+ 64/eM(e)

=1 +I}.

/ |,{‘/S|4,{‘/8 . jz(VS,VE)dM’
M

Regarding 111, we use integration by parts, the Ladyzhenskaya inequality and the
estimate (4.12) to obtain

0
/ndwoﬁﬁw)n</ T%M)dM‘
M b4

0
< C/ m(/ |W€|w6|4dz> dM
Mo —h

¢ [ TONVE I aMo
Mo : z

111 =6frg

e - g2
< CII¥T L) V3NV [ 10

= 1/2 =7 1/2 ARET -y Se13/2 )15
< € (P75 gy VT gy + 0Tl 200 ) V3G9 1219702

< V3@ + ¢ 19718 (|R8|2||R8||2 + |Rf|4) + Gyl R (4.15)

We split the integral / 12 using (4.14). The first term can be estimated by the estimate
(4.11) and the Ladyzhenskaya inequality by

T V) < / IV (7)° 2[5 2 dMo

Mo
el < ~e3
< 19211 L4 M) V3D IV 1 2
- 1/2 = 1/2 e ~&\3
= C (IR0t VT35 gy + ¥ 2200t ) 193 )

(RS E 15 )

and therefore, by the Young inequality, we get
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6v/EA(e)T; (V6. V7, V)
= nIVa@) R+ Coel5 56 (1R PIRE I+ [RNRS |+ [R[* + R,
(4.16)

where for fixed n we have C; , — 0 as ¢ — 0+. The second term in the splitting of
I 12 is estimated in exactly the same way as the first one. Hence, we obtain

TNV < nV3EP P+ Co o510 (IR PIREI + RN RS + 1RSI + |R*2)
4.17)

with Cy, ¢ as above. The third term in the splitting of / 12 is bounded using the estimates
(4.12) and (4.13) as

) 5 )
Jf(vs,vs,vf)s/ Ve 251V |2 1VF 2, d M
Mo < - 4
) 573115612
=< |’V£|L§L2|V3(’V8) ||,VE|L§L‘}
<e13/2 58 1/2 cen3y10613/2 28 1/2
< CIE [ IV 12V () e 19 2.
Employing the Young inequality, we get

6/EM(E) Ty (V¢ vV, V)
< nIV3E )P+ Cp e FF 106 1 RE |12, (4.18)

where for fixed n we have C, . — 0 as ¢ — 0+. Collecting [(4.15)-(4.18)] and
applying the Young inequality, we get

I = nIVAE P+ v (5 (IR PR IP + R + 1RYI12) + C,IR°
(4.19)

Let us proceed to I>. We split the integral as
556L/ WW%EJbWﬁE%dA4+6L/ WWW€¢hwﬂv%¢M'
M M

+6 ‘/ 15 ~J2(UO,V€)dM‘
M

=0 +5+1;.
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From the definition of B>, we have

<6‘/| . v V) d/\/l'

+6 ‘/ A w(v)azvo d/\/l' =5L'+1,°
M
We estimate 1211 using the Gagliardo—Nirenberg inequality as

n' < C/M IV 9510 dM < CIVVO| 1617 (S5 = CIVVO |16l (V)17 15
£3/2
< IVl (WP LRIV )72 4 15 2 )

< V3R + Gy B (0055 + 10012 (4.20)

Regarding 1)2, we proceed similarly as in the proof of [10, Proposition 4.3] and
use integration by parts to obtain

Z
- / ( / aﬁ/;dz’) 8:00(¥))S dM
M \J=n
z Z
=/ (/ {,idz’>ajazvg({/k)5+5/ (/ v;aa)azugaﬂk(ﬁ,i)“d/w
M\ =h MAS—h

=0+ 1>

By the anisotropic estimate (2.26) and the embedding LY — LgL% with g = 6, we
get

0 0
0 < c/ (/ |{/j|dz/> (/ |a,-azu,9||w7i|5dz) dM
Moy —h —h

<C /M ¥611210;0:001 21 (V) 112 dMo < CIF* 12 1901173 12
0
< CIF* Rolloo®ll (1936512 + 1513
= V3@ P+ Gyl e (10008 + 12071 ) (“21)

