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ARTICLE INFO ABSTRACT

Keywords: In this note, we provide an example to show the weak (M)-property is really weaker than the
Monotone measures (M)-property for some finite monotone measure defined on infinite space, and hence answer
(M)-property an open problem which was proposed in the paper (Li et al. (2023) [9]). We prove that if a

Weak (M)-property
Pan-integral
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monotone measure y is autocontinuous, then the weak (M)-property and the (M)-property of u
are equivalent. We propose the concept of (C-P)-property of monotone measures and show a set of
sufficient and necessary conditions that the Choquet integral coincides with the pan-integral. We
further study the relationships between the Choquet integral and the pan-integral in the setting
of the ordered pairs of monotone measures, and obtain some interesting properties.

1. Introduction

The Choquet integral [1] and the pan-integral [18] are two types of important nonlinear integrals. As is known, the Choquet
integral is based on finite chains of measurable sets and the pan-integral is related to finite measurable partitions. When the considered
measures are c-additive, these two types of integrals and the Lebesgue integral are coincident. But, for a general monotone measure,
they are not coincident for all measurable functions on the considered measurable space. The relationships between these two types
of integrals were studied and some meaningful results were obtained, see [3,4,8,9,11,14,16].

In [11] Mesiar et al. proposed the (M)-property of monotone measure, and used it to discuss the relationship between the Choquet
integral and the pan-integral. In [16] Ouyang et al. showed that the (M)-property implies the coincidence of the Choquet integral and
the pan-integral. When X is a finite space and the underlying monotone measure y is finite, then the (M)-property is also necessary
for the coincidence, see [14]. Furthermore, Li et al. [9] introduced the weak (M)-property of monotone measure, and proved that
the weak (M)-property is a necessary and sufficient condition for the coincidence of these two kinds of integrals. According to these
results we know that the (M)-property and the weak (M)-property play important roles in the studying the coincidence of the Choquet
integral and the pan-integral.

There are some close relationships between the (M)-property and the weak (M)-property. The (M)-property implies the weak (M)-
property. Furthermore, if X is a finite set and y is finite, then the weak (M)-property of u implies the (M)-property, and therefore,
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the weak (M)-property and the (M)-property are equivalent. But, when y is infinite, the weak (M)-property does not imply the (M)
property in general, see [9]. Thus, in [9] we raised the following open problem:

For a general space (not necessarily finite set) and a finite monotone measure, does the weak (M)-property imply the (M)-property?

This note answers the above question. We present an example in Section 3 to show that for some finite monotone measures defined
on infinite space the weak (M)-property does not imply the (M)-property, and hence this question has a negative answer. We also prove
that if a monotone measure y is autocontinuous from above, then the weak (M)-property and the (M)-property of y are equivalent.
In Section 4 we introduce the concept of (C-P)-property of monotone measures and discuss some of its properties. We prove that the
superaddivity with (C-P)-property is a sufficient and necessary condition that the Choquet integral coincides with the pan-integral.
In Section 5 we further study the relationships between the Choquet integral and the pan-integral in the framework of the ordered
pair of monotone measures, and obtain some general results. These generalize the previous results related to the coincidence of the
Choquet integral and the pan-integral involving a unique monotone measure.

2. Preliminaries

Let (X,.A) be a measurable space. The set of all .A-measurable functions 4 : X — [0,+o0) is denoted by F*, and let y; denote
the characteristic function of T € A.

A monotone measure (or non-additive measure) on (X,.A) is a set function v : A — [0, +0o0] satisfying the conditions: (1) v(#) =0,
and (2) v(S) < v(T) whenever S CT and S,T € A. We denote by M the set of all monotone measures on (X, .A).

The monotoe measure y is called superadditive, if for any Q, .S € A with QN S =@, we have

HQUS) 2 u(Q) + u(S).

