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Abstract

We present an approximation technique for solving multistage stochastic
programming problems with an underlying Markov stochastic process. This process
is approximated by a discrete skeleton process, which is consequently smoothed
down by means of the original unconditional distribution. Approximated in
this way, the problem is solvable by means of Markov Stochastic Dual Dynamic
Programming. We state an upper bound for the nested distance between the exact
process and its approximation and discuss its convergence in the one-dimensional
case. We further propose an adjustment of the approximation, which guarantees
that the approximate problem is bounded. Finally, we apply our technique to a real-
life production-emission trading problem and demonstrate the performance of its
approximation given the “true” distribution of the random parameters.
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1 Introduction

Stochastic programming evolved from its deterministic counterpart by the realiza-
tion that the parameters influencing the objective function and constraints are usually
uncertain, coming from the real world around us. Real world applications range from
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economy to biology or logistics and engineering. Developments in this field led to
multistage stochastic programming, which allows for resolving multiple stages of the
decision-making and data processes. Such models capture the dynamics of the under-
lying random process, and we are able to adjust our decisions based on the random
parameters observed so far. Our decisions cannot depend on the parameters which are
still uncertain and will be resolved in future stages; in other words, the decisions fulfill
the notion of nonanticipativity. Even though we can describe this generalization in a
straightforward manner, it brings substantial issues with theoretical properties, random
process models and tractability. The applicability of such models often depends on the
structure of the problem we are trying to solve. Multistage stochastic models have pro-
vided us with valuable improvements over the two-stage models in certain particular
cases, usually involving a complex time-dependent structure. Such examples can be
found, for instance, in finance (e.g. Pflug 2001), energy management (e.g. Pereira and
Pinto 1991) or transportation (e.g. Cavagnini et al. 2022).

There are two usual ways to describe uncertainty in the stochastic programming mod-
els. The first approach is to collect some historical values or experts’ opinions and pro-
duce a discrete distribution that consists of scenarios with assigned probabilities. The
second approach is to assume that the random inputs follow a certain continuous distri-
bution and estimate its parameters from the data or use the experts’ opinions to choose
those parameters. When a continuous distribution is selected, sampling methods are
commonly used to convert it to the discrete version in order to obtain a numerically trac-
table approximation; see, for example, Pflug and Pichler (2014). For large-scale prob-
lems, we are unable to compute precise solutions even for such discrete approximations.

Most of the stochastic programming models optimize the expected outcome of the
random costs or returns. The resulting decisions are optimal on average, but possi-
ble risks are neglected. In many cases, this goal need not necessarily be appropriate
because such decisions could produce a very unsatisfactory performance or, under the
worst-case scenarios, even lead to bankruptcy. First developments in modeling risk
aversion by using utility functions can be found in Bernoulli (1954), or a more formal
and precise description in Von Neumann and Morgenstern (1944). Other significant
ways to produce more robust solutions include mean-risk models. These bi-criterial
models aim to find an efficient solution with respect to maximization of the mean
return and minimization of the risk which is linked to the future uncertainty. Basics
of the mean-risk concept using variance and semivariance as a measure of the risk
were published in the article (Markowitz 1952) and book (Markowitz 1959) by Harry
Markowitz back in the 1950 s. In recent years, risk-averse stochastic optimization
based on various risk measures has been receiving significant attention. The properties
required of coherent risk measures, introduced in Artzner et al. (1999), are now widely
accepted for time-static risk-averse optimization. One of the most popular risk meas-
ures, Conditional Value at Risk (CVaR, see Rockafellar and Uryasev 2002), is known
to satisfy these properties; for an overview of many others see, for instance, Krokhmal
et al. (2011). A number of proposals have been put forward to extend the concept of
coherent risk measures to handle multistage stochastic optimization.