Employing the anisotropic estimates (2.23) and (2.27), we have

0
02 < c/ (/ Wildz/) (/ 10:0011()*, wldz) dMo
Mo \J—h -

5 0 eN249 5 ~e42
=Xe / 1951121001 16| (V)09 1121 (V)21 dMEg
Mo z z z z
< C € a 0 V (~8)3 (~8)2
< CIV 1221007 s V3 (V) I (V) | Lars
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~ ~ ~15/2
< c(|v8|ie||azv°|||v3<v8)3|4/3+| A ERIACORES

+ 15 3el10:0° 1139 )

~ ~ ~e35/8
= V3@ P+ G5 9 (100°1F + 102001 + Cyl5 [ 10017,
(4.22)
Collecting [(4.20)—(4.22)], we obtain
P =V R+ 6 (14 15 ) (1410717 (4.23)

Continuing with 77, we recall the estimate (4.14) and therefore
B =6(Z 0 v ) + BV ) + B v ).

By the Holder inequality, the Ladyzhenskaya inequality, the anisotropic estimate (4.11)
and the Young inequality, we have

T 0 < c/ 001V )3 12197 g dMo
0 <
< CIo° e V3 1013 2 6
-0,1/2 -0,1/2 £,3/2 ¢ 1/2
< CIOIY2 1012 0 V3G BRI

< V3G P+ ¥ 155 (JUOPIUCIR + [U°011U°)) (4.24)
The next term can be estimated in exactly the same manner. Therefore, we get
TR0 < IV + €5 6 (IUPPIUI + 1U°NU°T ) - (4.25)

Regarding the final part of 77, we employ the Holder inequality, the anisotropic esti-
mates (4.12) and (4.13) and the Sobolev embedding W!? < L® and deduce

A 2 [ 96 2 R Mo

Mo
< 1081210y 21 V3 () 197 s 4
9/4
< CIUCIIRE P42 V3 (7)1
~ £9/2
< V3@ + Gy [V IUC 1P RE 1P, (4.26)

Collecting [(4.24)—(4.26)], we obtain
I3 < IV + 1106 (1 +IUOPIUO I + R + ||U°||8)
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+Cy (14 IR +1U°1F). (4.27)
The remaining part of the term /5, that is 123, can be estimated using (4.14) as

B 56(@1@8 WO,V + TEEE 00, ) + TEEE 0, ~8))

By the Holder inequality, the Gagliardo—Nirenberg inequality both in 2D and 3D and
the anisotropic estimate (2.23) for V3 20, we obtain

Ty ¢, 00, %) s/ |5°11V38°1 1219 L0 dMo < V113 ) I V390162219917 10
0
2/3 ~
< CIR*PRIRE VA IU I B IUC 170 9 21 53
= V3@ 2+ Gy 15 (IRIIRS I + 10010012,
+CRe s (IRIRE N2 + 100100120 (4.28)

Next, we employ the Holder inequality, the Gagliardo—Nierenberg inequality in 2D
and the anisotropic estimate (4.11) and get

T ) < C [ I 151 dMo
0

< CI lLomg V3 1917 12618 16
< CIR*|"P R |1PP V533 |98 | s | V) 1131 00
< IV3E P+ Gyl [ RENIRE 1P U°)
+ Cy V16| RE PP IRV U2 (4.29)

The final part of 123 is estimated in exactly the same way as J23 (¢, 9%, v0). Therefore,
we have

|9/2

T3 v 00 vE) < Va2 4 C 1 INUC I RE 172 (4.30)

