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NUMERICAL APPROXIMATION OF PROBABILISTICALLY WEAK AND
STRONG SOLUTIONS OF THE STOCHASTIC TOTAL VARIATION FLOW

LUuBOMIR BANASY™ AND MARTIN ONDREJAT?

Abstract. We propose a fully practical numerical scheme for the simulation of the stochastic total
variation flow (STVF). The approximation is based on a stable time-implicit finite element space-time
approximation of a regularized STVF equation. The approximation also involves a finite dimensional
discretization of the noise that makes the scheme fully implementable on physical hardware. We show
that the proposed numerical scheme converges in law to a solution that is defined in the sense of
stochastic variational inequalities (SVIs). Under strengthened assumptions the convergence can be show
to holds even in probability. As a by product of our convergence analysis we provide a generalization
of the concept of probabilistically weak solutions of stochastic partial differential equation (SPDESs) to
the setting of SVIs. We also prove convergence of the numerical scheme to a probabilistically strong
solution in probability if pathwise uniqueness holds. We perform numerical simulations to illustrate
the behavior of the proposed numerical scheme as well as its non-conforming variant in the context of
image denoising.

Mathematics Subject Classification. 60H17, 60H15, 60H35, 65C30, 65M60, 94A08, 60A10.

Received May 4, 2022. Accepted November 1, 2022.

1. INTRODUCTION

We study a numerical approximation of the stochastic total variation flow (STVF)

dx = div(éfq)dt — MX — g)dt + B(X)dW, in (0,T) x O,
X=0 on (0,T) x 9O, (1)
X(O) = 1'0 in Oa

where O C R4, d > 1 is a bounded polyhedral domain, A > 0, T > 0 are fixed constants and 2%, ¢ € L2 are
given functions, using the notation L2 = L2(0). We consider W to be a cylindrical Wiener process on £5 and
a continuous mapping B : L2 — % (f2;1L?) where f5 denotes the Hilbert space of square summable sequences,
% stands for the space of Hilbert—Schmidt operators such that

(B1) 1B(M)]l2a(e2i12) < C(|[A] + 1) for every h € L2,
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(Bs) if d > 2, whenever {h,} is bounded in L? and h,, — h a.e. in O then

B(hn) — B(h)|2,(05:.2) — 0.

For instance, an operator

[B(W)(@) ==Y _a;bi(h),  a €l
J
where b; : R — R are continuous and
bj(x)] < Ajo(z),  zeR,
holds for some A; > 0 and ¢ : R — R such that

Zx\§<oo and |o(z)| < C(|z| + 1),
J

satisfies (B1). If, moreover,

i le(@)|

)

then also (B3) holds for B.
We also consider the weakly lower semicontinuous energy functional J : L? — [0, o0]

A
J(u) := || Vul|rv (o) +/ |u| dz + f/ |lu — g|2 dz wel?n BV(0),
80 2 Jo
J(u) := o0 u € L*\ BV(0),

see Lemma B.1 for details.
Due to the singular character of total variation flow (1), it is convenient to perform numerical simulations
using a regularized problem

dX = div<|vj(‘|xw>dt — MX — g)dt + B(X)dW in (0,T) x O,
X=0 on (0,T) x 9O, 2)
X(O) = l’o in Oa

with a regularization parameter € > 0. In the deterministic setting (B(X) = 0) the equation (2) corresponds to
the gradient flow of the regularized energy functional

J:(u) ::/ \/|Vu|2+£2dx+%/ lu—gl*de  weH;.
o o

Convergent finite element approximation of the deterministic total variation flow (i.e., (1) and (2) with
B(X) = 0) has been proposed in [14]. In the stochastic setting, numerical approximation of probabilistically
strong stochastic variational inequalities (SVI) solutions of (1) with B(X) = X has been analyzed recently in
[6—7] by considering the regularized problem (2) within the framework of stochastic variational inequalities, cf.,
[2]. In the present work we propose a fully implementable numerical approximation of (1) via the regularized
problem (2): in addition to the discretization in space and time we also consider an implementable approximation
of the noise term. We show that, in the limit, the numerical solutions satisfy a stochastic variational inequality.
As a consequence, we obtain an extension of the concept of stochastic variational inequalities of [2].
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Let us compare the present work with [5] where (probabilistically) strong solutions of (1) are constructed
numerically in case the domain O is bounded, convex and with a piecewise C?-smooth boundary, the equation
is driven by a one-dimensional noise W, B(X) = X and the interpolants Yi p, of the numerical approximations
converge to the unique solution X with paths continuous in L?(0) via the double limit

lim

lim H
e—0(7,h)—(0,0)

e
X‘r,h - ‘

L2(Qx (0T):L2(0))

In the present work O is an open convex polyhedral domain, B is a fairly general non-linearity (hence uniqueness
is not expected to hold and we construct just (probabilistically weak) “martingale” solutions). Furthermore, the
considered noise is an infinite dimensional random walk generated by a sequence of random variables (suitable
for computer simulations) and Yi ,, converge to X in the joint limit as (g,7,h) — (0,0,0). Our SVI solution
concept is more general than the one in [5] but paths of the obtained solutions are only weakly continuous in
L?(0) and we cover the case B(X) = X only in d = 1. If, in addition, pathwise uniqueness holds then the
approximations converge to a probabilistically strong solution in probability. We also note that the technique
used for the construction of the probabilistically weak SVI solutions is straightforward, i.e., we avoid the use of
martingale and Skorokhod representation theorems as in [19]. We mention that the approach of [5] is restricted
to spatial dimension d = 1, cf., [7]. The higher dimensional case (for probabilistically strong solutions) is treated
in [6] using a slightly different approach; so far the work [6] appears to be the only one to cover the case of
linear multiplicative noise B(X) = X for d > 1.

The paper is organized as follows. In Section 2 we introduce the notation and the numerical approximation
of (2) and in Section 3 we state the main results of the paper (which are proven in Sects. 7 and 8). In Section 4
we show a priori estimate for the numerical solution. In Section 5 we present auxiliary results on compactness
properties of locally convex spaces which are used to deduce tightness properties and convergence of the numer-
ical approximation in Section 6. Numerical experiments for the conforming and non-conforming finite element
approximation schemes are presented in Section 9. The proofs of auxiliary results are collected in the appendix.

2. NUMERICAL APPROXIMATION

We denote the standard Lebesgue and Sobolev functions spaces on O as LP := LP(O), LP, = (ILP, weak),
H} == H}(O), Wh1 .= W11(0); we use || - ||L» to denote the standard LP-norm and || - || := || - ||Lz. The sets of
rational and irrational numbers are denoted as Q and QC, respectively. For time dependent random variables
we often write S;(-) instead of S(-,t) provided that it fits the context of presentation.

We consider the space of functions of bounded variation

BV(0) = {u €L'; Vuis a vector measure},
equipped with the norm
lullBv(o) = llullLr + [VullTv(o),

see, for instance, Section 3.1 of [1]. We recall that for v € BV (O) the gradient Vu is a vector measure whose
total variation satisfies

IVulrvio) = sup{~ [ wdivvas: v e GF(O.BY, vl <1},
(@)

For N € N we consider an equidistant partition {¢; = i7, i = 0,..., N} of the time interval [0,7] with a
discrete time step 7 = T//N. Consequently, we consider a discrete filtration F, := {F:} , on a probability
space (£,,.%,,P.) and sequence {¢27}N._ of independent random variables such that

i,j=1
a) E[¢] =0,
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b) E[|g7[*] =7
o) E[|&7]Y] < C7?,
d) (&81,...,&50) is Fi-measurable and independent of Fit,

T 9
for every i,j € {1,..., N} and some fixed constant C > 0 independent of N € N. A simple and easily imple-
mentable construction of the noise that satisfies the above properties is, for instance, ¢4 = /7x*/ where
{X"’j}f\fj:l are independent with P[y"/ = +1] = ; as another choice, one can consider Brownian increments
EbT = N7 := B (t;) — (7 (t;—1) of independent Brownian motions (7.

Let {Vi}rso be a family of standard Hj-conforming finite element spaces of globally continuous functions
which are piecewise linear over the quasi-uniform partitions {7 },~0 of O with corresponding mesh sizes h > 0.
Further, let P, : L2 — V}, denote the L2-orthogonal projection on Vj. We assume that the family {V}}ns0
satisfies the following properties.

Assumption 2.1. (1) V}, is a finite-dimensional subspace of H{,

(2) Vi, C Vg, if 0 < hy < he,

(3) 1Ppvllm < Kllvlly holds for every v € H} and h > 0, for some k € (0,00) (see [10]),
(4) Unso Vi is dense both in Hj and L.

It is well known that the above assumption is satisfied for Vj, P}, see for instance [12]. We note that the
stability of the L2-projection, Assumption 2.1(3y and the density of {V}, },~0 in H} implies that | Vo—V Pyv|| — 0
as h — 0 for every v € Hj.

We consider the following fully-discrete approximation of (2): fix N € N, h > 0 set X° = P,2° and determine
Xt eV, i=1,...,N as the solution of

N VX
X=X y) == 7| —————.Vv 3
( =) @)
N P
—TAXT = gvn) + Y (B (XY, vy ) €80 Yoy, € Vi,
Jj=1

where B;(X) is defined as B(X)e; and {e]} denotes the canonical orthonormal basis in 5. Existence of the
unique F -adapted Vj-valued solution {X N, can be proved analogously to Lemma 3 of [5] therefore we omit
the proof. The process X! = X;’h, i=0,.. N depends on the parameters (7, h, €), to simplify the notation we
suppress this dependence unless it matters.

