
Fuzzy Sets and Systems 499 (2025) 109178

Contents lists available at ScienceDirect

Fuzzy Sets and Systems

journal homepage: www.elsevier.com/locate/fss

Short communication

Some notes on the coincidence of the Choquet integral and the 

pan-integral

Tong Kang a, Radko Mesiar b,c, Yao Ouyang d,∗, Jun Li a,e

a State Key Laboratory of Media Convergence & Communication, Communication University of China, Beijing 100024, China
b Slovak University of Technology, Faculty of Civil Engineering, Radlinského 11, 810 05 Bratislava, Slovakia
c UTIA CAS, Pod Vodárenskou věží 4, 182 08 Prague, Czech Republic
d Faculty of Science, Huzhou University, Huzhou, Zhejiang 313000, China
e School of Sciences, Communication University of China, Beijing 100024, China

A R T I C L E I N F O A B S T R A C T

Keywords:

Monotone measures

(M)-property

Weak (M)-property

Pan-integral

Choquet integral

In this note, we provide an example to show the weak (M)-property is really weaker than the 
(M)-property for some finite monotone measure defined on infinite space, and hence answer 
an open problem which was proposed in the paper (Li et al. (2023) [9]). We prove that if a 
monotone measure 𝜇 is autocontinuous, then the weak (M)-property and the (M)-property of 𝜇
are equivalent. We propose the concept of (C-P)-property of monotone measures and show a set of 
sufficient and necessary conditions that the Choquet integral coincides with the pan-integral. We 
further study the relationships between the Choquet integral and the pan-integral in the setting 
of the ordered pairs of monotone measures, and obtain some interesting properties.

1. Introduction

The Choquet integral [1] and the pan-integral [18] are two types of important nonlinear integrals. As is known, the Choquet 
integral is based on finite chains of measurable sets and the pan-integral is related to finite measurable partitions. When the considered 
measures are 𝜎-additive, these two types of integrals and the Lebesgue integral are coincident. But, for a general monotone measure, 
they are not coincident for all measurable functions on the considered measurable space. The relationships between these two types 
of integrals were studied and some meaningful results were obtained, see [3,4,8,9,11,14,16].

In [11] Mesiar et al. proposed the (M)-property of monotone measure, and used it to discuss the relationship between the Choquet 
integral and the pan-integral. In [16] Ouyang et al. showed that the (M)-property implies the coincidence of the Choquet integral and 
the pan-integral. When 𝑋 is a finite space and the underlying monotone measure 𝜇 is finite, then the (M)-property is also necessary 
for the coincidence, see [14]. Furthermore, Li et al. [9] introduced the weak (M)-property of monotone measure, and proved that 
the weak (M)-property is a necessary and sufficient condition for the coincidence of these two kinds of integrals. According to these 
results we know that the (M)-property and the weak (M)-property play important roles in the studying the coincidence of the Choquet 
integral and the pan-integral.

There are some close relationships between the (M)-property and the weak (M)-property. The (M)-property implies the weak (M)-

property. Furthermore, if 𝑋 is a finite set and 𝜇 is finite, then the weak (M)-property of 𝜇 implies the (M)-property, and therefore, 
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the weak (M)-property and the (M)-property are equivalent. But, when 𝜇 is infinite, the weak (M)-property does not imply the (M) 
property in general, see [9]. Thus, in [9] we raised the following open problem:

For a general space (not necessarily finite set) and a finite monotone measure, does the weak (M)-property imply the (M)-property?

This note answers the above question. We present an example in Section 3 to show that for some finite monotone measures defined 
on infinite space the weak (M)-property does not imply the (M)-property, and hence this question has a negative answer. We also prove 
that if a monotone measure 𝜇 is autocontinuous from above, then the weak (M)-property and the (M)-property of 𝜇 are equivalent. 
In Section 4 we introduce the concept of (C-P)-property of monotone measures and discuss some of its properties. We prove that the 
superaddivity with (C-P)-property is a sufficient and necessary condition that the Choquet integral coincides with the pan-integral. 
In Section 5 we further study the relationships between the Choquet integral and the pan-integral in the framework of the ordered 
pair of monotone measures, and obtain some general results. These generalize the previous results related to the coincidence of the 
Choquet integral and the pan-integral involving a unique monotone measure.

2. Preliminaries

Let (𝑋, ) be a measurable space. The set of all -measurable functions ℎ ∶ 𝑋 → [0, +∞) is denoted by +, and let 𝜒𝑇 denote 
the characteristic function of 𝑇 ∈.

A monotone measure (or non-additive measure) on (𝑋, ) is a set function 𝜈 ∶  → [0, +∞] satisfying the conditions: (1) 𝜈(∅) = 0, 
and (2) 𝜈(𝑆) ≤ 𝜈(𝑇 ) whenever 𝑆 ⊆ 𝑇 and 𝑆, 𝑇 ∈. We denote by  the set of all monotone measures on (𝑋, ).