We recall the Choquet integral [1] (see also [17]) and pan-integral [18].
Let y € M be givenand let he F,..
The Choquet integral of h on X w.r.t. u, is defined by

Ch
m

m
/hdﬂ - sup{ Y eu(C) Y eixe, Sh.(CO™, € Hepn; > 0},

i=1 i=1

where H, is the set of all finite chains in A \ {#}.
The pan-integral of h on X w.r.t. u, is defined by

pan

n
/hdﬂ = sup{ (P = Y iy, S (P € Hygyp, 2 o},
. &

n
Jj=1 Jj

where H,,,, is the set of all finite measurable partitions of X.

Let y € M. For any T € A, from the fact that {T'} is a chain and {7, X \ T'} is a finite partition, the following properties are
obvious:

@ " yrdu=p(@); (D [*" yrdu> u(T).

The following result played an important role in the discussion of coincidence of the Choquet integral and pan-integral, see
[4,9,11,14].

Proposition 2.1. Let u € M be fixed. For all h € F, it holds

pan

Ch
/hduZ/hdu

if and only if u is superadditive.

For more information relating to the Choquet and pan-integrals, see [9,11,14,17,18].
3. (M)-property and weak (M)-property of monotone measures

We recall the concepts of (M)-property and weak (M)-property of monotone measures.

Definition 3.1. (Mesiar et al. [11]) Let u € M. u is said to have (M)-property, if for any U,V € A,U CV, thereis T € A, T CcU
such that

uM=pW) and p(V)=puT)+uV \T).

Definition 3.2. (Li et al. [9]) Let u € M. u is said to have weak (M)-property, if for any U,V € A,U C V,u(V) < 00 and any € > 0,
there is T, € A, T, C U such that
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uT)>uU)—e¢

and
HT)+uV\T) S u(V) < u(T) + u(V\T,) +e.

In [9], by using the weak (M)-property, the coincidence of the Choquet integral and the pan-integral was further studied, and the
following result was shown:

Proposition 3.3. Let y € M. For each h € F., it holds

pan

Ch
//’ZdﬂZ/hdﬂ

if and only if u has weak (M)-property.

From Definitions 3.1 and 3.2, obviously, if 4 has (M)-property, then it has weak (M)-property. Furthermore, if X is a finite set
and u is finite, then the weak (M)-property of u implies the (M)-property, and therefore, the weak (M)-property and the (M)-property
are equivalent (see [9]).

If u is infinite, or X is infinite, then the weak (M)-property does not necessarily imply (M)-property.

The following example is taken from [9], which indicates that for some infinite monotone measures, (M)-property is really stronger
than weak (M)-property.

Example 3.4. Let X be a finite set and .A = 2X. Define u : 2% — [0, o0] by

+o0 ifA=X,
”(A)_{ |A] if A# X.

Then p € M and it has weak (M)-property. However, u has no (M)-property. Let A C X, A# @ and A # X, then for any T C A, if
U(T)=u(A), then T = A. Thus u(X)=00> | X|=u(T) + u(X\ 7).

In [9], an open problem has been raised: for a general space (not necessarily finite set) and a finite monotone measure, does the
weak (M)-property imply the (M)-property?

Now we present a new example to show that this question has a negative answer, i.e., there is some finite monotone measure u
defined on infinite space with the weak (M)-property, but u has not the (M)-property.

Example 3.5. Let X =[0, 1], B([0, 1]) be the c-algebra of all Borel subsets of [0, 1]. Define x : B([0,1]) — [0, 1] by

0 if m(AN[0,31)=0
uA) =
m(A)  otherwise,
where m is the Borel measure.
We claim that y has weak (M)-property. In fact, let U C V and e > 0 be arbitrarily given. If u(U) =0 we take T = { then
uU)=pu(T) and u(V)=u(T)+puV\T).
If u(U) > 0, then it holds necessarily that m(U n [0, %]) > 0. Take T, c U satisfying
. 14y _ 1 e 1 14\,
@) m(T, N[O, 5]) = max {m(U N[0, 5]) -5 Em(U n|o, 5])},
() T, n[3,11=Un[3,1].
Then
u(T.)=m(T,) = mU) - g > uU)—e

and

mV\T) N[0, 1) =min( &, Lm@ n 10,41y > 0

€ e 2°2 2 ’

Thus we have u(V \ T,) = m(V \ T,) which implies that

uWV)y=m(WV)=mT)+m(V \T,)=uT,)+u(V\T,),
i.e., u has weak (M)-property.