Due to the complexity of stochastic programs, discussed, for example, in Shapiro
and Nemirovski (2005), approximations are often employed. Monte Carlo sampling
and scenario approximations had been used even before they were given the name

@ Springer



Approximation of multistage stochastic programming problems... 2081

of Sample Average Approximation in the article by Kleywegt et al. (2001). Approxi-
mate solutions depend on the particular set of sampled scenarios and are therefore
random in general. Such approximate solutions require statistical validation, which
is usually based on performing multiple replications and examining the stability of
solutions and objective values, see Bayraksan and Morton (2011) for a summary of
available methods. Scenario-based stochastic programs can often be reformulated as
one large-scale standard optimization program, and such a program can be directly
solved by solvers like CPLEX, Gurobi or COIN-OR. The reformulated programs
are usually very large and require long solving times or are not solvable at all. This
aspect led to the development of algorithms which exploit the special structure of
stochastic programs and take advantage of particular properties, such as convexity.
Optimization problems containing integer variables are known to be very hard to
solve in general, and they are, of course, even more demanding in the stochastic set-
ting. Most of the recent algorithms employ a technique of building so-called cuts on
the feasible space or objective function. These cuts are used to eliminate infeasible
or suboptimal decisions, or to approximate the objective function. The basic algo-
rithm-Benders’ decomposition, sometimes called the L-shaped method, was devel-
oped by Benders (1962), see also Van Slyke and Wets (1969). Many improvements
of this basic algorithm have been proposed, especially the multicut method by Birge
and Louveaux (1988), regularized decomposition by Ruszczyriski (1986), and sto-
chastic decomposition by Higle and Sen (1991). These decomposition algorithms
usually provide an approximate solution and control its quality by computing lower
and upper bounds on the true optimal objective value.

The structure of recourse functions in the multistage stochastic programs is
particularly difficult from the algorithmic perspective. If we transform a multistage
stochastic program into a dynamic programming recursion, the last-stage program
can be solved by the algorithms mentioned above. For the preceding stages, we need
to realize that the precise form of the recourse function cannot be obtained, and we
need to rely on its approximation, provided by the cuts. Therefore we are recursively
accumulating approximation error, which leads to slower convergence and requires
further validation of correctness. The basic multistage decomposition algorithm,
Nested Benders’ decomposition (Birge 1985), applied to a multistage stochastic
program, requires computational effort that grows exponentially in the number of
stages. Other important algorithms designed to solve multistage stochastic programs
include extensions of stochastic decomposition to the multistage case (Higle et al.
2010; Sen and Zhou 2014), progressive hedging (Rockafellar and Wets 1991), and
stochastic Dual Dynamic Programming (SDDP) (Pereira and Pinto 1991). SDDP
will be used as the main solution technique for multistage stochastic programs in
this article.

SDDP originated in the work of Pereira and Pinto (1991), and inspired a number
of related algorithms (Chen and Powell 1999; Donohue and Birge 2006; Linowsky
and Philpott 2005; Philpott and Guan 2008), which aim to improve its efficiency.
SDDP-style algorithms have computational effort per iteration that grows linearly in
the number of stages. To achieve this, SDDP algorithms rely on the assumption of
stage-wise independence, which is rarely fulfilled in practice, especially in financial
applications. The requirement of time-independence can sometimes be circumvented
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by a suitable reformulation of the decision problem — see, e.g., Kozmik and Morton
(2015) working with (independent) returns rather than (time-dependent) prices or
(Lohndorf and Shapiro 2019) using artificial decision variables; however, in the
majority of real-life applications, nothing similar is at our disposal. A relatively
recent modification of the SDDP (Philpott et al. 2013), which we call Markov
SDDP, permits the underlying process to be conditioned by a finite Markov chain,
which allows us to approximate a time-dependent underlying process by a hidden
Markov model. However, as the Markov chain has to be sparse for computational
reasons, the original process is approximated only roughly, which may result
in serious errors. When CVaR is used as a risk measure, the discretized version
may completely fail to approximate the original problem because the tails of the
distribution are approximated at most by several atoms, or even a single one; this
feature causes CVaR to degenerate into the worst-case risk measure: instead of a
risk-averse problem, we would thus solve a minimax one.

In this paper, we overcome the latter problem by proposing a novel approximation
technique, which we call smoothed quantization, consisting of two steps at each
stage t. In the first step, the exact (conditional) #-th stage distribution is approximated
by its quantization, i.e., an atomic distribution with the probabilities equal to the
exact (conditional) probabilities of pre-chosen regions surrounding its atoms (see
Lohndorf and Shapiro 2019, Kreitmeier 2011 or Pflug 2001). In the second step, the
quantization is smoothed down by means of the exact unconditional distribution,
restricted to those regions. In result, the shape of the approximation resembles that
of the original distribution with the first-stage approximation being equal to the
original distribution. This approximating process remains dependent on the past
only through a finite number of possible values, which allows us to use the Markov
SDDP to solve optimization problems with time-dependent underlying processes
(approximated by our technique).