The monotoe measure 𝜇 is called superadditive, if for any 𝑄, 𝑆 ∈ with 𝑄 ∩ 𝑆 = ∅, we have

𝜇(𝑄 ∪ 𝑆) ≥ 𝜇(𝑄) + 𝜇(𝑆).

We recall the Choquet integral [1] (see also [17]) and pan-integral [18].

Let 𝜇 ∈ be given and let ℎ ∈ +.

The Choquet integral of ℎ on 𝑋 w.r.t. 𝜇, is defined by

𝐶ℎ

∫ ℎ𝑑𝜇 = sup
{ 𝑚∑

𝑖=1
𝑐𝑖𝜇(𝐶𝑖) ∶

𝑚∑
𝑖=1

𝑐𝑖𝜒𝐶𝑖
≤ ℎ, (𝐶𝑖)𝑚𝑖=1 ∈𝐶ℎ, 𝑐𝑖 ≥ 0

}
,

where 𝐶ℎ is the set of all finite chains in  ⧵ {∅}.

The pan-integral of ℎ on 𝑋 w.r.t. 𝜇, is defined by

𝑝𝑎𝑛

∫ ℎ𝑑𝜇 = sup
{ 𝑛∑

𝑗=1
𝑝𝑗𝜇(𝑃𝑗 ) ∶

𝑛∑
𝑗=1

𝑝𝑗𝜒𝑃𝑗
≤ ℎ, (𝑃𝑗 )𝑛𝑗=1 ∈𝑝𝑎𝑛, 𝑝𝑗 ≥ 0

}
,

where 𝑝𝑎𝑛 is the set of all finite measurable partitions of 𝑋.

Let 𝜇 ∈. For any 𝑇 ∈, from the fact that {𝑇 } is a chain and {𝑇 , 𝑋 ⧵ 𝑇 } is a finite partition, the following properties are 
obvious:

(i) ∫ 𝐶ℎ
𝜒𝑇 𝑑𝜇 = 𝜇(𝑇 ); (ii) ∫ 𝑝𝑎𝑛

𝜒𝑇 𝑑𝜇 ≥ 𝜇(𝑇 ).
The following result played an important role in the discussion of coincidence of the Choquet integral and pan-integral, see 

[4,9,11,14].

Proposition 2.1. Let 𝜇 ∈ be fixed. For all ℎ ∈ +, it holds

𝐶ℎ

∫ ℎ𝑑𝜇 ≥
𝑝𝑎𝑛

∫ ℎ𝑑𝜇

if and only if 𝜇 is superadditive.

For more information relating to the Choquet and pan-integrals, see [9,11,14,17,18].

3. (M)-property and weak (M)-property of monotone measures

We recall the concepts of (M)-property and weak (M)-property of monotone measures.

Definition 3.1. (Mesiar et al. [11]) Let 𝜇 ∈. 𝜇 is said to have (M)-property, if for any 𝑈, 𝑉 ∈, 𝑈 ⊂ 𝑉 , there is 𝑇 ∈, 𝑇 ⊂ 𝑈

such that

𝜇(𝑇 ) = 𝜇(𝑈 ) and 𝜇(𝑉 ) = 𝜇(𝑇 ) + 𝜇(𝑉 ⧵ 𝑇 ).

Definition 3.2. (Li et al. [9]) Let 𝜇 ∈. 𝜇 is said to have weak (M)-property, if for any 𝑈, 𝑉 ∈, 𝑈 ⊂ 𝑉 , 𝜇(𝑉 ) < ∞ and any 𝜖 > 0, 
2

there is 𝑇𝜖 ∈, 𝑇𝜖 ⊂ 𝑈 such that
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𝜇(𝑇𝜖) > 𝜇(𝑈 ) − 𝜖

and

𝜇(𝑇𝜖) + 𝜇(𝑉 ⧵ 𝑇𝜖) ≤ 𝜇(𝑉 ) < 𝜇(𝑇𝜖) + 𝜇(𝑉 ⧵ 𝑇𝜖) + 𝜖.

In [9], by using the weak (M)-property, the coincidence of the Choquet integral and the pan-integral was further studied, and the 
following result was shown:

Proposition 3.3. Let 𝜇 ∈. For each ℎ ∈ +, it holds

𝐶ℎ

∫ ℎ𝑑𝜇 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜇

if and only if 𝜇 has weak (M)-property.

From Definitions 3.1 and 3.2, obviously, if 𝜇 has (M)-property, then it has weak (M)-property. Furthermore, if 𝑋 is a finite set 
and 𝜇 is finite, then the weak (M)-property of 𝜇 implies the (M)-property, and therefore, the weak (M)-property and the (M)-property 
are equivalent (see [9]).

If 𝜇 is infinite, or 𝑋 is infinite, then the weak (M)-property does not necessarily imply (M)-property.

The following example is taken from [9], which indicates that for some infinite monotone measures, (M)-property is really stronger 
than weak (M)-property.