To see that y has no (M)-property, it is enough to take U = [0, %] and V =[0, 1]. For any T Cc U such that u(T) = u(U) = %, we

have m((V \ T)n [0, %1) =0 and which implies that y(V \ T) =0. Thus u(V)=1> % = () +u(V \T).

3
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In the following, we present some characteristics of (M)-property and weak (M)-property.
The monotone measure v on (X,.A) is called null-additive [18], if for any A, N € A, v(N) =0 implies v(A U N) = v(A); autocon-
tinuous from above [18], if for any A € A, (Nk);l] C A, lim;_,,  v(N;) =0 implies

lim v(AU Np)=v(A). (3.1
k—+00

Proposition 3.6. Let v € M be finite and autocontinuous from above. If v has weak (M)-property then it has (M)-property, thus the
(M)-property and the weak (M)-property are equivalent.

Proof. Let U C V be given. Since v has weak (M)-property, for any n there is T, C U such that v(7},) > v(U) — % and
v(T,)+v(V\T,)<v(V)<wuT,)+v(V\T,+ %
Denote T = U:":l T,,. Then we have that T c U, v(T') = v(U) and
v(V) <v(T,)+v(V\T,) + % v +v((V\T)U(T\T,)) + % 3.2)
On the other hand, since y has weak (M)-property, it is superadditive. Thus we have
MT\T) SWUNT,) SUU) =T, < .

Let n — oo in Eq. (3.2), by the autocontinuity of v we have v(V) < w(T) + v(V \ T). Since v is superadditive, it then follows that
v(V)=w(T)+v(V \T),i.e., v has (M)-property. []

Note that the autocontinuity implies the null-additivity ([18]), and the null-additivity together with (M)-property imply the
additivity, see [16]. Thus we have the following result.

Corollary 3.7. Let v € M be finite and autocontinuous from above. If v has weak (M)-property then it is additive.

When X is a countable set and v € M is finite and continuous, then the null-additivity is equivalent to the autocontinuity from
above, see [18]. Thus we obtain the following corollary:

Corollary 3.8. Let X be a countable set and v € M be finite and continuous. If v is null-additive, then the (M)-property and the weak
(M)-property of v are equivalent.

It should be pointed out that a monotone measure satisfying weak (M)-property and null-additivity may not be additive. It is
enough to see Example 3.5, where u is null-additive and has weak (M)-property, but it is not additive.

4. A new sufficient and necessary condition for coincidence of the Choquet and pan-integrals

In this section, we present a new sufficient and necessary condition that the Choquet integral coincides with the pan-integral. Let
us begin with the following concept.

Definition 4.1. Let v € M be fixed. If for every € > 0 and every (C;);_, € H¢), with v(C;) < oo and ¢; 20,i =1,2,...,r, there is a
(Pj)j:l € Hpan with pj= 0,j=1,2,...,s, such that

r N
Qcixe, = D pixe 4.1)
i=1 Jj=1

and
r N
Y evCr—e < Y pu(P), (4.2)
i=1 j=1

then we say that v has (C-P)-property.

Note 4.2. (i) In the above definition, if v(C;) = c and ¢; > 0 for some i, then there is a (Pj);:1 € Hyup with p;20,j=12...5s,

such that Eq. (4.1) holds and Zf: Leav(C) = Zj: | pjv(P;)=00.In fact, without loss of generality, we can suppose that v(C;) = oo and
¢, > 0. In this case we need only take P, =C;, P, =X \ C; and p; =¢;,p, =0.
(ii) It is not difficult to see that v has (C-P)-property if it is subadditive.