Remark 2.1. All result of the paper remain valid for a modification of (3) where the discrete noise term is
replaced by Zle (B;(X*71),v,)€5 with an N-independent truncation parameter R € N. In this case the
convergence of the scheme follows by considering the limit R — oo along with (7,h,e) — 0, without further
modifications of the arguments. We further note that the explicit evaluation of the terms B;(X*~1'),j =1,...,N
at X*~1 (and not at X?) is related to the fact that the multiplicative noise in (1) is considered to be of It6 type.

3. SUMMARY OF THE MAIN RESULTS

In this section, we summarize the main results of the paper. We start with the definition of the SVI solution
of (1).

Definition 3.1. Let (Q,F,(F;),P) be a stochastic basis with independent (F;)-Wiener processes (W*)cn.
An adapted process X € L2([0,T] x Q;1L?) with weakly continuous paths in L? is called an SVI solution of (1)
provided that

sE[1x0) - 101 +E| [ tJ(X(s))ds] < gl ol [ [ tJ(I(s))ds} +E|[ (Gls), X(s) — 1(s)) ds
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+ 58| [ 1B ~ HO 0,045, 0

holds for every ¢ € [0,7T] and for every test process
¢ ot '
() = u'— / G(s)ds + 3 / Hy(s)dW9,  telo,T], (5)
0 — Jo
j=1
that satisfies P [I(¢) € H}] = 1 for almost every ¢ € [0,T] and

T
/0 o dt] < oo

for some u® € L? and (F;)-progressively measurable processes G and H in L?([0,T] x Q;1L?) and L?([0,T] x
Q; % (ls,1L2)) respectively.

E

Remark 3.1. Inequality (4) implies

sup E[|X ()] +E
t€[0,T

T
/ IX(0)l5v (o) dt} < .
0

Remark 3.2. The SVI solution in the sense of Definition 3.1 generalizes the definition of the SVI solution from
[2] since the inequality (4) holds for a much larger class of test processes introduced in (5) than in [2]. Formally,
inequality (4) can be derived by applying It6’s formula to the L2-norm of the difference of (1) and (5) and using
the convexity of J.

Definition 3.2. We say that pathwise uniqueness holds for SVI solutions of (1) satisfying (8) provided that any
such two SVI solutions X° and X! on a stochastic basis (£2, F, (F;),P) with respect to independent (F;)-Wiener
processes (W¥)en satisfy X0(t) = X1(t) a.s. for every ¢ € [0, 7.

Definition 3.3. We say that SVI solutions of (1) satisfying (8) are unique in law provided that any such
two SVI solutions X° and X! on stochastic bases (Q0, F° (F?),P°%) and (Q, F!, (F}),P!) with respect to
independent (F7)-Wiener processes (W})en, @ = 0,1 have the same finite-dimensional distributions, i.e.,

PP [X%(rg) € Ao, ..., X%rn) € Ay] =P [X'(r) € Ao, ..., X' (rn) € Ay]
holds for every 0 < ry < --- <1, < T, every Borel sets Ag,..., A, in L? and every n € N.

We define the piecewise linear interpolant of the solution of the scheme (3) as

t—ti—1 ti—1

X (t) = Xt X X fort € [tiq,t], (6)
T T
as well as the piecewise constant interpolants
Y.,—(t) = X! fort € (ti—17ti)7 (73)
X (t)=X"1  forte€ (ti1,t;), (7b)

where the dependence on €, h is not displayed.
Let X() denote the space of weakly caglad functions f : [0, 7] — L2 such that

T
/ 1£() o) ds < oo,
0

let X denote the space of weakly cadlag functions f : [0,7] — L2, define X as C([0,T];1L2) and equip the
spaces X1 X2 and X®) with the topology of uniform convergence in 2.
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Theorem 3.1. The random variables
(YE,h,TJLvh)T7XE,h,T) : (97'7-7:7'7]}1)7) - X(l) X X(2) X X(3)7

are Borel measurable and their laws under Pr = P, 3, » are tight with respect to €, h, 7. Moreover, every sequence
(€nyhn, Tn) — (0,0,0) has a subsequence (en,, hn,, Tn,,) sSuch that laws of

(Yank,hnk,mk,XE,Whnkmk,Xsnk,hnk,mk),
under P-, ~ converge to a Radon probability measure v on BXD x X2 x xO)) that satisfies
y((xl,xg,xg) e XV x x® x xO) gy =y = x3> =1,
and there ezists a stochastic basis (Q, F, (F;),P) with independent (F;)- Wiener processes (WF)ren and a weakly

continuous L2 -valued SVI solution X of (1) in the sense of Definition 3.1 such that X (0) = 2%, v is the law of
(X, X, X) on XD x X@ x ¥ gnd

2
T
E| sup [ X(@)|*+ </ 1X () Bv (o) dS) <C, (8)
te[0,7) 0
where C = C(T, O, ||zol, [l9]])-
Proof. See Corollary 6.1 and Theorem 7.1 for the proof. O

Remark 3.3. Compared to the (probabilistically strong) SVI solutions in [2,5] where the stochastic basis is
given, the SVI solution obtained in this paper is probabilistically weak in the sense that the stochastic basis
(Q,F,(F:),P) and the Wiener processes (W*)rcn are constructed as a part of the solution, cf., Corollary 6.1
and Theorem 7.1.

Corollary 3.1. If uniqueness in law holds for the SVI solution of (1), cf., [2], then the laws of
(Ya,hﬂ') Xg’h;ra XE,h,T))

under P, converge to v on B(XM) x X2 x X)) as (,h,7) — (0,0,0). In particular, there is no need to pass
to a subsequence in Theorem 3.1.

In case we work on a fixed stochastic basis independent of 7 with a given Wiener process and pathwise
uniqueness holds for (1) then we can construct probabilistically strong solutions.

Theorem 3.2. Let (W) ey be independent (F;)-Wiener processes on (0, F, (F;),P) and let
W0 = WI(t) — Wi(tise), =T

Furthermore, assume that pathwise uniqueness holds for SVI solutions of (1) satisfying (8). Then there exists
an SVI solution X with respect to (W7);en satisfying (8) such that

sup |(Xen,-(t) — X (1), )|, sup (X, 5, (t) — X(1),9)], sup [(Xcn-(t) — X(t),9)|
t€[0,T) t€[0,T) t€[0,T]

converge to 0 in probability as (¢,h,7) — (0,0,0) for every ¢ € 2.

Proof. See Theorem 8.1. O
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Remark 3.4. Theorems 3.1 and 3.2 can be strengthened considerably by Lemma 7.1. Assume that
KXW x x® 5 x®@ % xG) -0, 00],
satisfies the following property:
K(f°, 1", g.h) <liminf K (£, 3. 90, hn), )

for any sequence (f,g, f,%, gk, hi) € XM xW 5 @) x X3 converging in XM x X1 x @) x xG) to (f°, £, 9,h)
where in addition

g 1
wp [ (186 o) + 1)y o] 45 < oo

Then the variables (X

E”k7hnk77—”k’X‘5nk7hnk 7Tnk’XE”k7h"k’Tnk) from Theorem 3.1 satisfy

EIK (X, X, X, X)) < i inf Bry [ K (X, oy r s Koo s X g s e g ) |5 (10)
and the random variables (vaah,‘”&a,h,ﬂ X: nr) from Theorem 3.2 satisfy
E[K(X,X,X,X)] < liminf E[K(X,Xepr Xopr Xens)]- (11)

(,h,7)—(0,0,0)

Obviously, if K is real bounded and (9) holds also for —K then we get equalities and limits in (10) and (11). In
particular, under the assumptions of Theorem 3.2,

K(X) YE,h,T?Xg’h’T7 XE,h,T) :Hys,h,‘r - XHL‘I((O,T);L"'(O)) — 07
in probability as (¢, , 7) — (0,0,0) for every r € [1, 7%;) and every ¢ € [1,00) such that g(r —2) < r.

4. A PRIORI ESTIMATES
The numerical approximation (3) satisfies a discrete energy estimate.

Lemma 4.1. Let 2%, g € L? and T > 0. Then there exists a constant C > 0 depending only on T and on the
constants in (B1) and in Section 2 such that the solutions of scheme (3) satisfy for any e, h € (0,1], N € N

2
1 i [ 1— [ 1 1 A ?
E <2.sup I |2+Z( X x 1||2+TJE<X>)> <oz +gler ol 3la) . a2)

Proof. Analogously to Lemma 4.9 of [5], we set v, = X* in (3) use the identity
Xi _ Xi—l Xi _ 1 Xz 2 1 Xi—l 2 1 X'i _ Xi—l 2
( X = SIXR = IR + 5 7

and estimate using the Cauchy—Schwarz and Young’s inequalities

N N

Z(B] (Xifl)gi,j,Xi) — Z( (X’L 1)52] X 1 + Z Xz 1)51] Xt Xifl)
Jj=1 Jj=1
2

j=
al . I o
<D (B (XL X 4 X = X+ DB (X e

j=1 j=1
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and similarly
. . . . 1, .. 1
(X' =g, X7) = X" = g[* + (X" = g9.9) = 5| X" = g[" — S lgl*

After rearranging and absorbing the corresponding terms in the left hand side we obtain using the convexity of
f(s) = Vs + £2 that

2

N N
1 i Liyie L i i— i i— i—1\ ¢i,j i—1\¢i,j
SN = SIXTTHE 4 X7 = XY 4 77 (X) < 77e(0) + D (B (X, XTI+ |13 B (X THE |
j=1 j=1
for 1 <i<N.
We define

@ =5+ IR+ Z(lHXj - X g

j=1

N N 2
b0, =3, X e, = |3

Jj=1 j=1

and observe that ‘ ) , ,
ai—ad"t<b+d+d i=1,...,N.