Example 3.4. Let 𝑋 be a finite set and  = 2𝑋 . Define 𝜇 ∶ 2𝑋 → [0, ∞] by

𝜇(𝐴) =
{

+∞ if 𝐴 = 𝑋,|𝐴| if 𝐴 ≠ 𝑋.

Then 𝜇 ∈ and it has weak (M)-property. However, 𝜇 has no (M)-property. Let 𝐴 ⊂ 𝑋, 𝐴 ≠ ∅ and 𝐴 ≠ 𝑋, then for any 𝑇 ⊂ 𝐴, if 
𝜇(𝑇 ) = 𝜇(𝐴), then 𝑇 = 𝐴. Thus 𝜇(𝑋) =∞ > |𝑋| = 𝜇(𝑇 ) + 𝜇(𝑋 ⧵ 𝑇 ).

In [9], an open problem has been raised: for a general space (not necessarily finite set) and a finite monotone measure, does the 
weak (M)-property imply the (M)-property?

Now we present a new example to show that this question has a negative answer, i.e., there is some finite monotone measure 𝜇
defined on infinite space with the weak (M)-property, but 𝜇 has not the (M)-property.

Example 3.5. Let 𝑋 = [0, 1], ([0, 1]) be the 𝜎-algebra of all Borel subsets of [0, 1]. Define 𝜇∶ ([0, 1]) → [0, 1] by

𝜇(𝐴) =

{
0 if 𝑚(𝐴 ∩ [0, 12 ]) = 0

𝑚(𝐴) otherwise,

where 𝑚 is the Borel measure.

We claim that 𝜇 has weak (M)-property. In fact, let 𝑈 ⊂ 𝑉 and 𝜖 > 0 be arbitrarily given. If 𝜇(𝑈 ) = 0 we take 𝑇 = ∅ then

𝜇(𝑈 ) = 𝜇(𝑇 ) and 𝜇(𝑉 ) = 𝜇(𝑇 ) + 𝜇(𝑉 ⧵ 𝑇 ).

If 𝜇(𝑈 ) > 0, then it holds necessarily that 𝑚(𝑈 ∩ [0, 12 ]) > 0. Take 𝑇𝜖 ⊂ 𝑈 satisfying

(i) 𝑚(𝑇𝜖 ∩ [0, 12 ]) =max
{

𝑚(𝑈 ∩ [0, 12 ]) −
𝜖

2 ,
1
2𝑚(𝑈 ∩ [0, 12 ])

}
;

(ii) 𝑇𝜖 ∩ [ 12 , 1] = 𝑈 ∩ [ 12 , 1].
Then

𝜇(𝑇𝜖) = 𝑚(𝑇𝜖) ≥ 𝑚(𝑈 ) − 𝜖

2
> 𝜇(𝑈 ) − 𝜖

and

𝑚((𝑉 ⧵ 𝑇𝜖) ∩ [0, 1
2
]) = min{ 𝜖

2
,
1
2
𝑚(𝑈 ∩ [0, 1

2
]} > 0.

Thus we have 𝜇(𝑉 ⧵ 𝑇𝜖) = 𝑚(𝑉 ⧵ 𝑇𝜖) which implies that

𝜇(𝑉 ) = 𝑚(𝑉 ) = 𝑚(𝑇𝜖) +𝑚(𝑉 ⧵ 𝑇𝜖) = 𝜇(𝑇𝜖) + 𝜇(𝑉 ⧵ 𝑇𝜖),

i.e., 𝜇 has weak (M)-property.

To see that 𝜇 has no (M)-property, it is enough to take 𝑈 = [0, 12 ] and 𝑉 = [0, 1]. For any 𝑇 ⊂ 𝑈 such that 𝜇(𝑇 ) = 𝜇(𝑈 ) = 1
2 , we 
3

have 𝑚((𝑉 ⧵ 𝑇 ) ∩ [0, 12 ]) = 0 and which implies that 𝜇(𝑉 ⧵ 𝑇 ) = 0. Thus 𝜇(𝑉 ) = 1 > 1
2 = 𝜇(𝑇 ) + 𝜇(𝑉 ⧵ 𝑇 ).
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In the following, we present some characteristics of (M)-property and weak (M)-property.

The monotone measure 𝜈 on (𝑋, ) is called null-additive [18], if for any 𝐴, 𝑁 ∈, 𝜈(𝑁) = 0 implies 𝜈(𝐴 ∪ 𝑁) = 𝜈(𝐴); autocon-

tinuous from above [18], if for any 𝐴 ∈, (𝑁𝑘)∞𝑘=1 ⊂ , lim𝑘→+∞ 𝜈(𝑁𝑘) = 0 implies

lim
𝑘→+∞

𝜈(𝐴 ∪𝑁𝑘) = 𝜈(𝐴). (3.1)

Proposition 3.6. Let 𝜈 ∈  be finite and autocontinuous from above. If 𝜈 has weak (M)-property then it has (M)-property, thus the 
(M)-property and the weak (M)-property are equivalent.