4
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Proposition 4.3. Let v € M be fixed. For all h € F_, it holds

pan

Ch
/hde/hdv (4.3)

if and only if v has (C-P)-property.

Proof. Suppose that v has (C-P)-property. We prove that the Eq. (4.3) holds.
Given any h( € . We consider the Choquet integral of h, w.r.t. v, and divide the proof into two situations:

Case I /Ch hgdv = co. From the definition of the Choquet integral, for any K > 0, there is (C[)‘.’=1 € Hep withe; >20,i=1,2,...,r,
such that 3, ¢;xc, < hg and ¥, ¢;v(C;) > 2K. Now there are two subcases:

@]If Y7_, ¢;v(C;) < o, from that v has (C-P)-property, there exist (P))i_| € Hpqy withp; >0,j=1.2,....s, such that X1 xp, <
Z;=1 Cixc < hy

r

S
D evC)—K < Y pv(P), (4.4)
i=1 j=1
and hence 37, p;v(P;) > K. This implies fCh hodv=c0= ["" hydv.
. . . . . N
(b) If v(C;) = 0, it follows from Note 4.2(i) that there exist (Pj);=I S Hpan with pj 2 0,j=1,2,...,s, such that Zj:l pixp, <
Xizi CiXe, <hg and

r s

Z cv(C) = Z pjv(Pj) = 0.
j=1

i=1 J

Therefore, fCh hodv=oco= ["" hydv.
Case II: fCh hydv < co. Then for any e > 0, there is (C,)lf=1 € H¢jp with¢; >0,i=1,2,...,r, such that 2;21 c

i

Xc; < hy and
Ch

/ hydv < 2 cv(Cy) +e. (4.5)
i=1

By the (G-P)-property of v, there exist (P))}_, € H,,, with p; >0,j=1,2,....s, such that 2;:1 pjxp < Yi_icixc, <hg

r s
Y euCr—e < Y pu(P). (4.6)
i=1 j=1
Therefore, from Egs. (4.5) and (4.6) we know

Ch pan
r N

/hodv<Zciv(Ci)—e+2€<ijv(Pj)+2€</hodv+26. 4.7)
i=1 j=1

Letting ¢ — 0 we get /Ch hodv < [P hydv as desired.
Conversely, assume that Eq. (4.3) holds for all h € .. Given € > 0, (C))]_, € H¢), with v(C;) <o and ¢; 20,i=1,2,...,r.
Denote A =Y_, ¢; Xc,- Then, for the pan-integral of h, there are two cases:
(@) If /‘Pan hdv < oo, then there exist (Pj);=] € H,pp with p;20,j=12,...s, such that

r s
Qcixe,=h = X pxp 4.8)
i=1 j=1
and
pan s
/hdu<2pj/4(Pj)+e.
j=1
Therefore,
, Ch pan s
ZC;#(C,-)—€S/hdﬂ—fﬁ/ﬁdﬂ—€<2pju(l’j)- (4.9)
i=1 Jj=1

(b) If fpa" hdv = o0, we take K such that K > max{e,Z::l ¢;v(C;)}, then there exist (Pj)j:1 € Hpa,, with p; = 0,j=1,2,...,s,
such that
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r S
Dz, =h = Ypxe, 4.10)
i=1 j=1
and
N
ijﬂ(Pj) >K-—e.
j=1
Therefore,

r N

Y mCl—e<K=e< Y pu(P). (4.11)
i=1 Jj=1

The proof is complete. []

Combining Proposition 2.1 and Proposition 4.3, we obtain a new sufficient and necessary condition that the Choquet integral
coincides with the pan-integral.

Proposition 4.4. Let 4 € M be fixed. Then the following are equivalent:
() p is superadditive and has (C-P)-property;
(i) for all h € F_, it holds

Ch pan
/hdﬂz/hdy.

Proposition 3.3 and Proposition 4.4 imply the following result.

Proposition 4.5. Let y € M be fixed. Then the following are equivalent:
(i) u has weak (M)-property;
(i) u is superadditive and has (C-P)-property.