If a1 € L3(Q) then X711 € LY L2), ¢ € L?(Q), d* € L?(Q2) and so, by induction, a’ € L*(Q) for every
i=0,...,N. Next, observe that ¢’ is a square integrable martingale difference and that

E[(c)?] < Co7E[(a'™)’],  E[(@)?] < Cpr?E[(a")’],

where Cz depends only on the growth constant in (By) and the constant in the assumption E[(£27)1] < C72.
Let us define

ai: max a’ 1=20,...,N.
Jj=0,...;@
Then 4
K3
: N J j=1,...,N
a*_(a + b)—|— mfzxﬂZc z;d i A
J:
and

j 2
<[>

(=1

( ) <3(a0+Nb) +3 max

©

+3NZ(dj)2 i=1,...,N.

1

Hence, by the discrete Burkholder-Davis—Gundy inequality, we obtaln

E[(al)’] < 3(a”+ ND)? +3CQZ1E( +3NZ]E [(d7)?]

< 3(a® + Nb)* +3Cer Y E[(a/1)?] +3¢r®N Y E[(a?1)?]
j—l =1

< 3(a’ +Nb ZE i=1,...,N,

and we get the result by the discrete Gronwall lemma. O
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Next, we estimate the discrete time increments of the numerical solution.

Lemma 4.2. For any 0 <n <{¢+n < N it holds that
]E[HX"H _ Xn”?ﬂfl} < Ct?,
where C' does not depend on €, h, T.

Proof. Clearly, it suffices to treat the case ¢ > 1. For any v € H} we set v;, = Py in (3) and get after summing
up for i =n+1,...,n+ £ by the definition of projection Py that

n+~¢ VXZ-
Xt xn = (X" — X" P < B S —
( un) = ( , hv)_ri:;l X [V Pyl
n+e n+f N
+7 ) AX + g IPavll + || Y2 > By (X ||| P Vo € Hy.
t=n+1 i=n+1 j=1

On noting that that ‘ < 1 we deduce by the stability of the L? projection [ Prollgy < &llvf|lm that

V-
VIV E+e

n+l N
| X" — X"y < Cl [1 +i:rE§§N{|‘X1’|}] + Z ZBj(XZ—l)é-‘lr,J ]

i=n+1j=1
Hence, we obtain

]E[HXn-‘r@ _ X’ﬂ”iﬂil} < Ct;} + Ct?,

by the Burkholder-Rosenthal inequality (see e.g., [20], Thm. 5.50), Lemma 4.1 and linear growth of B : L2 —
Z,(l3;1L%). Indeed, the martingale difference

N
d; = ZBJ (Xhe,
J=1
satisfies for p € {2,4}
D
bt ‘ ] nt-e N ‘ 2 . n+L ‘
YoOE[dlPIFT et Y0 IDOIB(XTIP| <eer® D 1B e
i=n+1 i=n+1 [ j=1 i=n+1
n-+4
P i—1(17P z i
<cort i;j” [ X)) < euty [1+i_?§§N{||X P}].

The Burkholder-Rosenthal inequality then yields

n+4+t 4 n-+t . 2 n+4+t
E||l > dif| | <BE (Z Eﬂdﬂf;—l]) +6 Y E[ldill'] <cff,
i=n—+1 i=n+1 i=n+1

which completes the proof. O



794 L. BANAS AND M. ONDREJAT

Lemma 4.3. Letu® € Vy,, GY,...,GN and H*,..., HN=Y be F,-adapted random variables in L*(Q;V},) for
every j € {1,...,N} and define

N
U'—U"' = —rG'+ Y H™MEI,  i=1,...,N. (13)
j=1

Then

LBl — U] + 7 S (X)] < S — o + r SB[ (U7 + (67 X1~ U)]
=1 =1
+ I i ZN:E[HPhB Xt _HZ—LJ'HZ}7 0<i<N.
24 j=1
Proof. On noting (3), (13) we deduce that D* = X — U' satisfies

VX . N , L -
Vo | +7AX = goon) = 7(Gvn) + Y (B (X)) = HTH ) €89,

\IVX|? 4 e2 j=1
for all v, € Vy,.

We then set v, = D' in the above expression, use that (B;(X'"!), D%) = (P,B;(X'~1), D) and proceed
analogously to the first part of the proof of Lemma 4.1 to obtain

(D' = D"t op) + 7

N
1 i 1 i — 7 7 i i— i—1,7 i— 7,7
DI = SID P 4+ (X < 7T (U7 4 (G DY) + 30 (By(X) — B, D gl
Jj=1
2
1 N L
5 Z (PnBj (X1 — g LI gh

for 1 < ¢ < N. The statement of the lemma then follows after summing up the above expression, taking the
expectation and using the properties of £47. O

5. COMPACTNESS IN LOCALLY CONVEX PATH SPACES

In this section, Y stands for a Hausdorff locally convex space (typically a Hilbert space equipped with the
strong or the weak topology), Y071 denotes the space of functions from [0,7] to Y on which we consider the
topology of uniform convergence 1,,. We also define the subspaces Q,,([0,T];Y), n € N spanned by the functions
f € YIOTI that are constant on every interval (7 ,,#?) for 1 < i < n where t;? = jT/k, the Hausdorff locally
convex path spaces

o0

Qoo ([0, T];Y UQn ([0,7:Y), QU0 T];Y) = Qu([0, TT;Y),

and an important F,, subset of Q([0,T];Y)
Qe([0,T]Y) = Qoo ([0, T Y) U C([0, T]; Y,

that contains both step-functions on equidistant partitions of [0, 7] and continuous functions, equipped with the
uniform convergence topology, that is best suitable for our purposes in the sequel when piecewise constant pro-
cesses will converge uniformly to a continuous process. The space of continuous Y-valued functions C([0,7];Y)
is also equipped with the topology of uniform convergence.
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Further, we define the space
T
Qc,pv ([0, T];LY) = {f € Qc([0,T;L7) - / 1f ()l Bv (o) ds < 00},
0

as an F, subset of Q([0,T7];1L2).
Finally, if M is a subset of Q([0,T];Y), we define

M =M\ | Qu(0,7)Y).

Remark 5.1. Every f € Q([0,T];Y), as a uniform limit of functions in Q([0,7];Y), is bounded and con-
tinuous with an exception of an at most countable subset of rational numbers, and consequently f is Borel
measurable.

Remark 5.2. If Y is sequentially complete then Q([0,T];Y") coincides with the space of functions f € Y1071
that are continuous at every ¢t € (T'QF) N[0, 7] and that have right and left limits at every ¢ € [0, T].

Remark 5.3. The space Q([0,7];Y) can be also equipped (alternatively) with the Skorokhod topology defined
by neighborhoods

No(f) ={g: 3u such that y(u) < € and g(u(t)) — f(t) € O for every t € [0,T]},

where O is an absolutely convex neighborhood of zero in Y, € > 0, u is an increasing bi-Lipschitz continuous
homeomorphisms of [0,7] onto [0, 7] and () = ||log it/|| L. But the Skorokhod topology is strictly weaker
than the topology of uniform convergence. In other words, convergence in Q([0,7];Y) implies convergence in
the Skorokhod topology but not vice versa. Thus, for our purposes, the space Q([0,T];Y) with the topology of
uniform convergence is the better choice.

In the next theorem, we characterize compact sets in Q.([0,T];Y) which play an essential role in this paper.
To this end, we present an Arzela—Ascoli theorem.

Theorem 5.1. Let M be a non-empty subset in Q([0,T];Y) and consider the following:

(i) {f(¥): f € M} is relatively compact in'Y for every t € [0,T];
(ii) for every O being a neighbourhood of zero in'Y , there exist m € N and 6 > 0 such that

V|t—s| <6 and Vfe M onehas f(t)— f(s)€ O;

(iii) the closure of M in (YIOT 1) is a compact subset of Q.([0,T);Y);
(iv) {f(t): t€[0,T], f € M} is relatively compact in'Y .

Then
(1) & (i) <= (i),
and
(i) = (iv)
Proof. See Section A.1. O

Remark 5.4. If Y is sequentially complete and M is relatively compact in Q([0,T];Y) then (iv) in Theorem 5.1
still holds with the same proof.
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Corollary 5.1. If compacts of Y are metrizable and M satisfies (iv) in Theorem 5.1 then M is also metrizable.

Proof. See Section A.2. |

Now we provide an easy test for checking Borel measurability of Q.([0,T];Y)-valued random variables. It
turns out that pointwise measurability and Borel measurability coincide for mappings with a o-compact range
in Q.([0,T];Y) provided that compact sets in Y are metrizable.