To measure the accuracy of our approximation, we use nested distance, denoted
by d, which has been specifically designed for multistage stochastic programs
(see Pflug and Pichler 2012 or Pflug and Pichler 2014). Under certain conditions
mentioned in Pflug and Pichler (2014), Theorem 6.1:

V(&) — (o) < Kd(, ¢) (1)

holds true where § and ¢ stand for the exact process and its approximation,
respectively, K is a constant, and v(e) is the corresponding value function. This
could help us keep the approximation error (the Lh.s. of (1)) under control, but the
above-mentioned “certain conditions” are rarely fulfilled in practice. Even though
we might expect for (1) to hold locally, we demonstrate later that the left-hand side
of (1) is infinite for some approximations ¢. Nevertheless, in our opinion, the nested
distance is still the most suitable metric for measuring approximations of random
parameters in multistage stochastic programming (see e.g. Pflug and Pichler 2016
for relevant arguments).

The computation of the nested distance for general ¢ is intractable and even deter-
mining the optimal skeleton (in a certain particular sense of optimality as described
in Lohndorf and Shapiro (2019)) leads to non-trivial non-convex optimization
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problems. Hence we give up on finding the optimal approximation. Instead, we state
an upper bound of the nested distance between the exact process and its smoothed
quantization and, in the one-dimensional case, we show that this distance converges.
Further, we discuss settings of the approximation’s parameters so that the distance
is kept small, and propose a refinement of the approximation guaranteeing that the
approximated problem is bounded. Finally, we apply our approximation technique to
a real-life optimal production and emission trading multistage problem and test the
performance of the approximate solution w.r.t. the exact distribution of the underly-
ing process.

The paper is organized as follows. After the introduction of the risk-averse multi-
stage problem (Sect. 2) and the discussion of the nested distance (Sect. 3), we intro-
duce the smoothed quantization (Sect. 4) and we discuss the choice of its parameters
and its refinement (Sect. 5). The practical illustration is then presented (Sect. 6) and
the paper is concluded (Sect. 7). Auxiliary results are provided in the Appendix.

2 Risk averse multistage problem

In line with (Kozmik and Morton 2015), we consider the risk-averse T-stage linear
stochastic programming problem:

. / /
inf  p(cyxgs .., cpXy)

st. xy € R‘i", Agxy = by, @)

Xi—1

x, €RY xeF, A[[ ]:b,, 1<t<T.

t

Here, b, € RJO,CO € R% are deterministic vectors, Ay € R/o%do i a deterministic
matrix. Further, for each 1 <t < T, b, € R/ and c, € R% are (possibly random)
vectors and A, € Ri*U-1+4) is a (possibly random) matrix. Symbol ’ denotes
transposition. The dimensions, d,, ...,d; and j, ...,j; are deterministic. Finally,
(F)i=o.... 7 1s the filtration generated by process (A, b, ¢,)g<,<7»> and p is a nested risk
measure defined as

P(2gs - 27) = 29 + 01(2) + 05(25+ + 67(27))), z€F, 0Lt<T,

where, for each1 <t < T, o, is a conditional risk mapping, i.e., a convex, monotone
and translation invariant function from the space of integrable F,-measurable
real functions into the space of integrable F,_-measurable real functions (see
Ruszczynski and Shapiro 2006, Definition 2.1).

One of the most frequent choices for o, is the mean-CVaR risk mapping, defined
as

0,(z) = (1 = DE@E|F,_)) + ACVaR, (2| F,_)), 1<t<T,

where 0 < A1 < 1is a risk-aversion parameter and a € [0, 1) is the CVaR level (see
e.g. Rockafellar and Uryasev 2002 for the discussion of CVaR and its evaluation
within stochastic programs).
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Without loss of generality,l we assume that
Ar = E[(ép 77[), bt = ¢z(‘§t’ nz)’ ¢ = Wt(ét’nt)’ 0<r<T, 3)

where £ is a Markov process taking values in R” with deterministic &), # is a
time-independent stochastic process taking values in R? with deterministic 7,
independent of &, and, foreach0 <t < T, B, : RP*I — RIXUmi+d) ¢ = RPHT — Rir
and y, : RP*7 — R% are measurable mappings.