Collecting [(4.28)—(4.30)] and using the Young inequality, we deduce
B = nlVs@ R+ (14 °156) (14 IRIREIZ + 1011013 )
+C, (14 915 ) (R IR IZIUC I + 1R I + |U°1°) (4:31)
This finishes the estimates of /5.
Let K > 0 and let 7, and 7} be stopping times such that0 <7, <71, < T A r% e N

r,%. Using the Burkholder—Davis—Gundy inequality (2.28) and the bound (2.18) on
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Royin LU, L6), we get

t o
/Zl§dW{‘
T,

a k=1

L 12
< 6.7 (6)CrpGE (/ ’ 3 UM ¥ 5| Roy (UO + «/EA(S)RS) et d/\/l] ds)

Ta k=1

E sup

t€lta, ]

1/2
T o
<A N oE (/ V1% Y IRoy (UO + \/E,\(s)Re) erl?s ds>

Ta k=1

o 1/2
< YR (/ 1% (1 + 1006 + s,\—z(e)mié) ds>
T

a

T
<nE sup |95, + c,,x*z(g)]E/ (1 + wﬂg()) (1 + ||U0||2) ds.  (432)
Ta

s€lta, ]

Regarding the It6 correction term, from the bound (2.18) on Roq in Lo (U, L% we
deduce

o0 o0
Y1k = @ Y Rou (U0 + Ver@)R?) el
k=1 k=1
= 072 (141518 (1+ 10°1) (4.33)

Finally, choosing n > 0 sufficiently small, we use the estimates (4.19), (4.23),
(4.27), (4.31), (4.32) and (4.33) to infer

T Th
IE|: sup W8|6+/ |v3(«v€)3|2ds] < CE/ (1 + mgﬁ) ®(s) ds,
Ta

s€[tq,1p] Ta
where
D(s) = 1+ [REYIRE NP+ RSP+ IRENIZ + 118, U° 1P + 1U°18 + |RENIREIIFIUO)1.

We observe that the definitions of the stopping times 12 and ‘L’}é)’s and the “uniform”
convergence (4.5) justify the use of the uniform stochastic Gronwall lemma from
Proposition A.1, which finishes the proof. O

Proposition 4.4 Let K > 0 and let r;"s be the stopping time defined by

'
\Y . _
TK’S =1nf{l >0 | /0 ”VSH;;I(MO)dS > K}
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Then, r;’g — o0 P-almost surely as K — oo for all ¢ € (0, 9] and, for all t > 0,

one has

lim P <{t[¥’8 < t}) = O uniformly w.r.t. ¢ € (0, &o].

K—o0

Proof Applying the It6 lemma [2, Theorem A.1] to (4.8) with the function |AY/> P -|*
and using the cancellation property

/ u-Vyv-AvdMy=0
Mo

holding for u € H*(My) with divu = div v = 0 and periodic boundary conditions,
we obtain
d|\VV I + 4 VY P AV di
0
(Af/s, P[_'IAQ/ VT8>
z

+|(PaBi 00, A7)

+ Vere) [(P i (v, V), AV))|

< 4\W|2[ﬁrg

+ |(Pagi 070, a5

n ‘(Pﬁjl(ve, W), MS)

] dr
-2 “e 2 0 e\ 12
+ 6177(e)|VY*|7 IV Ar0, (U + \/E)L(s)RF> ||L2(M$L2(MO)) dt

+ 471 (e) | Ve (WS, VAo (UO n \/E)L(g)Re) dW1)

6
ZZIkdt+17dW1.
k=1

The term /7 can be estimated by the Holder inequality. We have
I < VY 2| AVE 1 + Cy | VVE P RS2 (4.34)

for some n > O fixed precisely determined later. Next, we argue as in [6, Section 3.3]
and use the Holder inequality to obtain

I < CVer(e)| VP |AV V3 (7)) R V2
< VY PIAV P + Cpeale) (199 V) R+ IRY1P) . (435)

We deal with /3 using the Holder inequality and Ladyzhenskaya inequality. We get

Iy < CIVVEPIAVE|(VE - V0| < CIVAE | AVE |7 | 14| V) 4
< CIVVE 1AV ||V |2 198 | V2 v 0 /2 vl /2

= 0V RIAT P + Gy V¥ P (1R PRI + U IPIU° I ) . 436)