Proof. Let 𝑈 ⊂ 𝑉 be given. Since 𝜈 has weak (M)-property, for any 𝑛 there is 𝑇𝑛 ⊂ 𝑈 such that 𝜈(𝑇𝑛) > 𝜈(𝑈 ) − 1
𝑛

and

𝜈(𝑇𝑛) + 𝜈(𝑉 ⧵ 𝑇𝑛) ≤ 𝜈(𝑉 ) < 𝜈(𝑇𝑛) + 𝜈(𝑉 ⧵ 𝑇𝑛) +
1
𝑛
.

Denote 𝑇 =
⋃∞

𝑛=1 𝑇𝑛. Then we have that 𝑇 ⊂ 𝑈 , 𝜈(𝑇 ) = 𝜈(𝑈 ) and

𝜈(𝑉 ) < 𝜈(𝑇𝑛) + 𝜈(𝑉 ⧵ 𝑇𝑛) +
1
𝑛
≤ 𝜈(𝑇 ) + 𝜈((𝑉 ⧵ 𝑇 ) ∪ (𝑇 ⧵ 𝑇𝑛)) +

1
𝑛
. (3.2)

On the other hand, since 𝜇 has weak (M)-property, it is superadditive. Thus we have

𝜈(𝑇 ⧵ 𝑇𝑛) ≤ 𝜈(𝑈 ⧵ 𝑇𝑛) ≤ 𝜈(𝑈 ) − 𝜈(𝑇𝑛) <
1
𝑛
.

Let 𝑛 → ∞ in Eq. (3.2), by the autocontinuity of 𝜈 we have 𝜈(𝑉 ) ≤ 𝜈(𝑇 ) + 𝜈(𝑉 ⧵ 𝑇 ). Since 𝜈 is superadditive, it then follows that 
𝜈(𝑉 ) = 𝜈(𝑇 ) + 𝜈(𝑉 ⧵ 𝑇 ), i.e., 𝜈 has (M)-property. □

Note that the autocontinuity implies the null-additivity ([18]), and the null-additivity together with (M)-property imply the 
additivity, see [16]. Thus we have the following result.

Corollary 3.7. Let 𝜈 ∈ be finite and autocontinuous from above. If 𝜈 has weak (M)-property then it is additive.

When 𝑋 is a countable set and 𝜈 ∈ is finite and continuous, then the null-additivity is equivalent to the autocontinuity from 
above, see [18]. Thus we obtain the following corollary:

Corollary 3.8. Let 𝑋 be a countable set and 𝜈 ∈  be finite and continuous. If 𝜈 is null-additive, then the (M)-property and the weak 
(M)-property of 𝜈 are equivalent.

It should be pointed out that a monotone measure satisfying weak (M)-property and null-additivity may not be additive. It is 
enough to see Example 3.5, where 𝜇 is null-additive and has weak (M)-property, but it is not additive.

4. A new sufficient and necessary condition for coincidence of the Choquet and pan-integrals

In this section, we present a new sufficient and necessary condition that the Choquet integral coincides with the pan-integral. Let 
us begin with the following concept.

Definition 4.1. Let 𝜈 ∈ be fixed. If for every 𝜖 > 0 and every (𝐶𝑖)𝑟𝑖=1 ∈𝐶ℎ with 𝜈(𝐶𝑖) < ∞ and 𝑐𝑖 ≥ 0, 𝑖 = 1, 2, … , 𝑟, there is a 
(𝑃𝑗 )𝑠𝑗=1 ∈𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, such that

𝑟∑
𝑖=1

𝑐𝑖𝜒𝐶𝑖
≥

𝑠∑
𝑗=1

𝑝𝑗𝜒𝑃𝑗
(4.1)

and

𝑟∑
𝑖=1

𝑐𝑖𝜈(𝐶𝑖) − 𝜖 <

𝑠∑
𝑗=1

𝑝𝑗𝜈(𝑃𝑗 ), (4.2)

then we say that 𝜈 has (C-P)-property.

Note 4.2. (i) In the above definition, if 𝜈(𝐶𝑖) = ∞ and 𝑐𝑖 > 0 for some 𝑖, then there is a (𝑃𝑗 )𝑠𝑗=1 ∈ 𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, 
such that Eq. (4.1) holds and 

∑𝑟

𝑖=1 𝑐𝑖𝜈(𝐶𝑖) =
∑𝑠

𝑗=1 𝑝𝑗𝜈(𝑃𝑗 ) =∞. In fact, without loss of generality, we can suppose that 𝜈(𝐶1) =∞ and 
𝑐1 > 0. In this case we need only take 𝑃1 = 𝐶1, 𝑃2 = 𝑋 ⧵𝐶1 and 𝑝1 = 𝑐1, 𝑝2 = 0.
4

(ii) It is not difficult to see that 𝜈 has (C-P)-property if it is subadditive.
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Proposition 4.3. Let 𝜈 ∈ be fixed. For all ℎ ∈ +, it holds

𝐶ℎ

∫ ℎ𝑑𝜈 ≤
𝑝𝑎𝑛

∫ ℎ𝑑𝜈 (4.3)

if and only if 𝜈 has (C-P)-property.