As it has already been mentioned, the computationally easiest situation occurs
when the random parameter of the problem is time-independent, i.e., £ =0. A
problem with a time dependence may sometimes be reformulated as a problem
dependent only on an i.i.d. underlying process. If, for instance,

b, = B/, + 6,(n,), 1<t<T, )

where B, is a deterministic matrix, &, : R - R/ is a mapping, and
E=C+Dé_+¢€, 0<t<T, for some time-independent vector process € and
deterministic matrices C, D, then b, may be made dependent only on an i.i.d. random
process by adding a vector of artificial variables y, and constraints b, = B,y, + 6,(1,),
y,=C+Dy,_; +¢ for each 1 <t <T. If, alternatively, & = C&,_,¢, is true for a
certain matrix C, then the second constraint would be y, = Ce,y,_;. Unfortunately,
a similar transformation cannot be done for A, or for c,, since for both of them this
would bring multiplication of decision variables into the optimization problem,
destroying its convex structure. That said, many cases of inter-stage dependence
cannot be circumvented by reformulations.

3 Nested distance

In this Section, we discuss the notion of nested distance, introduced in Pflug and
Pichler (2012) and further elaborated in Pflug and Pichler (2014). Contrary to
Pflug and Pichler (2014), we do not proceed in full generality; instead, we restrict
ourselves to distributions of vector-valued stochastic processes, and we take the /,
norm as the only distance function. The main reason for choosing /; is the fact that
it can be expressed as a sum of its one-dimensional counterparts, see below or Smid
(2009) for detailed explanation.

Nested distance is defined by means of conditional probabilities. Before proceed-
ing, let us recall that, having two measurable spaces (A, .4) and (B, B), the condi-
tional distribution of a random element @ € A given a random element f € B may
be understood either as a collection of random variables (P[a € S|c(B)],S € A), or
as a random measure, i.e., a mapping p(s|Aa) : A X B — [0, 1] such that, for fixed
b € B, u(e|b) is a probability distribution and, for fixed S € A, u(S|A) is measurable
(see Kallenberg 2002, Chap. 1.). In the present paper, we understand conditional
probabilities in the latter sense. Moreover, once p(e|A) is the (random-measure

! Recall that non-Markov processes may be transformed to Markov processes by adding their history
into the state space.
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. . C . def
version of a) conditional distribution of & given f§, we put Pla € ¢|f = A]= (o] a),

Pla € o ﬁ]d=ef;4(-| p) and, by writing u(A), we mean the mapping from B into the
space of probability distributions on A defined by p.

Until the end of this Section, let p € N\ {0} and let £ and ¢ be processes
defined on {0, ... T'} taking values in R” with deterministic &, = ¢, and with finite

first moments. Further, for any collection (x, ..., x,) where x, € R?, 0 < 7 <1, put
_ def def
x,=(x,...,x,), and put p,=Tp.

Definition 1 Let B”d;fB(RP) be the Borel sigma-field on R”. Let P and Q be
probability distributions, both defined on (RP, 7). A probability measure 7 on
(R? x R?, 37 ® 13°) is called transportation from P into Q if P and Q are its mar-
ginal distributions, i.e.,

7[A X RP] = P(A) ®)
for each A € B’ and

7[R? X B] = O(B) (6)
for each B € B.

Definition 2 Let £(X) denote a distribution of random element X. A probability
measure z on (R?r, B(R?r)) is called nested transportation from L(€) to L£(¢) (or,
briefly, from &£ to ¢) if, foreach1 <t < T, n(&,.¢, € -|§t_1,E,_l)2 is a transportation
from P[, € «|&,_]into P[g, € «|c,_;].

Definition 3 The nested distance between & and ¢ is defined as

A, ¢) = inf / =it dy)
T JR

2

s.t.  is a nested transportation from ¢ to ¢,
where ||x]| = X7, x| forany x = (', ... ,x") € R".
Remark 1 For T =1, d coincides with the Wasserstein distance, which we later

denote by d (see Pflug and Pichler (2014) or Villani (2003) for the definition and the
properties of the Wasserstein distance).

2 Understanding 7 as a distribution on (RP)?7, n(&,.¢ € -|EH ,G,_1) denotes the conditional distribution
of components (¢, T + ¢) given components (1, ...,t = 1,7+ 1,T +¢—1).
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Remark 2 Our definition of nested distance is equivalent to that from (Pflug and
Pichler 2012). In particular, our Definition 2 is equivalent to Definition 1 from
(Pflug and Pichler 2012) with Q = Y = RPr, F, = G, = B @ {#, R}?r P therein.?