@ Springer



Journal of Theoretical Probability (2022) 35:1736-1781 1769

The term /4 can be estimated in exactly the same way as /3, therefore
Is = nIVVPIAY P+ G Vo (IR IR 2 + U100 1,)  (437)
Regarding 5, we split the term by the Holder inequality as follows:
Is < C|V¥ 2| AV (|A2 [(W : V)ﬁo] |+ Az [(divw”/g)ﬁo] |) =1l 412

By the Holder inequality, the Young inequality and the anisotropic estimate (2.23)
applied to Vi® € H'(M; R?), we get
12
I3 < C|VV[*| AV ( /M We171V°13, dMo) < CIVV*PIAV |71 121V 132
. : :
< CIVV* PIAT |1V 16| VO PP 920 2

= IV RIAV P + Gy [V (915 + 1511817 ) (4.38)
Regarding the term 12, we use the boundedness of R in L™ to deduce

12 < CIVV I AV (|30 100 [ VYE| < I VVEPPIAVE 2 + Cyl VY4 PRS2 100)2 .
(4.39)

We estimate the [t correction term using the estimate (2.20) and the Young inequality
by

I < CA72(e)|VV° 2 (1 +IU°)? + |A50|2) + Ce|VVEPRE |1 + Cena|VVE 2| AVE .
(4.40)

Let K > 0 and let 7, and 7}, be stopping times such that 0 <7, <1, < T A 116(‘8 A
r}f’s A 12. Using the Burkholder—Davis—Gundy inequality and the bound (2.20), we

may estimate the stochastic term similarly as in (4.6) and (4.7) by

42" e)E sup

t€lta, ]

/I IVYE |2 (Vw‘/s, V. Aso (UO + \/E)\(s)RE) dW1>

a

7
<(1-=8+nE sup +c,,r2(s)1E/ |W6|2(1+||U°||2+||U°||§,2) ds

s€ltq,p] Ta

17) C ’728 Tb
+C,,s]E/ IVVE | ds + 1’7 ; E/ IVVE?|AVE % ds (4.41)
7 - T,

a a

for some § € [0, 1).
Collecting [(4.34)—(4.41)], choosing 1 and § appropriately small and assuming that
go is sufficiently small, we infer

s€[7q,7p] T

Tp T
IE|: sup |V{/8|4+/ |Vw‘/8|2|Aw’/8|2dsj| §C]E/ (1+|W8|4) D (s) ds,
Ta
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where

D(s) = 1+ [|RE* + V3O P + [REPIRE NP + 1U° I NUO N3, + 95186
IR P17 + U1 + U3,

The rest follow from the uniform stochastic Gronwall lemma, see Proposition A.1. O

Proposition 4.5 Let K > 0 and let IIZ(’S be the stopping time defined by
t
13" =inf {t >0 | / 10, R%)?||0.R®||* ds > K}. (4.42)
0

Then, tg® — oo P-almost surely as K — oo for all & € (0, &o] and, for all t > 0,
one has

Igiian ({rg® = t}) = Ouniformly w.r.t.e € (0, &.

Proof The proof uses elements from the proof [10, Proposition 5.2]. Let p > 2. By
the 1t6 lemma [2, Theorem A.1], integration by parts and the cancellation property
(2.9), we get
d|ave 1P + p(u A0V P2 V30V | d
< plazvﬂf"z[ (VY% 8:v°)| + Ver(e) [(8: B2 (v, v), 3:v°)

+ ‘(BZBz(vO, Ve, azvf)

4 ‘(3132(%, 0), azvg)

p—2 0 2
i <U + ﬁk(e)Rg) ||L2(M’Lz)} dr

+ plaE P2 (E)Zol (UO + \/E)»(e)R€> AW, azvg)

5
= Z[k + I dW;.
k=1

From the Cauchy—Schwartz inequality, we immediately obtain
It < Clav [P~ HIRC). (4.43)