From Propositions 3.3, 4.4 and 4.5, we see that each of the subadditivity, (M)-property and weak (M)-property of a monotone
measure implies the (C-P)-property. However, the following example shows that the converse is not true.

Example 4.6. Let X = {a,b,c,d} and A = 2%X. Define the monotone measure y as u(#) =0, u(X) =3, u(A) =1 for A# @, X. Then u is
neither subadditive nor superadditive, thus u has no (M)-property and weak (M)-property. Note that y is subadditive w.r.t. singletons,
ie, u(A) <Y, u({i}), thus u has (C-P)-property.

5. Coincidence of the Choquet and pan-integrals related to the ordered pair of monotone measures

In this section, we consider the relations between the Choquet integral and the pan-integral in the setting of the ordered pairs
(4,v) of monotone measures A and v.
We recall some properties of the pan-integrals (see [7,10]).

Given v € M, corresponding to the pan-integral w.r.t. v, the monotone measure v

pan 18 defined as

pan

vpan(T)=/;(Tdv, TeA. (5.1)

Obviously, v

pan 2 V- We have the following result: v,,, = v, i.e.,

pan

v(T):/)(Tdv, TeA, (5.2)

if and only if v is superadditive (see Proposition 2 in [7]).

Proposition 5.1. (i) For all h € F*, it holds

pan pan

/hdv:/hdvpa”, (5.3)

in particular, for any T € A, v, (T) = [**" yrdv,,, holds.
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(ii) Forall he F™,

Ch Ch
/ hdv = / 7Yy (5.4)

if and only if v is superadditive.

Proof. For the proof of (i), we refer to [10].

(ii) The sufficiency follows from the fact that v, = v if v is a superadditive measure. Now, suppose that the Eq. (5.4) holds for

all h € F*. If v is not superadditive, then there exist two subsets S, T of X such that SNT =@ and v(SUT) < v(S) + w(T).
Define

1 ifxes
h(x)=1:2 ifxeT,
0  otherwise.

Then

Ch

/ FdVan = Vpan(S UT) + ¥y (T)
>v(S)+2v(T)
>v(SUT)+w(T)

Ch
=/fdv.

This is a contradiction. Therefore, v is superadditive. []
The following result is a generalization of Proposition 2.1 (when m = v, it goes back to Proposition 2.1).

Proposition 5.2. Given the ordered pair (m,v) € M X M. Then, for any he F,

pan

Ch
/hdmZ/hdv (5.5)

if and only if the following condition holds: for any Sj eAj=12,....n, 5,nS; =0 (1 <k, <nk#I),neN,

n

m(LnJSj> > Y us). (5.6)
j=1

=1

For generalized coincidence of the Choquet integrals and the pan-integrals related to the ordered pair of monotone measures, we
have the following results, which covers Proposition 4.4 when m =v.

Proposition 5.3. Let (m,v) € M X M. Then the following are equivalent:
(i) forall he FT,

pan

Ch
/hdmz/hdv; (5.7)

(i) m= Vian and m has (C-P)-property.

Proof. (i) = (ii). For any A € A, we have

Ch pan
m(A) = / xadm= / XA4dV =Vy,(A),
Le, m=vy,. Thus, from Proposition 5.1(i), then

pan pan pan

Ch
/ hdm = / hdv = / hdVyg, = / hdm (5.8)

holds for all 2 € F*. From Proposition 4.4, it implies m has (C-P)-property.

7
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(ii) = (i). Note that Voan is superadditive, in fact, from Eq. (5.1) and Proposition 5.1(i), we have
pan pan

Vpan(A) =/1Adv=/)(,4dvpan =(Vpan)pan(A)’ (59)

i.e.;, Vpan = (Vpan)pan- This implies that v, is superadditive, and hence m is superadditive. Therefore, from that m has (C-P)-property,

the Eq. (5.7) holds forall ke F*. [
Proposition 5.3 implies the following result.