Proof. Suppose that 𝜈 has (C-P)-property. We prove that the Eq. (4.3) holds.

Given any ℎ0 ∈ +. We consider the Choquet integral of ℎ0 w.r.t. 𝜈, and divide the proof into two situations:

Case I: ∫ 𝐶ℎ
ℎ0𝑑𝜈 =∞. From the definition of the Choquet integral, for any 𝐾 > 0, there is (𝐶𝑖)𝑟𝑖=1 ∈𝐶ℎ with 𝑐𝑖 ≥ 0, 𝑖 = 1, 2, … , 𝑟, 

such that 
∑𝑟

𝑖=1 𝑐𝑖𝜒𝐶𝑖
≤ ℎ0 and 

∑𝑟

𝑖=1 𝑐𝑖𝜈(𝐶𝑖) > 2𝐾 . Now there are two subcases:

(a) If 
∑𝑟

𝑖=1 𝑐𝑖𝜈(𝐶𝑖) < ∞, from that 𝜈 has (C-P)-property, there exist (𝑃𝑗 )𝑠𝑗=1 ∈𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, such that 
∑𝑠

𝑗=1 𝑝𝑗𝜒𝑃𝑗
≤∑𝑟

𝑖=1 𝑐𝑖𝜒𝐶𝑖
≤ ℎ0

𝑟∑
𝑖=1

𝑐𝑖𝜈(𝐶𝑖) −𝐾 <

𝑠∑
𝑗=1

𝑝𝑗𝜈(𝑃𝑗 ), (4.4)

and hence 
∑𝑠

𝑗=1 𝑝𝑗𝜈(𝑃𝑗 ) > 𝐾 . This implies ∫ 𝐶ℎ
ℎ0𝑑𝜈 =∞ = ∫ 𝑝𝑎𝑛

ℎ0𝑑𝜈.

(b) If 𝜈(𝐶𝑖) = ∞, it follows from Note 4.2(i) that there exist (𝑃𝑗 )𝑠𝑗=1 ∈ 𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, such that 
∑𝑠

𝑗=1 𝑝𝑗𝜒𝑃𝑗
≤∑𝑟

𝑖=1 𝑐𝑖𝜒𝐶𝑖
≤ ℎ0 and

𝑟∑
𝑖=1

𝑐𝑖𝜈(𝐶𝑖) =
𝑠∑

𝑗=1
𝑝𝑗𝜈(𝑃𝑗 ) =∞.

Therefore, ∫ 𝐶ℎ
ℎ0𝑑𝜈 =∞ = ∫ 𝑝𝑎𝑛

ℎ0𝑑𝜈.

Case II: ∫ 𝐶ℎ
ℎ0𝑑𝜈 < ∞. Then for any 𝜖 > 0, there is (𝐶𝑖)𝑟𝑖=1 ∈𝐶ℎ with 𝑐𝑖 ≥ 0, 𝑖 = 1, 2, … , 𝑟, such that 

∑𝑟

𝑖=1 𝑐𝑖𝜒𝐶𝑖
≤ ℎ0 and

𝐶ℎ

∫ ℎ0𝑑𝜈 <

𝑟∑
𝑖=1

𝑐𝑖𝜈(𝐶𝑖) + 𝜖. (4.5)

By the (C-P)-property of 𝜈, there exist (𝑃𝑗 )𝑠𝑗=1 ∈𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, such that 
∑𝑠

𝑗=1 𝑝𝑗𝜒𝑃𝑗
≤∑𝑟

𝑖=1 𝑐𝑖𝜒𝐶𝑖
≤ ℎ0

𝑟∑
𝑖=1

𝑐𝑖𝜈(𝐶𝑖) − 𝜖 <

𝑠∑
𝑗=1

𝑝𝑗𝜈(𝑃𝑗 ). (4.6)

Therefore, from Eqs. (4.5) and (4.6) we know

𝐶ℎ

∫ ℎ0𝑑𝜈 <

𝑟∑
𝑖=1

𝑐𝑖𝜈(𝐶𝑖) − 𝜖 + 2𝜖 <

𝑠∑
𝑗=1

𝑝𝑗𝜈(𝑃𝑗 ) + 2𝜖 <

𝑝𝑎𝑛

∫ ℎ0𝑑𝜈 + 2𝜖. (4.7)

Letting 𝜖 → 0 we get ∫ 𝐶ℎ
ℎ0𝑑𝜈 ≤ ∫ 𝑝𝑎𝑛

ℎ0𝑑𝜈 as desired.