Proof See Appendix B.1. O

The following Proposition, similar to Pflug and Pichler (2014), Proposition 4.26,
provides an upper bound of the nested distance between two Markov processes.
Recall that the process & is Markov if, for any t = 1, ..., T, the conditional distribu-
tion of ¢, given &,_, depends only on &,_, (below, we call such conditional distribu-
tions Markov).

Proposition 1 Let & and ¢ be Markov processes. Denote y,, ..., yp, and v,, ..., vy the
probability distributions ruling &, ¢, respectively. Let

d(/’lt(x)’ ,blt(S)) < Kt”x - S”, X,8 € Rp’ << T? (7)

for some constants K, ..., Ky > 0. Then, foranyl <t <T,

d(&,.S) <(1+K)d(E,_1,S,_1) + Ed(u, (6, 1) v, (6i1))

d 8
S Zl < H (1 + Ki)>|Ed(MT(gT—1)’ VT(gT—l)) ( )

i=t+1

where [['_. (1 + K;) = 1 by definition.

i=t+1

Proof See Appendix B.2 O

4 Smoothed quantization

As stated in the Introduction, our motivation is to construct a continuous
approximation for a time-dependent stochastic process which will depend on the
past information only through a finite set of possible values. The present Section
introduces a technique leading to such an approximation, which we call smoothed
quantization, and discusses some of its properties.

Definition 4 A collection C = ({Cy, ..., C.},{ey,...,e,}) is a covering of RP (with
representatives) if Cy, ..., C; C R? are disjoint measurable such that R” = | J, C; and
e, €C,1<i<k

The covering is rectangular if

3 To be exact, the definitions are equivalent if the feasibility conditions in Pflug and Pichler (2012) are
understood in the sense that regular versions of the conditional probabilities exist and fulfill the required
conditions for each measurable set (see (Kallenberg 2002), Chap. 6., for the discussion of the regularity
of conditional probabilities).
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K%“”Q}=H44mpxmxkﬁpiﬁlgqshpwlsgsgL

wpmmg=u4wq{y1gqgh”wlggggh

for some kl,...,kpeN, where —oo:c{)<e’i <c’i $e£<-~-$ei <cjl;=oo,
G G

1 <j < p. Here, by writing [—oo0, ¢), we understand (—o0, ¢) for any ¢ € R.

Definition 5 Let u be a probability measure on R” and let
C=({C,....,C ). (e, ... e )

be a covering of R” with representatives. A probability measure # on R” is called
quantization of u defined by C if

Ole} = u(C), 1<i<k

The following Proposition discusses computation of the Wasserstein distance
between u and 0 when C is rectangular:

Proposition 2 Let { be a p-dimensional real random vector with distribution u hav-
ing finite first moments of its components, let C = ({C,, ..., C;}, {e, ..., e, }) be a
rectangular covering of RP and let 0 be a quantization of u defined by C. Then

P P
d(g,0) = Y d(',0) = Ell¢ —e(@)ll = Y EIC = €', ©)
i=1 i=1

where e(¢) = Z;;l ej’?lcj(-) and, for any 1 < i < p, y' and 0' are the i-th marginal dis-
tributions of u, 0, respectively, ¢ is the i-th component of ¢, and
€l(e) = Z]]i] e}l[cg 1 ) (*). Here, 14(e) is an indicator function of a set S.

- =170

Proof See (émid 2009), Definition 4, Lemma 4 and its proof. O

Coming to the topic of the present Section, let £ be a Markov process on
{0, ..., T} taking values in R” with deterministic &, and with &, ..., &, ruled by
the set of (Markov) probability distributions g, ..., 4y, respectively. Assume
Ell& ]l < o0,...,El|ér]l < 0. We approximate & in two steps: first, we define a
discrete “skeleton” process £, and then we “smooth” the skeleton in order to get
the final approximation ¢.