Proposition 5.4. Let (m,v) € M X M. If forall he F*

Ch pan

/hdmz/hdv, (5.10)

pan

Ch
/hdmz/hdm (5.11)

holds for all h € F*, and hence m has weak (M)-property. Moreover, we have

then

pan

Ch
/hde/hdv (5.12)

holds for all h € F*, and hence v has (C-P)-property.

Proof. Eq. (5.11) is a direct consequence of Proposition 5.3 and (i) of Proposition 5.1. Then the weak (M)-property of m follows from
Proposition 3.3.
Also, by Proposition 5.3 we have

pan

Ch Ch Ch
/hdvs/hdvpan=/hdm=/hdv,

i.e., (5.12) holds. The (C-P) property of v follows from Proposition 4.3, 5.1 and 4.3. []
From Proposition 3.3, we can deduce the following result:

Corollary 5.5. Let v e M. Then
(0 If v has weak (M)-property, then Vian has weak (M)-property.
(i) If Vp,, has weak (M)-property then v has (C-P)-property.

Similar to the above discussions, for the case of the Choquet integral and the concave integral (see [6,5]), we can obtain the
following result:

Proposition 5.6. Let m € M be given. If there exists some v € M such that for all h € F*+

Ch cav
/hdm:/hdv, (5.13)

then m=v, and

cav’

Ch cav
/hdmz/hdm (5.14)

holds for all h € F*, and hence m is supermodular (convex).

Note: The concave integral of h on X w.r.t. v, is defined by
cav n n
/hd‘/ = SUP{ 2 d;v(D)) : Z dixp, Sh.(Dp)_| €Heppod; 2 0}’
i=1 i=1

where H,,, is the set of all finite families of sets in .A \ {#}, see [6,5].

cav

8
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A cav
Veao D) & [ ypdv, T € A.
6. Concluding remarks

We have answered an open problem in [9] concerning the (M)-property of monotone measures, and shown a new equivalence
condition that the Choquet integral and the pan-integral coincide. The generalized coincidence versions of the Choquet and pan-
integrals involving the ordered pair of monotone measures have been also presented.

Note that the discussions in Sections 4 and 5 concern the decomposition systems Hcy, H,,,, and H,,, on (X, .A). In further
researches, we will generalize these results to the situation of decomposition integrals introduced by Even and Lehrer [2] (see also
[3,12]). As a special case, we look for the necessary and sufficient conditions that the concave integral and the pan-integral coincide
on general spaces (the research on this topic has been partially discussed in [3,4,8,13,15]). We also study the coincidences of other
kinds of decomposition integrals, for example, for a fixed monotone measure v and different decomposition systems H; and H,, we
investigate the equivalence le hdvv /Hz hdv = lequ hdv for all he F+.

CRediT authorship contribution statement

Tong Kang: Writing — review & editing, Writing — original draft, Methodology, Investigation, Conceptualization. Radko Mesiar:
Writing — review & editing, Methodology, Investigation, Funding acquisition, Conceptualization. Yao Ouyang: Writing — review &
editing, Writing - original draft, Methodology, Investigation, Conceptualization. Jun Li: Writing — review & editing, Writing — original
draft, Methodology, Investigation, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgement

This work was supported by the Fundamental Research Funds for the Central Universities, and R. Mesiar was supported by the
grant VEGA 1/0036/23.

Data availability

No data was used for the research described in the article.