Before we proceed to I, let u, v € D(A). By the cancellation property (2.9) and
integration by parts, we have

(0;B2(u, v), 9;v)
= ((0;u - V) v — (divu) d;v, 9;v)

=/ 01 j0j Vg0, v — 0ju j 0, v d; vk AM
M
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= —/ 001 j v 0, g + 071 jUd; 0, vk — 2u 00, vk d;vr dM. (4.44)
M

Using the Holder inequality, (4.44), the Gagliardo—Nirenberg inequality and the Young
inequality, we deduce

L < CVen(©)19 172 IVaV IV 16]0:V7| 13
= CVan(@) (109 107 1721 Lo + 1095 1203 1P e )

< ]9,V 1P 2|8, VVE? 4 Cy0.vE P (|v8|‘z6 + 1) (4.45)

for some 1 > 0 small precisely determined later. Using the Holder inequality and
(4.44), we obtain

13 = Clv 1772 (100 2V 6103 3 + 1000 31V 61097 + 100w |93 |97

=n+0+1.
By the Gagliardo—Nierenberg inequality and the Young inequality, we get

I;

IA

Clove P20 L2 v o (1097121907172 + (0971

-2 012 . —4/3..0,4/3 4/3 . —1y,,0
10V 1P72(0 V| + Cyla:ve [P~ 3 10030 e e + Claave 1P~ 100 g v I s

(4.46)

IA

Using the Young inequality and the Gagliardo—Nirenberg inequality for the term 12,
we obtain

2,13 -2 2 210612 113,0111[,,0 02
I3 + I3 < |3 Ve [P0, VVEL™ 4 Cpla Ve 1P vE s o Il g2 + Clave 1P 107 oo

(4.47)

Proceeding to 14, we use integration by parts to deduce

ta = Cl 12 [[ (B0 00, 0.0v°)

]

+ ’((divvg)azvo, azvs)

+ ‘(w(vs)azzvo, M,;)

=L+ +1

Similarly as above, we use the Holder inequality, the Gagliardo—Nirenberg inequality
and the Young inequality to get

I < 1oV 1721V P 4 Colay P2 o 1001 e (448)
The term 1, f can be estimated in exactly the same way as I.; therefore, we have
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< 010V 17219,V 2 + Cyloove 173100 e 1+ Clave 1P [0 g2 1P .
(4.49)

Next, we employ integration by parts to get

0
— f < / divv¢ dz’) 3..0°9.v¢ dMo
M —h
Z Zz
= /M (/hvj dz’) 90,000,V + (/hvj dz’> 320098, V5 dM.
.\ _

Hence, we have
Zz
/M ( f hvj dz’> 90,000, V5 d/\/l'
A

z
/ </ V5 dz’> 9.,009;0, V% d/\/l’
Mo —h

By the Holder inequality, the embedding L® < LEL?, the anisotropic estimate (2.23)
and the Young inequality, we get

1 < Cla 57

+ Cl3.75|P72

="+ 1%

L <l P2 /M V] 21022001121 V¥ 12 Mo
< ClaV P2V 1612102000 131219 VYV
< Clo:v 1P =218, Vve Ve o100 122 190011

< 0V P20, VVE 2+ CyldvE P2V o 10003 10001125 (4.50)
Similarly, we deduce
2 < ClavE|P2 fM |V8|L§|V3zzUO|L§|3zV8|L2 dM
< CIaNV P21 1 612180l 21927 | 3 2

< IOV P2 sl10:0° Lo (109 PRIV307° 2 + 107 )

< 18V P20, VVE 2 + Cyl9vE [P0 10,0 ||6/5|v |6/5. (4.51)

The It6 correction term is estimated using the bound (2.21) and the Young inequality
by

Is = 2@ 1772 (14 1012 + 1U°13, )
+CeldNEIP + p(p — 1Denol v |72 V397 . (4.52)
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Let K > 0 and let t, and 7, be stopping times such that

0,¢
K

0

V,e w,e
0<tw =t <TATE AT AT ATg.