Corollary 5.2. Let compacts of Y be metrizable and let M be o-compact in Q.([0,T];Y). Then
VeBQ(0,T}Y)) <= Vel
holds for every V-.C M where
Yr=o(ms:s€(TQN[0T]),  7:Q(0,ThY) =Y :fr— f(s).
Proof. See Section A.3. (]

Remark 5.5. Let us recall that a compact K is metrizable if and only if there exists a countable family of real
continuous functions on K separating points of K (see e.g., [16]). In case of Hausdorff locally convex spaces
Y, those functions can be chosen in such a way that they are linear and continuous on Y. Hence compacts are
metrizable in all spaces where there exists a countable family of continuous functions separating points of that
space. In particular, compact sets are metrizable e.g., in analytic spaces (see e.g., [9], Cor. 6.7.8) among which
all separable Fréchet spaces equipped with any locally convex topology weaker than or equal to the metric one
belong.

Example 5.1. If K is a set in Y then we denote by C,,([0,T]; K) the space of functions f : [0,7] — K that

satisfy
t—1t;-1
T

ti—1

ft) f(t) +

for every i € {1,...,n} where t; = i7 and 7 = T'/n. If K is compact then C,, ([0, T]; K) is compact in C([0, T]; Y).

fltiz1),  tE[tiotil,

Proof. Indeed, Cy,([0,T]; K) is closed. Now, if O is an absolutely convex neighbourhood of zero then K C AO
for some A > 0, and so f(t) — f(s) € 2A71(t — 5)O holds for every s,t € [0,T] and every f € C,([0,T]; K).
Hence C,([0,T]; K) is relatively compact by Theorem 5.1. O

We will need the following version of the Prokhorov theorem.

Theorem 5.2. Let Z be a completely regular topological space, let {un,} be Borel probability measures such that
there ewist metrizable compacts K; such that

Sl;p [ir}lf un(Kj)} =1

Then there exists a subsequence {iin, } that converges to a Radon probability measure p on Z.
Proof. See Theorem 8.6.7. of [9]. O

Weak convergence of tight probability measures is actually more powerful than it might seem. Let us present
a reinforcement of the Portmanteau theorem, cf., Lemma 1.10 of [19].
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Proposition 5.1. Let Z be a completely regular topological space, let {u,} and p be Radon probability measures
on Z such that (f,u,) — (f,pn) for every f € Cp(Z) and, for every r > 0, there exist metrizable closed sets
K, n \ Kr oo such that

pn(Kpp) >1—r, n € N.

Let F,,F : Z — [—00,00] be such that F, |k, ,, F|k,, are B(K, ,)-measurable for every r > 0 and n € N, and
denote by p* the outer measure associated with . Then F,, is p,-measurable for every n € N, F' is y-measurable
and the following holds:

r,n

(1) If F,, and F are non-negative and p*(D,) = 0 for every r € (0,1) where
D,={z €K, : Jz, € Ky, xp — z, liminf F,,(z,,) < F(2)},

then

/Fd,ugliminf/Fndun.
z z

(2) If p*(D,) =0 for every r € (0,1) where

D, ={z€ Ky : Iy € K, pp, xp — x, limsup|F,(z,) — F(z)| > 0},

and
lim sup/ |Fn|dUn =0,
R—o0 | neNJ(|F,|>R]
then
lim/ Fnd,un:/Fd,u.
z z
Proof. See Section A.4. O

6. TIGHTNESS PROPERTIES OF THE NUMERICAL APPROXIMATION

We consider the interpolants X,, X,, X_ defined in (6), (7), respectively. As in the previous section, to
simplify the notation, the dependence of X,, X, and X _ on ¢, h and 7 will not be displayed for clarity reasons
until it matters.

The next lemma is a direct consequence of the a priori estimates in Lemma 4.1.

Lemma 6.1. The interpolants of the numerical solution of the scheme (3) satisfy the following bounds:

E|| X ormn] <O EIXN s | < CEIX | <€ (14)

E[[ Xl oram] <6 EIX Nmozen)] <€ E[IXeligomen] <€ (15)
- 4 4 e 4 4

EMXT - XTHLQ(O,T;IL?)} <Crw, E[HXT 7KTHL‘1(07T;1L?)] =Cre, (16)

where C' does not depend on ¢, h, T and q € [2,00].

Furthermore, by Lemma 4.2 the following time-fractional bounds hold for the piecewise linear interpolant.

Lemma 6.2. Let m denote the modulus of continuity of H~'-valued functions on [0,T)

m(f,6) = sup{|[[f(t) = f(s)la-r : st €[0,T], |t — 5] <}
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Then the following estimate holds for a € (0, %) and s € (0, i)

E[IX: oo )] < O E|sup (0 m(x,.0)] <,
>0
E [sup {(6+7)""m(X,, 6)}} <C, E [sup {(6+7)"°m(X,, 6)}} <C,
6>0 6>0

where C' does not depend on €, h, 7.
Proof. Use Lemmas 4.2, C.1 and the inequality
max {m(X,,d),m(X,,6)} <m(X,d§+ 1), 6 >0.
|

With the notation and the parameters from Lemma 6.2, for R > 0 and a € [0, 7], writing shortly @,, for
Qn([0,T];1L2) and C for C([0,T];L2), we consider the sets

v FeQu: sw IfOI <R, s ‘“ﬁ&<R/Twmn ds < R
n,a — n . u > [, u > M, S s> )
f te[Og“] 6>Io) (6 +T/n)* a Vo)

m(f, 6) ’
Viooa =/ €C: sup [[f() <R, suwp—2= <R, [ [If(s)llvioyds < R,
t€[0,T) 6>0 a
V}% = VR,00,b, U U VR,n,bs by :=limsupb,.
ne€[m,o0] n—oee

Proposition 6.1. The random variables X, X _, X, are Borel measurable as mappings from (Q,, %,,P;) to
Qc([0,T};1L2). The sets Vi, and Vgon.a, are compact in Qc([0,T];1L2) and the sets Vi oo,a,, are compact in
C([0,T};1L2) for every m,n € N and a € [0, TN}, Purthermore

C C
IP)‘r WT ¢ VR,N,O} S =y PT [KT ¢ VR,N,T/N] S Y I[D‘l' [XT ¢ VR,oo,T/N] S

R’ R’

holds for every R > 0 where C does not depend on €, h, T and R. In particular, the laws
P [Yf,hﬂ' € '], P I:Xg’h)r € ] P [Xe,h,r € ']7

are tight on Q. gy ([0,T);L2), Q.([0,T);L2) and C([0,T];1L2) resp. with respect to €, h, T.

Proof. X,, X and X, are clearly Yp-measurable and Qn([0,7];1L2) and Cn([0,T];L2) are o-compact in
C([0,T);1L2) by Theorem 5.1 and Example 5.1. Hence X,, X_ and X, are Borel measurable by Corollary 5.2
as compact sets in Q.([0,T];L2) and C([0,T];L2) are metrizable (Rem. 5.5). Now the sets Vg .4, and Vg,
are closed and relatively compact in Q.([0,7];1L2) and the sets Vg coq.. are closed and relatively compact in
C([0,T);1L2) by Theorem 5.1, as the weak topology and the H~!-topology coincide on bounded sets in L?. In
the proof of closedness of the above sets, we use the fact that there exists a countable set H of smooth compactly

supported functions such that

)

=1 Q

lgllzvio) =sup{(g.¢) : ¢ € H},  for g € Lj,(0),
holds, e.g., by Proposition 3.6 of [1] and by separability of C°(0), see e.g., [13]. Hence

T
f~A|v@mw@w7

as a supremum of continuous functions, is lower semicontinuous on Q([0, T]; L2).
The tightness then follows directly from Lemmas 6.1 and 6.2. (]
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In the next lemma we obtain the convergence of the noise variables to a Wiener process.

Lemma 6.3. Let W7, 1 < j < N be the piecewise linear processes on [0, T] defined by
Wi(t:) =Y &9, 0<i<N,

<
(=1

and W is linear on [t;_1,t;] for every 0 < i < N where 7 = T/N and t; = it. We also define W = 0 for
j > N. Then the laws of W converge to the Wiener measure on C'[0,T] as 7 — 0, for every j € N.

Proof. Let s € (1/4,1/2). Then,
E[\Wﬁ(tn) - Wj(tn_g)\“] <C.2, 1<(<n<N,

hence, by Lemma C.1 we get
E| W]

Z113;',4(0,T)} < Crps,1 (17)

In particular, since Bj 4(0,T) is embedded compactly in C([0, T7]) for every 0 < a < s—  e.g., by Corollary 26
of [21], the laws of {WZ} are tight on Z(C([0,T])). Since (W (sp),..., Wi (sg)) converge in law to the law of
(W(so),...,W(sg)) where W is a Wiener process, e.g., by Theorem 18.2 in [8], we get the claim. O

Let us consider the completely regular space with metrizable compacts (see Rem. 5.5)
Z=Q.pv([0,T];L2) x Q.([0,T];L2) x C([0,T};L2) x C([0,T]) x C([0,T]) x C([0,T]) x ...,

define the projections

S':Z — Q.pv([0,T);L2) (fl,fQ,fg,wl,wQ,wg,...) — f1,
S%:7Z — Q.([0,T);1L2) (fl,fQ,f3,w1,w2,w3,...) — f2,
$% .7 — C([0,T);L2) (FL 12 P wh e w?, ) - (18)
Wiz — C([0,7)) (f1 12 Powt v wd, L) e,

and the canonical filtration on Z

Z,=0(S),82,52,Wil:s€e(0,t],jeN), te[0,T].
If v is a probability measure on Z(Z) then Z} stands for the augmentation of Z; by v-negligible Borel sets.
Corollary 6.1. The random variables

Zs,h,‘r = (Ys,hnwi

1 2 3
e Xenr, WE W2 W),

are Borel measurable as mappings from (Qr, Z-,P.) to Z and their laws under P, are tight on B(Z) with

respect to €, h, 7. In particular, every sequence (€y, by, Tn) has a subsequence (ey,,, hn,,Tn,) such that laws of
ey shiny vn;, Under Pr - converge to a Radon probability measure p on %(Z).