Strictly speaking, we choose a suitable collection of rectangular coverings of
R? with representatives:

def
C=(y.Cy,....Cp), Co = ({& 1, {RP)),
Ct = ({Ct,l’ cee ’Ct,k,}’ {et!l, e ’el,k,})’ 1 S t S T,

next we put
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g9 = &, So = &os

and, finally, for any 1 < ¢ < T, we define (the conditional distributions of) €, and ¢,
as

[F[’[gt = 'lct—héz—l] = 91('|6z—1)’ (10)

k[
_ _ . def .
Plg, =¢8] = 00y, ()= Y il¢ (o), (11

i=1

where, for each1 <t < T and any representative e of C,_;, 6,(e) is the quantization of
u,(e) defined by C, and

_ ﬂ[(‘ N Ct,i)

def
i(0) = ——F—, i, =L(&),
1, Mt(cl’i) Mt él

with g = 0, is the smoothing distribution. Note that, for each i and ¢, |a)“~| < 1and
support(®, ;) € C, .

Definition 6 We call ¢ smoothed quantization of & defined by €.

Let us describe our technique informally. As ¢, =&, = ¢, are deterministic,
fi = u(ey) holds true, so the approximation of & by ¢, is perfect. The best
approximation of the conditional distribution of &, given a past value x of & would
certainly be p,(x); however, as we want to have only a few values the future can
depend on, we use the “second best” choice to condition u,: a representative
e of a region in which x lies. So we quantize u,(e), and we consequently obtain
(conditional) probabilities of e, , ..., €, ;,. We could now smooth the approximating
distribution by means of p,(e) to get the exact approximation of the conditional
distribution, yet with a different condition. However, the smoothed distribution
would then depend on both €; (determining the shape of the distribution) and
€, (determining the region we truncate it to), which would mean k; X k, different
distributions at ¢ = 2 hence k; X k, sets of cuts in the SDDP algorithm (see below).
By using the same smoothing distribution regardless of the condition (the truncated
unconditional one), the number of possible distributions, hence of the cut sets, will
be equal only to k, att = 2.

Next, we summarize some basic properties of the smoothed quantization.

Proposition 3
(i) € is uniquely defined by ¢. In particular, for eachl <t <T,

kl
def
e=elc) =Y el (s),
i=1
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(ii) ¢ is Markov, ruled by distributions

kl
V1) = Y 0, u(Cple(s),  SER’,  1<t<T,
i=1

(iiiy foreachl <t <T,v/(e)is constant on any C
Vt(gt—l) =v(&,_)),
(iv) &,=¢, (meaning that the distributions of the left-hand side and the right-hand
side agree),
(v) L(¢) does not depend oner, ..., er .

1> 1 1<k, y; in particular,

Proof

(i) isclear.

def
(i1) Denote 1t;it(£t), 0 <t <T.We have

— 0] — — — - = —
P[gt € .lgl—l]zlp[gt € °|g[_1’et_1] = [E([I:D[g[ € °|g,_1,£,]|€,_1,6,_1)
an &
=E@,, (S, 1.8 = ), &, ()Pl =i[5,_.5,]
i=1
(10) ¢ 0]
= 60,,,‘(0),11((;,’,'|6,_1)=V,(°|C,_1).
i=1
(iii) follows from the definition of v, and from (i).
(iv) follows by substituting.
(v) is clear from (ii).

O
Equations (10) and (11) give us instructions how to simulate the process ¢: at
the #-th time step, a value of ¢, is drawn from 0(e|e,_,) first and, consequently, g, is
drawn from o, ,,. Alternatively, as the distribution of ¢, depends on the past only
through €,, we can generate the skeleton process first and smooth it afterwards.
For better understanding, we graphically illustrate our construction using an
example with 7 =2, k; =2, and k, = 3 in Fig. 1.
Before determining an upper bound of the approximation error, measured by
d(¢, ¢), we assume, without loss of generality, that

& =8¢ U, 1<1<T, (12)

where U,,...,U; are iid. and g,,...gr measurable (see (Kallenberg 2002)
Proposition 8.6 for the proof that such a representation always exists).