Proceeding similarly as in (4.6) and (4.7), we employ the Burkholder—Davis—Gundy
inequality and the bound (2.21) on 9,07 in Lo (U, L?) and deduce

prA N eE sup

t€lta, 78]

t
/ |0, vE P2 <8zv8, 9,01 (UO + ﬁk(s)R8> dWl)
Ta

)
<(1-8+mME sup |azv€|f’+cnr2<s>E/ 051772 (14 11,2 ) ds

s€lta, 7] Ta

T C T
+ CneE/ 10.vE|P ds + 1”—"3;1Ef 10,vE|P72|V30,v5| ds (4.53)
Ta - Ta

for some § € (n, 1).
Collecting the above estimates, choosing § and n sufficiently small and assuming
that 13 or g are sufficiently small, we get

17 Th

E| sup |8Zv5|1’+/ 10.vE|P~2 V30, V¢ ds ECJE/ (1+18,V5|7) @(s) ds,
s€ltq, ] Ty T4

where

®(s) = 1+ RS>+ V[T + U3, + NUCIPIUCIS,. + 18U 118 U° 13,2 + 19:U° 13,5

The claim follows from the uniform stochastic Gronwall lemma from Proposition A.1.
(]

The proof of the following proposition is similar to the proof of Proposition 4.5 and
[2, Proposition 4.6] and is therefore omitted.

Proposition 4.6 Let K > 0 and let rl?s be the stopping time defined by

t
7 =inf{t >0 sup |aZT8|4+/ 10, Y5120, YE|Pds > K . (4.54)
s€[0,] 0

Then, ‘L'I?g — oo P-almost surely as K — oo for all ¢ € (0, &9] and, for all t > 0,
one has

lim P ({rg’s < t}) = Ouniformly w.r.t.e € (0, go].

K—o00

Proposition4.7 Let p > 2, K > 0 and let II[{]’S’P be the stopping time defined by

s€(0,]

t
f,'jw:inf{rzm sup ||R8||"+/ ||Rf||"—2||R8||i,zdszK}- (4.55)
0
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Then, r,f’s’p — 00 P-almost surely as K — oo for all ¢ € (0, ey] and, for all t > 0,
one has

KIEnOO]P’ ([rg’g’p < t}) = Quniformly w.r.t. & € (0, &].

Proof By the 1t6 lemma [2, Theorem A.1] and integrating by parts, we have
dIAYPRE1P + p(u Av) |AVPREPT2IARS | dt

< p|A‘/2R€|P2[JEA(g) |(B(R®, R®), AR®)| + )(B(UO, R®), ARf)

+ ‘(B(RS, UO),ARS)

+ |(Fa(R), AR®)| + 52072 (0) o (UO + «/EK(S)RE) ||iz<u,\/>} dt

+ pal(e)|AV2RE P2 (Al/za (UO + ﬁx(e)Rg) AW, A1/2R8>

5
= Zlkdt + IgdW.
k=1

The estimate (2.6) and the Young inequality imply
Iy < nllREIPT2RE (3,0 + Cred?(e) | RE(|P (MQ@ + |81R8|2||81R8||2) , (4.56)

where n > 0 will be determined later. From the estimate (2.7) and the Young inequality,
we get

B+ I+ I < nl R 2IRE S + CUR NP (1+ 100121001, ) . 4.57)
For the It correction term, we have

Is = CA2@IRE P72 (14 1U°12) ) + Cell RSP + Ceny | R [P 21 R? |35 (4.58)

Similarly as in the above proofs, let t, and 7, be stopping times such that

T,e Z,& V,e 6,¢ w,e 0
OfrafrbfT/\rK ANTE AT AT AT ATy

Using the Burkholder-Davis—Gundy inequality (2.28) and similar estimates as in (4.6)
and (4.7), we deduce
t
f I dW‘
Ta