Proof. Since X p 7, X_ ), ; and X, j, » take values in o-compact subsets of Q. gy ([0, T];1L2), Q.([0,T];L2) and

C([0,T); L2) respectively by Theorem 5.1 and Example 5.1 and the fact that compact sets in all these spaces are

metrizable (Rem. 5.5), we get that Z. j , is Borel measurable e.g., by Lemma 6.4.2/ii of [9]. Tightness follows

from Proposition 6.1 and Lemma 6.3 and convergence of a subsequence by Theorem 5.2. (Il
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7. CONSTRUCTION OF A PROBABILISTICALLY WEAK SVI SOLUTION

Thanks to Corollary 6.1, in the sequel, we choose a subsequence (eg, hg, 7:) — (0,0,0) such that the Borel
laws of Zy, = Z¢, p, ., under P, converge to a Radon probability measure p on %(Z).
Lemma 7.1. Let Fy,, F : Z — [—00, 0] be such that Fy|x and F|x are B(K)-measurable for every compact K
inZ (e.g., sequentially lower semicontinuous) and every k € N. Further, assume that one of the following

(a) Fy and F are non-negative and

F(f,g,h,wl,w2,...) < hkrggngk(fkagkahkawliawia'")a

(b) hmk—>oo Fk‘(fkagkahk‘vwllmw]?ga"') :F(fagahawlana"') and

Jim sup Er, (1115, (> r)| Fx(Z1)]] | =0, (19)
—X | kEN

holds for every
() S = f in Qepv(0.THLE), supy Jy [1fi(s)|5v(0) ds < o0, f € C(0,TLE),
(i) g5 — g in Q0. TH L), supy [ los(5) lpvioy ds < o0, g € C([0,THLE) 0 Qev([0,THLE),
(ifi) hy — h in C([0,T);1L2), sup, fT hi(8) | By (o) ds < 00, h € Qe pv ([0, T];L2),
(iv) w], — w’ in C([0,T)) for every j € N
where 15 = max{r; : ¢ > k}. If (a) holds then

/ Fdp <liminf E,, [Fi(Zy)].
7z k—oo

If (b) holds then
/ Fdﬂ = khm ]ETk_ [Fk(Zk)}
VA — 00

Proof. The sets

ICR,n = U VR,m,O X U VR,m,T/m X VR,OO,T/’I’L X C([OaT]) X C([OaT]) X,

me[n,oc0] me[n,o0]

are closed, metrizable and decreasing in the second variable,
K:R,oo = m ICR’n = VR,oo,O X VR,oo,O X VR,oo,O X C([O,T]) X C([O,T]) X oo,
n=1

and o
Pr [Zk € Krryry]l < Pr [Zk € KRiryr) < R’
by Proposition 6.1. The rest follows from Proposition 5.1. (I

Remark 7.1. From the definition of the topological space Z we observe that X, n, -, converges in a sig-
nificantly stronger (hence better) sense than X and X, n,.r.. This is due to the fact that we have

LY0,T; Wél) apriori bounds for the processes X, p, -, in Lemma 6.1 that are not available on the full interval
[0,T] for X and Xe, hyore-

€k Py Tk

€k ke, Tk
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Corollary 7.1. If a € (0, %) then the following holds:

(I) The LL2-valued processes S*, S?, S and the real-valued processes (W*)en are (Z;)-progressively measur-
able.
(A1) p(St=52=25%) =
(III) We have

2
T
/ sup_[[S* (@)1 + [15% e o rim-1) + (/ |Sl(t)||BV(O)dt) dp < oo,
Z [ t€[0,1] 0

(IV) The o-algebras Z; and o(W7(b) — Wi(a): t <a <b<T, jeN) are u-independent.
(V) The processes WY, W2 W3, ... are u-independent (Z;)-Brownian motions.

Proof. (I) follows from Remark 5.1 as the processes S, S?, S% are continuous with an exception of an at
most countable set and they are (Z;)-adapted by definition, cf., Proposition 1.13 of [17], and (II), (III) from
Lemmas 6.1, 6.2 and 7.1.

As for (IV), it suffices to realize that

Zy=0((,82), (p,52), (9,52),Wi: s€[0,t],j €N, p €L?).

If u>t+ 74 then (W7 (b) —Wi(a): u<a<b<T,jeN)and Z; are P, (Z) € -)-independent, hence also y-
independent by Lemma 7.1. Consequently, o(W7(b) —Wi(a): t <a <b<T, j € N)and Z; are p-independent
but the former coincides with o(W7(b) —W9(a): t <a < b < T, j € N) since the processes W7 are continuous.

As for (V), the o-algebras o(W1),o(W?),0(W3),... are P, (Zx € -)-independent, hence also p-independent
by Lemma 7.1. And Lemma 6.3 yields that they are Brownian. O

Theorem 7.1. The process S? defined in (18) is an SVI solution on (Z, B(Z), (Z}'), n) with Wiener processes
(W*)ken (also defined in defined in (18)) in the sense of Definition 3.1.

Proof. The proof is divided into several steps. Recall that we consider the sub-sequence (g, hx, ) — (0,0,0)
for k — 0.

(i) First, we show that a discrete version (25) of (4) holds for simple step-processes G and H. For let 0 = sg <
- < 8y = T, define R*M *_valued continuous mappings on Z as

Ve = ((‘Pﬁasra) (‘Pﬁasfg>a (‘Pﬁvsfg)a T"‘ 18,77 €4{1,. M})7 0<a<m,

for some r§ € [0, s,] and ¢ € IL? where we consider the product with ¢z to work with real-valued random
variables, and let

ga,ha7j:R4M2—>H(1), a€f{0,...,m}, j €N,

be H}-bounded continuous functions such that haj = 0 for j > jo and some arbitrary jo € N, to simplify
the argument. We define

m—

Z l(sa Sat1] ga(va) Z (sa,saJrl ha ](Va)

and

() = — /0 Gl)ds+)° /0 Hy(s) AW, (20)
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Setting Ny, = T/7k, t; := ity fori € {0,..., Ny} then Gy, (Zi) and Hj 4, (Zy) are F. -measurable, Lemma 4.3
yields

1 , b 1
5En [[I54(Z0) = P U (Z0)|[°] + [ / T (SH(Z1)) ds} < 5l =
0

+ZEW

1 -1
+ §ZETIC [/ HPth(S;<Z’€)) Py Hy, Zk Hfz(& ]Lz)d

-2

/ (Ter (P UY(Zk)) + (Pn, G, (Z1), SE(Z1) — U (Zy))] dS}

HP’IB ||,§,”2(627]L2)
for 0 < i < Nj where
] [ i Ng , ]
Uh=u =7 Y Gte) + Y (WI(te) = W (t—1))Hj(te—1) i €{0,..., Ny}, (21)
=1 =1 j=1

as St (Zk) = X

€k h, Tk

by the definition of S' and Z;. For N;, > jo we deduce that

Jo
max  sup ||[I(t) = U'|lgs < Cami + Cu »_ m(W7,7), (22)
L<U<Nk e[ty b 0 =
where m is the modulus of continuity of real-valued functions.
In the following, we replace U by I in the last but one inequality above, we proceed term by term. We note
that

2 2
B, 00, + sup 5tz @
and A
E., [m(W(Z1),7)]" < Cr’, (24)

hold for some § € (0, 1) by (17), the Doob maximal inequality for submartingales and Lemma 6.1. Next,
we observe that

Er, [IS4(Z) = Pa 0 (20)|*] = B 1181 (Z0) — P (20|

<E., {HPMU"(Z;@) - Phkfti(Zk)Hz}

[

+ 4\/5{E7'k |:HPhk Ui(Zk) - Phk]t’?(Zk)HQ} }
<Cf,

and

ty
E'rk [/ ’jsk (Phk ( )) j&‘k (Phk Zk | dS

te—1

2 te 4
< CZ/ E., [|\Phka(zk) - PthS(Zk)Hé%] ds
5 t
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2 te z 5
+ CZ/ E,, {HPMUZ(Z/C) - Phkfs(Zk)HégHPhkUe(Z’“)Hﬂzﬂé ds
j=1 te—1

< C’T;Jr%,
by the stability of the projections { P },~¢ in Hj from Assumption 2.1(3).
Now denote by Ry, the set of £ € {1,..., N} such that the interval (¢;,_1, ) is not fully contained in some of
the intervals (sq, Sa+1] for a € {0,...,m—1}. If £ € Ry, then there exists unique a such that s, <ty < sq41.
If s < ty—1 then this would contradict that £ € Ry hence s, < ty < $o + 7%. In particular, card (Rx) < m,
and consequently