References
[1] G. Choquet, Theory of capacities, Ann. Inst. Fourier 5 (1954) 131-295.
[2] Y. Even, E. Lehrer, Decomposition integral: unifying Choquet and the concave integrals, Econ. Theory 56 (2014) 33-58.
[3] T. Kang, J. Li, On equivalence of decomposition integrals based on different monotone measures, Fuzzy Sets Syst. 457 (2023) 142-155.
[4] T. Kang, L. Yan, J. Li, Coincidences of nonlinear integrals related to ordered pair of non-additive measures, Int. J. Approx. Reason. 152 (2023) 124-135.
[5] E. Lehrer, A new integral for capacities, Econ. Theory 39 (2009) 157-176.
[6] E. Lehrer, R. Teper, The concave integral over large spaces, Fuzzy Sets Syst. 159 (2008) 2130-2144.
[7]1 J. Li, R. Mesiar, P. Struk, Pseudo-optimal measures, Inf. Sci. 180 (2010) 4015-4021.
[8] J. Li, R. Mesiar, Y. Ouyang, On the coincidence of measure-based decomposition and superdecomposition integrals, Fuzzy Sets Syst. 457 (2023) 125-141.
[9] J. Li, R. Mesiar, Y. Ouyang, L. Wu, On the coincidence of the pan-integral and the Choquet integral, Fuzzy Sets Syst. 467 (2023) 108577.
[10] J. Li, Y. Ouyang, M. Yu, Pan-integrals based on optimal measures, in: V. Torra, et al. (Eds.), LNAI, vol. 10571, 2017, pp. 40-50.
[11] R. Mesiar, J. Li, Y. Ouyang, On the equality of integrals, Inf. Sci. 393 (2017) 82-90.
[12] R. Mesiar, A. Stupiianova, Decomposition integrals, Int. J. Approx. Reason. 54 (2013) 1252-1259.
[13] Y. Ouyang, J. Li, R. Mesiar, Relationship between the concave integrals and the pan-integrals on finite spaces, J. Math. Anal. Appl. 424 (2015) 975-987.
[14] Y. Ouyang, J. Li, R. Mesiar, On the equivalence of the Choquet, pan- and concave integrals on finite spaces, J. Math. Anal. Appl. 456 (2017) 151-162.
[15] Y. Ouyang, J. Li, R. Mesiar, Coincidences of the concave integral and the pan-integral, Symmetry 9 (6) (2017) 90.
[16] Y. Ouyang, J. Li, R. Mesiar, A sufficient condition of equivalence of the Choquet and the pan-integral, Fuzzy Sets Syst. 355 (2020) 100-105.
[17] E. Pap, Null-Additive Set Functions, Kluwer, Dordrecht, 1995.
[18] Z. Wang, G.J. Klir, Generalized Measure Theory, Springer, New York, 2009.


http://refhub.elsevier.com/S0165-0114(24)00324-5/bib80CA1E5641707006F25C72240D0042B6s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib94A04D0D83F6B641015E677A46E6D5BBs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib7A1851BBCCD3A2E6F3FA82D1F90E951Fs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib58F21F89FDD09C7DC857693FA0495509s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib47D2515B89C581BF33FA70B799C7044Ds1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib4D1337516ABAFF3E6B685C7A7D35DE7Bs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bibCA6F8D60C5F161BF478F5083D782897Cs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bibF8C0C599571AB251FD89DF993C786A59s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib0A0C3C78C443E33E6F2DDC660556B17Cs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bibC85A7C28B9C94BB96BB3EA2571932619s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib133F4FB95FF560967269AA5A30BE397Fs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib2BAC778B0A349965420B909FB882FF66s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bibC9FD25C22F4F44231EAE36B820E35B28s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib164D9F744F5432444A996B631F7D82CEs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib1CC895C609E92EFF97872B6FA4534A8Cs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bibA59FD65D1CBE02238D7B56B930838AF3s1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bib652AB08A64A59E6832F5FFBFA01B7FCFs1
http://refhub.elsevier.com/S0165-0114(24)00324-5/bibA9E430181B67823EA5EF833759248D45s1

	Some notes on the coincidence of the Choquet integral and the pan-integral
	1 Introduction
	2 Preliminaries
	3 (M)-property and weak (M)-property of monotone measures
	4 A new sufficient and necessary condition for coincidence of the Choquet and pan-integrals
	5 Coincidence of the Choquet and pan-integrals related to the ordered pair of monotone measures
	6 Concluding remarks
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	Data availability
	References