)
S4B swp (R + @B [ IR (14 10 ds
T

S€[Ta, 7]

pk‘l(s)IE sup

1€[7a,7p]
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" gnp Cﬂn3€ Tb enp—2 pe2
+Cyel | IR ds + SR | RO RS ds. (4.59)
T, Ta

a

Collecting the above estimates and choosing 1,8 > 0 and ¢¢ sufficiently small, we
obtain

Th b
E[ sup ||R8||P+/ IRE1P21RE 12, ds} scpEf (14 IREIP) (1 + (s) ds,
] T, T

s€[tq,Tp a

where the constant C, depends on p but is independent of 7, and 1, and
O(s) = 1+ [V[76 + 18R 13RI + U1V N + U150

The proof is closed using the Gronwall lemma from Proposition A.1 similarly as
in the proofs above. O

4.3 Proof of Theorem 1.2
The proof of Theorem 1.2 closely follows the argument of the proof of Theorem 1.1
in Sect. 3.3 using the results of Sects. 4.1 and 4.2 . For this reason, we omit the details.

The respective good rate function 7 : C([0, T'], V) N L2(O, T; D(A)) — Ris given
by

T .
[(U) = inf {%f |k, dt | h e L*(0, T;U) s.t. U = G% (/ hdt)} (4.60)
0 0

where Q% has been defined in Proposition 4.1. O

5 Proof of Theorem 1.3

Most of the estimates in this section are straightforward adaptations of the estimates
from Sect. 4.2. Thus, we only go through the main steps of the proof, which closely
follows the one from Zhang et al. [49].

Let U¢ and U be the solutions of (3.1) and (4.1), respectively, and recall that, for
K > 0, the stopping time

t
0 inf{t 201 [ 10 + IR0 ds 2 K}
0

satisfies 12 — ooas K — oo. Let R® = (U® — U%)//e. Clearly, R® satisfies

dR® + [ AR + B (R*,U° + VeR") + B (U°, R) + ApcR® + ER® | dr = o (U%) dW,
6.
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with R®(0) = 0, which is essentially (4.3) with A(g) = 1. Let rII;"S be the stopping
time defined for K > 0 by

"t mf{r>0| sup [|R°||* + /uRgn +||R€||2||R8||§,2dszl<}.

s€[0,7]

By the result of Sect. 4.2, we have rg’s — 0o P-as.as K — o0o.Let U be the solution
of

du + [AU + B, U)+ BU,U% + ApU + El}} ds = U%dw, U(©) =0.

(5.2)
Let Y¥ = R — U. Using bilinearity of B, we observe that Y satisfies
dy® + [AY8 + JEB(R®, R®) + B(U®, Y®) + B(Y®, U°) + Fd(YE)] dt
=[cw —oW]aw. y©=o. (5.3)

Let 7, and 75 be stopping times such that 0 < 7, <1, < T A r,f"g A 1:2. By the It6
lemma and similar estimates as in Proposition 4.7 with the estimate (2.7) on B, the
Lipschitz continuity (2.17) of o in L>(U, V) and the boundedness of the operators
Apr and E, we obtain

T Ta
E[ sup ||Y8||2+f ||Y€||i,2ds]sc1E/ ||Y€||2(1+||U°|| ||U°||H2) ds
] Ta T,

s€lta, a

Tp
+ CE|Y* (z) 1> + CeE/ IR I + IRE 13,5 + IREIZNRE1I3,, ds.

Ta

Using the stochastic Gronwall lemma from Glatt-Holtz and Ziane [18, Lemma 5.3],
we get

R.e

) T/\TK .o

E| swp (¥ +/ 1Y, dr
te[O,T/\r,?‘g] 0

Ty 2 2 2 2
< CKSE/ IRENZ + IR 152 + IR NZIR? I, dt. (5.4)
0
If we define
QK_{wemer,’j%T}

and if we consider the process 1q, Y? instead of Y?, keep K fixed in (5.4) and take
the limit ¢ — 04, we get Y — 0in C([0, T], V) N L*(0, T; H?) P-a.s. on Q.
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Since T A ‘1,'115’8 — 00 as K — oo P-almost surely, we have P(Q \ gy Qk) =0,
which gives the convergence P-a.s. on . O
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A Uniform Version of the Stochastic Gronwall Lemma
The following result is not new; in fact, it is a combination of the stochastic Gronwall
lemma from Glatt-Holtz and Ziane [18, Lemma 5.3] and a part of the proof of global

existence of the strong solutions of 2D stochastic Navier—Stokes equation from Glatt-
Holtz and Ziane [18, Theorem 4.2]. We include the proof for the sake of completeness.