N
> E.,
=1

/2 |(Pr, G, (Zk) — Pu,Gs(Z1), St (Z1) — U (Zy))| ds

te—1
te
=) E, / |(Pr, G, (Zk) = Pu,Gs(Z1), S5 (Z1) — Ué(Zk))|d8]
LRy, te—1
< CmTk

Analogously, we estimate
Ni
SE,
£=2
Ny,
>E,
(=2

by the linear growth of B assumed in (B1). In the fourth step, we estimate

te—1
| B ) — B (20 ) 0| < Cm,

te—2

te—1
/ 1B(S5(Zk) = Ho(Zi) %, 0 1) dé’] < Cmry,

te—2

ty
Bo| [ 1PGAZ.U(2) ~ (P GulZ0). L(Z)] ds| < Cri ™,
te—1
by boundedness of G. Hence, we conclude that
1 1 2 [ 1 1 1 2
2B [154.20) = Putu(0[*] + B | | T(S1Z) ds| < 5B |81 (Z0) = Pactis (2]

VE, | / A (S:(Z1)) ds] <

L/ 0

6
2

1 b
+ iET}c {/0 HB(S;(ZIC)) - Hs(Zk)HZZ(e%L?) ds} + Oy, (25)

for 0 < i < Ni and some C' independent of ¢ and k. Here we used J < J. and the linear growth of B
assumed in (By).

(ii) In the second step, we extend the discrete result from step (i) to the time-continuous case on the stochastic
basis (Z, B(Z), (Z!'), 1), yet still for the simple processes G and H defined in part (i).
We note that by construction the mapping I : [0,7] x Z — H} from (i) is continuous and the following
properties hold for every k and r € [0, T):
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(a) ||St — Py, I.]|? is lower semicontinuous on Z,

(b) fQ: J(81)ds is lower semicontinuous on Z by Remark B.1,

(c) for[jsk Py 1)+ (Py,G, St — I)]ds is continuous on Z as (P, G, S') = (G, P, S1),
(d) Jy IB(SY) — HH”%(Z2 12y ds is #(Z)-measurable by Corollary 7.1 (I).

Furthermore from the fact that J. — J for ¢ — 0 and ||Vv — VPyv| — 0, v € H! for h — 0 we deduce
the convergence

2

)

I5H(2) = L) < timinf|[Sh (21) = Pa T (20)]

| aaeas= pm [ 7, P
/0 (G(2),5"(2) — I(=))ds = lim | (Pu,Glen), S (20) — I(z1) ds,

k—oo Jq

2

/ 1S (2) - B

whenever tfk /"t and zp — z in the sense of (i)—(iv) of Lemma 7.1 where, in the last step, we used the
assumption (Bs) on continuity of B if d > 2 (if d = 1, continuity of B suffices). Indeed, assume that

,12) 45 = lim /O 1B(S*(21)) — H ()|, ds,

L2)

T
/0 IB(fx) = BU sy ds > 7> 0, (26)

for some fy — f in the sense of (i) of Lemma 7.1. Then f; — f uniformly in H~¢ and fOT lfellBv ds < C.

Hence fOT | f& — fllLr ds — 0 since BV (O) «< L! < H~%. If d = 1 then even fOT Il fx — fllLz ds — 0 since
BV(0O) << L2 — H~% Thus there exists a subsequence k; such that f,(s) — f(s) a.e. on O (or in L2
if d = 1) for a.e. s € [0,T]. In particular, ||B(fx,(s)) — B(f(s))|l.#,(e,,02) — 0 for a.s. s € [0,T], and the
linear growth of B then yields that fOT IB(fr:) = B(f)%, e, 12y ds — 0 which is a contradiction with (26).
Finally,

Jo
116 (Zi) [y < C+CZHW‘£1€HC([O,T])’
j=1
|Ter, (Pry (15 (Z1)))| < 0[1 + ||IS(Z,€)||§{(1J,

holds by stability of the projections { P, }n>o in H} so (19) is satisfied by (17), Lemma 6.1 and the linear
growth of B. Hence on taking the limit & — oo in (25) we conclude by Lemma 7.1 that (4) holds.

(iii) In the last step, we prove the full result. The extension of (4) to (Z!')-progressively measurable processes
in L2([0, 7] x Q;H}) and L2([0,T] x 2; % (62, H})) follows by a standard density argument (see e.g., [17],
Sect. 3.2, Lem. 2.4), and the general case can be obtained by considering Gy, = PG and Hy, = P, H, and
then letting h — 0.

O

8. CONVERGENCE TO PATHWISE UNIQUE PROBABILISTICALLY STRONG SOLUTION

In this section we study convergence of the interpolants Y&hﬁ, X, - and X; p r to a probabilistically strong
SVTI solution of (1) in probability. The proofs rely on a generalization of the the Gyongy—Krylov lemma to
non-Polish spaces (see e.g., the proof in [11], Thm. 2.10.3):
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Lemma 8.1. Let (2, F,P) be a probability space, Y a Hausdorff locally convex topological vector space such that
there exists a continuous injection of Y into some Polish space P and let U, : Q2 — Y be a tight sequence of Borel
measurable random variables such that, for every two subsequences {ny}, {msy}, there exists a subsequence {k;}
and a Borel probability measure 8 on'Y XY supported in the diagonal of Y XY such that (Unkj , Umk]_) converges

in law to 0. Then {U,} converges in'Y in probability to some Borel measurable random variable U : Q@ — Y.
Theorem 8.1. Let (W7) be independent (F;)-Wiener processes on (Q, F, (F;),P) and let
gi’j = W](tl) — Wj(tifl), t; = iT.

Assume also that pathwise uniqueness holds for the SVI solutions of (1) satisfying (8). Then Xc p.r, X, o and
X hr converge to X in probability in Q. gy ([0,T];L2), Q.([0,T};L2) and C([0,T);L2) respectively where X
is a solution (1) with respect to (W) en.

Proof. The proof is based on the Gyongy—Krylov Lemma 1.1 in [15]. Define
S = Qe,pv([0, T L) x Qe,v ([0, T];L7,) x C([0,T7) x C([0,T]) x C([0,T]) x C([0,T]) x ...,

and the projections

Yyt S—>QC7BV([O,T];]L30) (f1 2wt w? w? ) — f1
Y?:8S — Qv (0,T];L2) (ff 2wt w? w?, ) 2
Wj:SHC’([O,T]) (fl,fz,w ,w2,w3,...)r—>wﬂ,

and the canonical filtration on S
Si=o(Y,) Y2, Wl:s€(0,t],jEN), te[0,T]

We consider two different sequences of discretization parameters (i, hi, i) — (0,0,0) for i = 1,2, which are
chosen as in Corollary 6.1, such that

Zy = (thl X€2h2 2 I/Vl,I/VZ,I/V‘?’,..)7

converge to a Radon probability measure 6 on %(S). Analogously as in Corollary 7.1, the processes Y1, Y2 and
(Wk)ken are (S;)-progressively measurable, paths of Y! and Y2 are continuous 6-a.s.,

2
T
/ sup ||Y1(t)H4 + (/ ||Y’L(t)||BV(O) dt) dé < o, 1= 1727
s | tefo,1] 0

the o-algebras S; and (W7 (b) — Wi(a): t <a <b<T,je€N) are f-independent and W, W2 W3 ... are
¢-independent (S;)-Brownian motions. The proof that Y and Y2 are SVI solutions with respect to (W*)gen
and
0[Y'(0) =Y?(0) =2 =1,
is analogous to the proof of Theorem 7.1, we point (gut the differences below.
In step (i) one modifies the definition of the R**" —valued random variables

VaZ((QOBaY'rl"X)v(SOB)Yr%V)a 7?%15777.]6{1’7]\4})7 OSOéSm,

defined on S, the functions gy, ha, ; map R3M * to H} and have the same properties as in the proof of Theorem 7.1

and
m—1

1 5a750+1] ga(va 1) Z 1(sa sa+1 (Va 1)

a=1
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i.e., there is a backward time shift compared to the definition of G and H in the proof of Theorem 7.1. Once
we set we set Ni = T/7i, t) .= (1] for £ € {0,...,Ni}, i = 1,2 the above modification ensures that V*~1(Z})
is Fs,,-measurable. Consequently, G(t, Zx) and H,(t, Z)) are (F;)-adapted processes as long as 7, i = 1,2 are
smaller than the mesh of the partition {s,}.

Pathwise uniqueness of solutions of (1) yields that ¥Y! = Y2 holds P-a.s. hence X, . is convergent in
Qc.pv([0,T);1L2) in probability as (e, h,7) — (0,0,0) by Lemma 8.1.