Conversely, assume that Eq. (4.3) holds for all ℎ ∈ +. Given 𝜖 > 0, (𝐶𝑖)𝑟𝑖=1 ∈𝐶ℎ with 𝜈(𝐶𝑖) < ∞ and 𝑐𝑖 ≥ 0, 𝑖 = 1, 2, … , 𝑟.
Denote ℎ̃ =

∑𝑟

𝑖=1 𝑐𝑖𝜒𝐶𝑖
. Then, for the pan-integral of ℎ̃, there are two cases:

(a) If ∫ 𝑝𝑎𝑛
ℎ̃𝑑𝜈 < ∞, then there exist (𝑃𝑗 )𝑠𝑗=1 ∈𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, such that

𝑟∑
𝑖=1

𝑐𝑖𝜒𝐶𝑖
= ℎ̃ ≥

𝑠∑
𝑗=1

𝑝𝑗𝜒𝑃𝑗
(4.8)

and

𝑝𝑎𝑛

∫ ℎ̃𝑑𝜇 <

𝑠∑
𝑗=1

𝑝𝑗𝜇(𝑃𝑗 ) + 𝜖.

Therefore,

𝑟∑
𝑖=1

𝑐𝑖𝜇(𝐶𝑖) − 𝜖 ≤
𝐶ℎ

∫ ℎ̃𝑑𝜇 − 𝜖 ≤
𝑝𝑎𝑛

∫ ℎ̃𝑑𝜇 − 𝜖 <

𝑠∑
𝑗=1

𝑝𝑗𝜇(𝑃𝑗 ). (4.9)

(b) If ∫ 𝑝𝑎𝑛
ℎ̃𝑑𝜈 = ∞, we take 𝐾 such that 𝐾 > max{𝜀, 

∑𝑟

𝑖=1 𝑐𝑖𝜈(𝐶𝑖)}, then there exist (𝑃𝑗 )𝑠𝑗=1 ∈ 𝑝𝑎𝑛 with 𝑝𝑗 ≥ 0, 𝑗 = 1, 2, … , 𝑠, 
5

such that
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𝑟∑
𝑖=1

𝑐𝑖𝜒𝐶𝑖
= ℎ̃ ≥

𝑠∑
𝑗=1

𝑝𝑗𝜒𝑃𝑗
(4.10)

and

𝑠∑
𝑗=1

𝑝𝑗𝜇(𝑃𝑗 ) > 𝐾 − 𝜀.

Therefore,

𝑟∑
𝑖=1

𝑐𝑖𝜇(𝐶𝑖) − 𝜖 ≤ 𝐾 − 𝜖 <

𝑠∑
𝑗=1

𝑝𝑗𝜇(𝑃𝑗 ). (4.11)

The proof is complete. □

Combining Proposition 2.1 and Proposition 4.3, we obtain a new sufficient and necessary condition that the Choquet integral 
coincides with the pan-integral.

Proposition 4.4. Let 𝜇 ∈ be fixed. Then the following are equivalent:

(i) 𝜇 is superadditive and has (C-P)-property;

(ii) for all ℎ ∈ +, it holds

𝐶ℎ

∫ ℎ𝑑𝜇 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜇.

Proposition 3.3 and Proposition 4.4 imply the following result.

Proposition 4.5. Let 𝜇 ∈ be fixed. Then the following are equivalent:

(i) 𝜇 has weak (M)-property;

(ii) 𝜇 is superadditive and has (C-P)-property.

From Propositions 3.3, 4.4 and 4.5, we see that each of the subadditivity, (M)-property and weak (M)-property of a monotone 
measure implies the (C-P)-property. However, the following example shows that the converse is not true.

Example 4.6. Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and  = 2𝑋 . Define the monotone measure 𝜇 as 𝜇(∅) = 0, 𝜇(𝑋) = 3, 𝜇(𝐴) = 1 for 𝐴 ≠ ∅, 𝑋. Then 𝜇 is 
neither subadditive nor superadditive, thus 𝜇 has no (M)-property and weak (M)-property. Note that 𝜇 is subadditive w.r.t. singletons, 
i.e., 𝜇(𝐴) ≤∑

𝑖∈𝐴 𝜇({𝑖}), thus 𝜇 has (C-P)-property.

5. Coincidence of the Choquet and pan-integrals related to the ordered pair of monotone measures

In this section, we consider the relations between the Choquet integral and the pan-integral in the setting of the ordered pairs 
(𝜆, 𝜈) of monotone measures 𝜆 and 𝜈.

We recall some properties of the pan-integrals (see [7,10]).