Proposition A.1 Leteg > 0. Let X%, Y, Z%, R® : [0, 00) x 2 — [0, 00) be stochastic
processes on a probability space (2, F,P). Let r,?’g be the stopping time defined by

t
rlf’s:inf{tzm/ deszK}, K > 0,¢ € (0, g].
0
Letforallt > 0
lim P ({1115‘8 < t}) = O uniformly w.r.t. & € (0, go]. (A.])

K—oo

Let T > 0 and let for all K > 0 and ¢ € (0, &o]

T/\rllg‘g
E/ R°X 4+ Z%ds < Cr.g < o0.
0

Let there exist a constant Co = Co(T) such that, for all ¢ € (0, &9] and all stopping
times t, and T satisfying 0 < t, <1 <T A rllg’s, one has

T T
IE|: sup Xg—l—/ Ygdsi| < Cy |:X(ra)+/ R5X5+ngs].
Ta Ta

s€[tq,7p]

Then, for all ¢ € (0, &9] and K > 0, we have

T/\rf's TArg’g
E sup X+ / Yéds | < Ccyr.xkE| X(0) + / Z%ds |.
S‘E[O,T/\‘L’g's] 0 0

(A2)
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. . . X,e
Moreover, if we define the stopping time T3~ by

'
t,}g’szinf t>0] sup X8+/ Yéds>K}!, K >0,ee(0,e0],
s€[0,¢] 0

then forallt > 0

lim P ({z,’g’s < t}) = Ouniformly w.r.t. & € (0, g], (A3)

K—oo

and t[}((’g — +o0 as K — oo P-a.s. forall € € (0, g].

Proof The inequality (A.2) is the stochastic Gronwall lemma from Glatt-Holtz and
Ziane [18, Lemma 5.3]. Following the argument from Glatt-Holtz and Ziane [18,
Theorem 4.2], we use the Chebyshev theorem and (A.2) to estimate

P({ =) =p (= of 0 mi = o)) e (fi = o])

tAtAIf,'S &
<P sup X° +/ Yods > K +P<{tM’8 < t})
0

se[O,t/\r,f,‘g]

R.e

AT
E sup X8+/0 Y oyeds —}—IP’({IIS’SEI})

R,e
SE[O,IA‘(M ]

t]’(M +P ({r,f;’s < t}) .

Let § > 0 be arbitrary. By the uniform convergence (A.1), we find M € N such that,
forall € € (0, g9], we have

IA

x| -

aQ

IA

(et =i <2

Let Ko € N be such that C; /K < §/2 forall K € N, K > Kjy. Collecting the

above, we deduce that
P({r}g’a < t}) <3,

forall ¢ € (0, ¢0] and all K € N, K > 0, which finishes the proof of (A.3).

To establish the P-a.s. convergence, we argue by contradiction. Assume that
P{limg oo rl){(‘s < 400}) > 0 for some ¢ € (0, g9]. Then, since {limg_, o l’;((’s <
+00} = Upenflimg o0 7o < N}, thereexists No € Nsuch that P({limg 0o 75" <
No}) > 0. On the other hand, since r}é’g is monotone, i.e. {t}é’s < Ng} 2 {rz(’g < No}
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for K < L, we observe {limg_, o0 r}((’g < Ny} = ﬂKeN{T?S < Np}. However, (A.3)
implies

0< P({Ig@wr,ﬁvs < NOD =1P><ﬂ [ = No}) - Kl@@l@({r}(“ = No}) =0,

a contradiction. O
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