Now we apply the Gyongy—Krylov Lemma 8.1 once again. By Corollary 6.1 we deduce that the laws of the
sequence

(thl thl thl 1X2h27.kX h2 X2h2 2)
on
B(Qe,pv x Qe x C x Qepv X Qe x C),
where Q. v = Qcnv([0,T];L2), Q. = Q.([0,T];L2)) and C = C([0,T];LL2) converge to some probability
measure v. Consequently
oy = 2y = a3, 14 = 75 = T6, 11 = T4} = 1,
by Corollary 7.1 (II) and the first part of the proof. Hence Theorem 2.10.3 of [11] yields that X_ , - and X, ,
converge in probability in Q.([0,7];1L2)) and C([0,T);1L2) respectively as (,h,7) — (0,0,0). And the limit
equals to X by (16).
Analogously as in the proof of Theorem 7.1 we set

m—1 m—1
Gt) =D wsar]®9a  Hi(t) =D 1 sns)hay, (27)
a=0 a=0
for some 0 = sg < -+ < s, = T where g, and h, ; are simple Hé—valued Fs,-measurable random variables

such that hq ;j = 0 for j > jo for some arbitrary jo € N and define the process I as in (20). Setting N = T'/7,
t; =it for i € {0,..., N} then, as in (25) in the proof of Theorem 7.1 we obtain that

SB[ = Pureol] [ [ 7 (ot as] < gl -0
+8[ [ 2P + (606, X (0) ~ 1) 0]

2

1 T
w38 [ 1B - B
for 0<i<Nif N >jo. If0<t<t; <t+ 7 then
t
_ 1
7]E{||X7(t — PyI(t; || } —i—IE[/ T (X+(s)) ds] < 5”;[0 —uOH2
0

t

+IE[ ; [T=(Pri(s)) + (PhG(s),XAs)I(S))]dS]
E

12) ds} + C’T%,

[ /0 B (5)) - O] P ds} tert tar

We deduce that the following holds for (g, h,7) — (0,0, 0):
— X, (t;) — PnI(t;) is tight in L2, and converges to X (t) — I(¢) in L2, in probability (hence also in law) thus

E[[X() ~ O] < timinfE[[ X, () - Pa(t)]]

by Proposition 5.1,
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— X, converges to X in Q. gy ([0,T];L2) in probability (hence also in law) thus

EU: T(X(s)) ds} < liminfE Uot T(X . (s)) ds],

as in the proof of Theorem 7.1,

E[/Ot T(I(s)) ds} = limE[/Ot T (PuI(s)) ds],

as in the proof of Theorem 7.1,

E / |(PLG(s) — G(s),X(s) —I(s))|ds| < CE / | P,G(s) — G(s)|? ds} — 0,
0 0
T o m—1 Sat1 o
E /O |(G(S)7XT(5)X(S))|d5‘| = a:0E|:/Su |(ga,XT(S)X(S))|dS:|
<7 E| sup |(ga,XT<s)X(s))|] 0,
a—0 s€[0,T]

since g, are simple,
— we proved in the proof of Theorem 7.1 that if fJ — f7 in Q. v ([o,7};2) and

T
[ IfGlsveds<c =12
0

then

T T
/0 IB(Y) = BU2)IZ, 0,00 ds — / IB(Y) = BU) 20, 1) ds-

Now (X, X) are tight in Qc,Bv(j0,7]iL2) X Qc,BV(j0,7);L2,) and converge in probability (hence in law) to
(X, X). By Proposition 5.1 we deduce

T
nmuz/o 1B(X+(5)) = BOX ()|, (5,12 5| = B

T
| IBXE) = BOCEDI 0 ds] -
Hence, we obtain as in (ii) in the proof of Theorem 7.1 that
SEIXO) = 1O+ B| [ T0x)as] < gl o+ 2| [ 17009) + (6061, X(6) = 1(6))] s
# 32 ] [1BOE) O 005

The extension to general G, H and I is analogous to (iii) in the proof of Theorem 7.1.
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9. NUMERICAL EXPERIMENTS

We perform numerical experiments in d = 2 on the unit square @ = (0,1)2. We construct a triangulation
75, of O with mesh size h = 27¢ by partitioning the unit square into sub-squares of size h and subdividing
each square into four equal right-angled triangles. Given the triangulation 7; we consider the finite element

space Vi, = V,(7,) = span{¢;, j =1,...,J}. For simplicity of implementation we consider a finite dimensional
noise: given a scalar valued function o (to be specified below) we set B;(X) = B;(X,h) = 0(X)¢; and consider
discrete increments A;3; = §;(t;) — Bj(ti—1) where §;, j = 1,...,J are independent scalar-valued Wiener

processes.
The above choice of the noise yields a variant of scheme (3): for i =1,..., N we seek X; n € V3, that satisfies

. ) VX!
(X2 p,vom) = (X;;Ll,vh> -7 fm,Vvh
A /|VX;,h|2 + €2
—T)\(X;,h —gh,vh) +Z<G(X2;Ll)¢j7vh>Aiﬂj Yoy, € Vp, (28)
j=1

o _,.0
XE,h = Ty,.

where gy, 29 € YNI;L C V}, are suitable approximations (see below) of the data g, x¢, respectively.

For comparison we also perform simulations using a non-conforming variant of (28) where the (H!-conforming)
space Vy, in (28) is replaced by a non-conforming finite element space V., ¢ Hj. Given a partition 7;, of O we
denote the set of all faces of elements T' € 7}, as S}, = Urer;, 0T and for a face S € S;, we denote its barycenter
by bs. Then we define the non-conforming finite element space as

Va={pc€ L2 ¢|lr € PYT) VT € Tp,, ¢ is continuous at bg V.S € S, N O
and ¢(bg) = 0 for S € S, N9O}.

The above finite element space corresponds to the first order Crouzeix-Raviart finite element which is more
suitable for the approximation of discontinuous solutions, cf., [3] and the references therein, for its use in the
context of image processing. We note that V;(7;,) C V¢, (75) but since V¢, ¢ H} the elements of V., have no
(global) weak gradients in general. Hence for wy, € V., we define a discrete gradient V,wy, via Vywy, = V(wp|7).
Then the non-conforming counterpart of the scheme (3) is obtained by replacing V;, with V., and the gradients
V in (3) by the discrete gradient V. The numerical solutions X;h € Ve, t=1,..., N the exist and satisfy an
energy law (counterpart of Lem. 4.1), however, the convergence of the non-conforming scheme is open so far.
To construct an approximation of the data g, zo we consider the space %’h = Vh(’fh) with fixed mesh size
h = 276, We define the function §, € g’h , which represents an “exact image”, as the composition of the

characteristic function of a square with side % at the center of O scaled by the factor % and the characteristic

function of a circle with radius % shifted by 0.2 to the right of the center of O interpolated on the mesh ’fh, see
Figure 1 (left), i.e., gn(x) = Z}]:l §(2;)¢;(x) where {gz;j}le are the nodal basis functions associated with the
nodes the {z; }3-’:1 of the mesh 7j,. Hence, we set g, = gn +&n € V), with the “noise” &n(z) =0.1 Z;]:l gz~5j (x)¢;5,
r € O where &, j = 1,.. .,J are realizations of independent U(—1,1)-distributed random variables. The
corresponding realization of the noise &, and the resulting “noisy image” g5, are displayed in Figure 1 (middle
and right, respectively).

In all experiments we set 7 = 0.1, A = 200, ¢ = 107%, 29 = g,. The nonlinear algebraic system which
corresponds to (28) is solved using a simple fixed-point iterative scheme with tolerance 1074, cf., Section 5 of
[4]. If not mentioned otherwise we use the time step 7 = 10~3 and the mesh size h = 276.

We consider the problem with additive noise o(X) = o = 1 first. The time-evolution of the discrete energy
functional J. for one realization of the space-time noise W}, is displayed in Figure 2 (left); P1 denotes the
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FIGURE 1. The original image g5 (left), the noise &, (middle) and the noisy image g (right).

energy Up = Oh
02 :

CRdet —+—

R ——

P1det —+—

P1 =
P1deth7

P1dethg —e—

0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1

FIGURE 2. Evolution of the discrete total energy t; — J(X! ) (left) and of the distance to
the exact image t; — J (Xg’h) (right).

solution with the conforming finite element approximation and CR, denotes the non-conforming approximation,
h7, h8 respectively denote the solution with mesh size h = 277, 278 and det stands for the deterministic
solution with ¢ = 0. The evolution of the fidelity term J5(X) := 3|X — g ||?, which measures the quality of the
approximation of the exact image gy, is displayed in Figure 2 (right). We make the following observations for the
conforming finite element method: in the deterministic case (i.e., for ¢ = 0) the value of the term Jy decreases
with decreasing mesh size, in the stochastic case it oscillates around the values of its deterministic counterpart.
For the non-conforming approximation we measure the quality of the approximation using a modified fidelity
term j,\(HgX ), where H% is the projection onto piecewise constant functions on 7, see Figure 3 where we
also display the solution of the conforming finite element scheme. As expected, cf., [3], on the same mesh with
o = 0 the non-conforming finite element method yields a better approximation of the original image then the
conforming method. The non-conforming approximation requires roughly 3 times more degrees of freedom than
the conforming one but the approximation is still comparable to the conforming method with smaller mesh size
h = 277 (which involves 4 times more degrees of freedom than the approximation with » = 275). Nevertheless,
we also observe that the non-conforming approximation is more sensitive to the noise, i.e., the corresponding
fidelity term J attains larger values for ¢ = 1 then its counterpart for the conforming approximation. For
comparison in Figure 4 we also display the piecewise constant projections of the solutions computed with the
conforming scheme with h = 27% and h = 278.
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95001
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0.0e+00

FIGURE 3. Solution computed with the conforming finite element scheme (left) and the pro-
jected solution of the non-conforming finite element scheme (right).