Given 𝜈 ∈, corresponding to the pan-integral w.r.t. 𝜈, the monotone measure 𝜈𝑝𝑎𝑛 is defined as

𝜈𝑝𝑎𝑛(𝑇 ) =

𝑝𝑎𝑛

∫ 𝜒𝑇 𝑑𝜈, 𝑇 ∈. (5.1)

Obviously, 𝜈𝑝𝑎𝑛 ≥ 𝜈. We have the following result: 𝜈𝑝𝑎𝑛 = 𝜈, i.e.,

𝜈(𝑇 ) =

𝑝𝑎𝑛

∫ 𝜒𝑇 𝑑𝜈, 𝑇 ∈, (5.2)

if and only if 𝜈 is superadditive (see Proposition 2 in [7]).

Proposition 5.1. (i) For all ℎ ∈ +, it holds

𝑝𝑎𝑛

∫ ℎ𝑑𝜈 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜈𝑝𝑎𝑛, (5.3)
6

in particular, for any 𝑇 ∈, 𝜈𝑝𝑎𝑛(𝑇 ) = ∫ 𝑝𝑎𝑛
𝜒𝑇 𝑑𝜈𝑝𝑎𝑛 holds.



Fuzzy Sets and Systems 499 (2025) 109178T. Kang, R. Mesiar, Y. Ouyang et al.

(ii) For all ℎ ∈ +,

𝐶ℎ

∫ ℎ𝑑𝜈 =

𝐶ℎ

∫ ℎ𝑑𝜈𝑝𝑎𝑛 (5.4)

if and only if 𝜈 is superadditive.

Proof. For the proof of (i), we refer to [10].

(ii) The sufficiency follows from the fact that 𝜈𝑝𝑎𝑛 = 𝜈 if 𝜈 is a superadditive measure. Now, suppose that the Eq. (5.4) holds for 
all ℎ ∈ +. If 𝜈 is not superadditive, then there exist two subsets 𝑆, 𝑇 of 𝑋 such that 𝑆 ∩ 𝑇 = ∅ and 𝜈(𝑆 ∪ 𝑇 ) < 𝜈(𝑆) + 𝜈(𝑇 ).

Define

ℎ(𝑥) =
⎧⎪⎨⎪⎩
1 if 𝑥 ∈ 𝑆

2 if 𝑥 ∈ 𝑇 ,

0 otherwise.

Then

𝐶ℎ

∫ 𝑓𝑑𝜈𝑝𝑎𝑛 = 𝜈𝑝𝑎𝑛(𝑆 ∪ 𝑇 ) + 𝜈𝑝𝑎𝑛(𝑇 )

≥ 𝜈(𝑆) + 2𝜈(𝑇 )

> 𝜈(𝑆 ∪ 𝑇 ) + 𝜈(𝑇 )

=

𝐶ℎ

∫ 𝑓𝑑𝜈.

This is a contradiction. Therefore, 𝜈 is superadditive. □

The following result is a generalization of Proposition 2.1 (when 𝑚 = 𝜈, it goes back to Proposition 2.1).

Proposition 5.2. Given the ordered pair (𝑚, 𝜈) ∈ ×. Then, for any ℎ ∈ +,

𝐶ℎ

∫ ℎ𝑑𝑚 ≥
𝑝𝑎𝑛

∫ ℎ𝑑𝜈 (5.5)

if and only if the following condition holds: for any 𝑆𝑗 ∈, 𝑗 = 1, 2, … , 𝑛, 𝑆𝑘 ∩𝑆𝑙 = ∅ (1 ≤ 𝑘, 𝑙 ≤ 𝑛, 𝑘 ≠ 𝑙), 𝑛 ∈ ℕ,

𝑚

( 𝑛⋃
𝑗=1

𝑆𝑗

) ≥
𝑛∑

𝑗=1
𝜈(𝑆𝑗 ). (5.6)

For generalized coincidence of the Choquet integrals and the pan-integrals related to the ordered pair of monotone measures, we 
have the following results, which covers Proposition 4.4 when 𝑚 = 𝜈.

Proposition 5.3. Let (𝑚, 𝜈) ∈ ×. Then the following are equivalent:

(i) for all ℎ ∈ +,

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜈; (5.7)

(ii) 𝑚 = 𝜈𝑝𝑎𝑛 and 𝑚 has (C-P)-property.

Proof. (𝑖) ⇒ (𝑖𝑖). For any 𝐴 ∈, we have

𝑚(𝐴) =

𝐶ℎ

∫ 𝜒𝐴𝑑𝑚 =

𝑝𝑎𝑛

∫ 𝜒𝐴𝑑𝜈 = 𝜈𝑝𝑎𝑛(𝐴),

i.e., 𝑚 = 𝜈𝑝𝑎𝑛. Thus, from Proposition 5.1(i), then

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜈 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜈𝑝𝑎𝑛 =

𝑝𝑎𝑛

∫ ℎ𝑑𝑚 (5.8)
7

holds for all ℎ ∈ +. From Proposition 4.4, it implies 𝑚 has (C-P)-property.
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(𝑖𝑖) ⇒ (𝑖). Note that 𝜈𝑝𝑎𝑛 is superadditive, in fact, from Eq. (5.1) and Proposition 5.1(i), we have