FIGURE 4. Projected solution of the conforming finite element scheme with o = 0 for h = 276
(left) and h = 278 (right) at T = 0.1.

Next, we consider the scheme (28) (with the conforming spatial discretization) with multiplicative noise. We
choose 0 = {01(X),02(X)} with o1(X) = |X — ga|, 02(X) = |X — gn|'/?, note that o1 does not satisfy the
conditions (B1), (Bz) while o3 does. The remaining parameters were the same as in the previous experiments.
In Figure 5 we display the evolution of the discrete energy functional 7. and the evolution of the fidelity term 7y
for the two choices of the multiplicative noise as well as for the additive noise with ¢ = 1 and the deterministic
case 0 = 0. The energy in the multiplicative noise case is lower then in the case of additive noise. This can be
attributed to the fact that the multiplicative noise with o = {01, 02} has lower intensity when the numerical
solution is close to the noisy image gp. Analogously, the lower noise intensity in the multiplicative case results in
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energy Un - Gn
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F1GURE 5. Evolution of the discrete total energy t; — jg(Xg’h) (left) and of the distance to the

exact image t; — J\(X £ ) (right) for multiplicative noise o1, o3 and for additive noise with
o=1

better approximation of the exact image (i.e., lower values of J \) then in the additive noise case. Furthermore,
since 01(s) < oa(s) for |s| < 1, the fidelity term Jy attains slightly lower values for o = ¢y then for o = o5.
Graphically the numerical solutions with mutliplicative noise ¢ = {01, 02} were very similar to those shown in
Figure 3 and are therefore not displayed.

APPENDIX A. PROOFS OF THE RESULTS FROM SECTION 5

A.1. Proof of Theorem 5.1

The proof is analogous to that of the generalized Arzela—Ascoli theorem e.g., Theorem 7.6 of [18]. Denote
by 7, the topology of pointwise convergence on Y[0.T] - Apparently, Tp C 7y. Basically, (i) yields that M is
compact in Y[%7! by the Tychonoff theorem, and the traces of Tp and 7, coincide on M™ by (ii). To see the
latter, fix an absolutely convex neighbourhood of zero O and get § > 0 and m € N from (ii). Let D be a finite
subset of (TQ) N [0, 7] that contains all ¢} for 0 < j < n < m, let D intersect each non-empty intersection
(tr,t) N (th_y,th) whenever 1 < i <k <m, 1< j <1 <m,andlet D be a d-net in (t} ,,tF) for every
1 < i < k < m. With these preparations, if f,g € M are such that f(r) — g(r) € O for every r € D then
f(t) — g(t) € 30 for every t € [0,T)]. Thus, if f,g € M'® are such that f(r) — g(r) € O for every r € D then
f(t) = g(t) € 30 for every t € [0,T]. In particular, (ii) yields that 7, is stronger than 7, on M *. But since 7,

is weaker than 7, the topologies coincide on M ®. Now (ii) also yields

[e’e) — n—1 ) —
M™ = {M£ v MQOT"} CQxU (| M) CQuUC(0,T]Y) = Q.. (A1)

n=1 m=1 n=1

The implication (iii) = (i) is obvious and one gets (iii) = (ii) by contradiction.
To prove (iii) = (iv) and the assertion in Remark 5.4, we are going to use only the fact that f(s+) and f(t—)
exist for every 0 < s <t < T and every f in M. For let K be the closure of M and define

R={f(t=), f(t), f(t+) : t € [0,T], f € K},

where f(0—
Qs U C([0,

) == f(0) and f(T4) := f(T). The definition of R is correct since we know by (A.1) that K C
T);Y) if (iii) holds, or we refer to Remark 5.2. Let us prove that R is compact in Y. For let U be
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an ultrafilter in R and define

Su=A{(tf) €0, T] x C: {f(t=), f(t), fFt+)} N U # 0}.

Then {Sy : U € U} is a basis of a filter in the compact space [0,7T] x K, and therefore it converges to some
(s,g9) €10,T] x K. We conclude that

[(9(s—) +O) U (g(s) + O) U (g(s+) + O)] NU # 0,

holds for every U € U and every neighbourhood O of zero in Y. Since U is an ultrafilter,
[(g(s=) + O) U (g(s) + O) U (g(s+) + O)IN R e U,

and so U converges to one of the elements in the set {g(s—), g(s), g(s+)}.

A.2. Proof of Corollary 5.1

Say that f takes values in some compact K for every f € M, let {[|-|, < 1] : n € N} be a basis of absolutely
convex open neighbourhoods of zero in the compact set

C = U (aK + bK),

max {|al,[b[}<1

for some continuous pseudonorms |- |, on Y and define

d(y,y2) = > _ 27" min{L [y — toln}, Y1,y €Y.
n=1

Then
D(f,g) =sup{d(f(t),g(t)): t €[0,T]},  f,9€Q([0,T)Y), (A2)

metrizes the topology on M.

A.3. Proof of Corollary 5.2

It suffices to prove the assertion for compact sets M in Q.([0,7];Y). The mapping f — D(f,g) is V-
measurable for every g € Q([0,7];Y) by Remark 5.1, hence the traces of Z(Q([0,7T];Y)) and Yr coincide on
M as (M, D) is a separable metric space by Corollary 5.1. Now it suffices to prove that M itself belongs to Y.
According to Theorem 5.1, there exist {m,, : n € N} C N and {d, : n € N} C (0,00) such that M C R where

Mn

R=| () mtkl oy (Ueu| M AF 150 = fol <1} o,
t€[0,T) n=1 j=1 [t—s| <6
and K and {|-|,} are the same as in the proof of Corollary 5.1. But R is closed (as an intersection of closed

sets), relatively compact in Q.([0,T];Y) by Theorem 5.1 (hence compact), and Ypr-measurable as

R =

N W[l[K}]ﬁﬂ UQJ» U N {Fo1f(t) = f(s)ln < 1} ¢,
n=1 j=1

teDr t,s€Dr, [t—s|<d,

where Dy = (TQ) N[0, T]. Thus the trace of B(Q([0,T);Y)) on R is a subset of Vr and, in particular, M € Yr.
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A.4. Proof of Proposition 5.1

It suffices to prove the first assertion for F,, and F' real-valued (otherwise compose theses functions with
2 +— min {z,m} and then let m — o). If t € (0, 00) then set R = (—o0, ], and we have, for every r € (0, 1),

un(FneR)<r+un<U[FkER]OKM), m <n,

k=m

SO

oo (oo}
limsup pn, (F, € R) <7+ u( N UIF RN K,-,k)

m=1k=m

<r+u(F € R)+ pu"(D,),
by the classical Portmanteau theorem, cf., Corollary 8.2.10 of [9], hence
liminf p, (F,, > t) > p(F > t)

and therefore

/Fd,u:/ ,u(F>t)dt§hminf/ ,un(Fn>t)dt:hminf/ F, duy,
b'e 0 0 b's

by the Fatou lemma. The second part of the proof is analogous but we take any closed set R. In this way, we
get
lim sup pn, (Fy, € R) < u(F € R),

for every R closed, therefore limsup p, (F,, € -) = pu(F € -). The first part of the proof now yields that |F| is
integrable with respect to p, and we get the claim by the assumption of uniform integrability of |F,,|dpuy,.

APPENDIX B. BOUNDED VARIATION SPACES
Lemma B.1. The functional
Z(u)sup{/ udivede : @EC‘X’(Rd;Rd), g0|§1}, u el
(@)

satisfies
Z(u) = || Vullrvo) —I—/ |u| dz, foru € BV (0),
00

and Z(u) = oo for u € L'\ BV(O) where ||v||rv oy denotes the total variation of a vector measure on O. In
particular, T is lower semicontinuous on (L', weak) and convex on BV (O) and J is lower weakly semicontinuous
on L2 and convez on L2 N BV (O).

Proof. If Z(u) < oo then v € BV(O) e.g., by Proposition 3.6 in [1]. If w € BV (O) then
/udivg@dmz/ u(g@,v)dS’—/gp-qu, @EC’O"(Rd;Rd),
o 20 @]
where v is the outer normal vector field on 9O by the integration by parts formula, see e.g., (3.85) in [1], so
Z(u) = sup {/go dé: ¢ :R? — R? Borel measurable, |¢| < 1},
o
by a standard density argument (cf., [1]) where § = uwvH4—1]s0 — Vu. Hence

Z(u) = 0llrv @) = IVulrvo) + [uwHa-1llTve0) = [Vulrvio) + /ao lul dS.
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Remark B.1. There exists a countable subset H of C*°(R?) such that

Z(u) :sup{/ou¢d1:: gbeH}, ue Ll

by separability of {divy : p € C®(R%RY), |¢] < 1} in C®(RY), see e.g., [13].

APPENDIX C. BESOV SPACES

Lemma C.1. LetY be a Banach space and let f : [0,T] — Y be a continuous function linear on every [t;, t;11]
fori=0,...,N —1 and define

Q=

N
fia = |TY_IF@) = F-Dl*| i = max [If(t;) = f(t;=i)]-
j=i

i<jSN
Then
1
N >
r < " oo < ;
laston < [ SASN |+ Il < gmas, W01,
1
8 N-1 q q f
s < vp s < P
[f]Bp’q — 5(1 o S) ; Tt;+sq ? I:f]proo - 31252)%[ tf ’
for every s € (0,1), p € [1,00] and r,q € [1,00).
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