𝜈𝑝𝑎𝑛(𝐴) =

𝑝𝑎𝑛

∫ 𝜒𝐴𝑑𝜈 =

𝑝𝑎𝑛

∫ 𝜒𝐴𝑑𝜈𝑝𝑎𝑛 = (𝜈𝑝𝑎𝑛)𝑝𝑎𝑛(𝐴), (5.9)

i.e., 𝜈𝑝𝑎𝑛 = (𝜈𝑝𝑎𝑛)𝑝𝑎𝑛. This implies that 𝜈𝑝𝑎𝑛 is superadditive, and hence 𝑚 is superadditive. Therefore, from that 𝑚 has (C-P)-property, 
the Eq. (5.7) holds for all ℎ ∈ +. □

Proposition 5.3 implies the following result.

Proposition 5.4. Let (𝑚, 𝜈) ∈ ×. If for all ℎ ∈ +

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜈, (5.10)

then

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑝𝑎𝑛

∫ ℎ𝑑𝑚 (5.11)

holds for all ℎ ∈ +, and hence 𝑚 has weak (M)-property. Moreover, we have

𝐶ℎ

∫ ℎ𝑑𝜈 ≤
𝑝𝑎𝑛

∫ ℎ𝑑𝜈 (5.12)

holds for all ℎ ∈ +, and hence 𝜈 has (C-P)-property.

Proof. Eq. (5.11) is a direct consequence of Proposition 5.3 and (i) of Proposition 5.1. Then the weak (M)-property of 𝑚 follows from 
Proposition 3.3.

Also, by Proposition 5.3 we have

𝐶ℎ

∫ ℎ𝑑𝜈 ≤
𝐶ℎ

∫ ℎ𝑑𝜈𝑝𝑎𝑛 =

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑝𝑎𝑛

∫ ℎ𝑑𝜈,

i.e., (5.12) holds. The (C-P) property of 𝜈 follows from Proposition 4.3, 5.1 and 4.3. □

From Proposition 3.3, we can deduce the following result:

Corollary 5.5. Let 𝜈 ∈. Then

(i) If 𝜈 has weak (M)-property, then 𝜈𝑝𝑎𝑛 has weak (M)-property.

(ii) If 𝜈𝑝𝑎𝑛 has weak (M)-property then 𝜈 has (C-P)-property.

Similar to the above discussions, for the case of the Choquet integral and the concave integral (see [6,5]), we can obtain the 
following result:

Proposition 5.6. Let 𝑚 ∈ be given. If there exists some 𝜈 ∈ such that for all ℎ ∈ +

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑐𝑎𝑣

∫ ℎ𝑑𝜈, (5.13)

then 𝑚 = 𝜈𝑐𝑎𝑣, and

𝐶ℎ

∫ ℎ𝑑𝑚 =

𝑐𝑎𝑣

∫ ℎ𝑑𝑚 (5.14)

holds for all ℎ ∈ +, and hence 𝑚 is supermodular (convex).

Note: The concave integral of ℎ on 𝑋 w.r.t. 𝜈, is defined by

𝑐𝑎𝑣

∫ ℎ𝑑𝜈 = sup
{ 𝑛∑

𝑖=1
𝑑𝑖𝜈(𝐷𝑖) ∶

𝑛∑
𝑖=1

𝑑𝑖𝜒𝐷𝑖
≤ ℎ, (𝐷𝑖)𝑛𝑖=1 ∈𝑐𝑎𝑣, 𝑑𝑖 ≥ 0

}
,

8

where 𝑐𝑎𝑣 is the set of all finite families of sets in  ⧵ {∅}, see [6,5].
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𝜈𝑐𝑎𝑣(𝑇 ) ≜ ∫ 𝑐𝑎𝑣
𝜒𝑇 𝑑𝜈, 𝑇 ∈.

6. Concluding remarks

We have answered an open problem in [9] concerning the (M)-property of monotone measures, and shown a new equivalence 
condition that the Choquet integral and the pan-integral coincide. The generalized coincidence versions of the Choquet and pan-

integrals involving the ordered pair of monotone measures have been also presented.

Note that the discussions in Sections 4 and 5 concern the decomposition systems 𝐶ℎ, 𝑝𝑎𝑛 and 𝑐𝑎𝑣 on (𝑋, ). In further 
researches, we will generalize these results to the situation of decomposition integrals introduced by Even and Lehrer [2] (see also 
[3,12]). As a special case, we look for the necessary and sufficient conditions that the concave integral and the pan-integral coincide 
on general spaces (the research on this topic has been partially discussed in [3,4,8,13,15]). We also study the coincidences of other 
kinds of decomposition integrals, for example, for a fixed monotone measure 𝜈 and different decomposition systems 1 and 2, we 
investigate the equivalence ∫1

ℎ𝑑𝜈 ∨ ∫2
ℎ𝑑𝜈 = ∫1∪2

ℎ𝑑𝜈 for all ℎ ∈ +.
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