Theorem 1 Let there exist a measurable function h, with Eh(U,) < oo for any
1 <t < T such that
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1,2
le °fc° Cus
-~ ¢ *
=~ ~ | -
-
<‘.:1:61,1

s

7y

Fig. 1 Smoothed quantization—illustration. Realizations of e: circles, realizations of ¢: squares, quantized
(conditional) distributions: blue, (conditional) distributions of ¢: orange. Succession of simulation: green

arrows

”gt(x’ M) - gt(y’ u)” S ht(u)”x _)’”, x’y e RP’ u e Support(Ut)' (13)

Then, foranyl <t <T,

d&,.S) <(1 +K)d(E,_.5,_) + KEllg,_, — &,
+ Ed(p,(g,_1), vi(g,_1))

=1 p ke

DI / =€l lg. o, ()
=1 =l
' k1
+ Z A Z G194 (e s velery ),
= =

where
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K, =Eh,(U,), 1<7<T,

t
=Ky [Ja+k),  1gc<i-1,
=742
t
A,:H(1+Ki), 2<r<1,

i=t+1

, def
with H;=S+1 xi; 1; here, for any 1 <t <t,1<k <k, q,; =Ple, =e, ], and, for

anyl <i<p, co‘T . I8 the i-th marginal distribution of w_ .
Remark 3 (13) holds if

() & =C+Dé_, + U, (with h,(u) = ||D])).
(i) & =U¢,_ andE||U,|| < oo (with h,(u) = |Jul).

Proof As, by Lemma 2 in Appendix and (13),

A0, (). 1, () < / lgCr. 1) — g )| £(U,) ()

(16)
<llx—yll / hLU)(du) =K llx—-yll.  xyeR”,
(7) holds true. Consequently, by Proposition 1,
. 5) < (1+ KA1, Smp) + Ed(p, (6. vi(6my)- a7

Using the triangular inequality, Proposition 3 (iii), and (16), we have
d(ﬂz(gt—l)’ Vz(gz—l)) S d(#t(gt—l)’ ﬂz(ez—l)) + d(ﬂ[(gt—l)’ Vz(gt—l))
S KtIE”gz—] - Et—l “ + d(/’lt(gt—l)r V[(gt—l))-
Combined with (17) we get (14).

Further, by induction, using the facts that &, = £, and d(E, ,¢1) = 0 (by Proposi-
tion 3 (iv)), we get

t—1 t

dE.3) < ) kEllg, — .l + D AEd(u,(e,_). v, (e,))
=1 =2

which proves (15) since

ke
[Ed(ﬂr(gr—l)’ Vr(e-r—l)) = Z qr—l,id(/’lr(er—l,i)’ V-r(er—l,i))

i=1

and
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Prop. 3()
Ellg, — &l Ell¢, — e (¢l = E(Ellg, — e (¢)llg—1)

Pmp 3(iii)
([ = el @ste, )™= - el @,
ke kr
~Sa. 2 (Coler) [ e, o)

k=1

G =Dk 9r— 11<ﬂr(Cu|<’1 16)
Z% lls = e, llo, (ds)

5o o

Prop 3(ii)

i
<

O

The next Theorem provides conditions for convergence of the smoothed
quantization in the one-dimensional case.

Theorem 2 Let p = 1. Assume (13) and let the unconditional distributions ji,, ..., fi,
be absolutely continuous such that their tails

T,(x)= max(f, (—o0, —xl, i, (x, ©))

are O(x ), t = 1,...,t, for some a > 1. For each 1 <t < T and for each covering
with representatives C = ((C, ..., Cp), (e, ... , €})), denote

DE)Zd(p,(+). 6,(+). (18)
def
ém=2m@M/u—%mwm (19)
=2
FOEuC s, GO u(Cul. (20)

and assume that D€, EC, FC, and G are Lipschitz (their Lipschitz constants may
depend on C). Then there exists a sequence €, C,, ... of collections of coverings

such that d(ET,E(;") — 0, where, for any covering collection €, ¢® is the smoothed

quantization of ET defined by G.

Proof Let €C=(,....Cr) be a collection of coverings. For any 1 <t < T, let RC
and T be the L1psch1tz constants of D EC , respectively and let SC be the common
Lipschitz constant of F . and G, . First we show that, for any 1 <t < T, it holds that
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—G

dE,.T0) < 2dE, €,E)) + (1 +2K)AE,_, T, )

Cz 1 cr Ct Ct = = (21)
HRS + 5@ + W) + TO + K)AE,_,. 5 )
L1 5 (—cox|dx f[.m i, (x,00)dx
where @0 = La Aok g€ T , and it holds that
/4,(—00,‘3,,1] ”r(cr,k,—l’oo)
< =6 c, z  =¢
d¢,.e,) <d(. (&) + (K, + R+ 1d(&,_,¢,_))s (22)

where £¢ the skeleton process defined by €. To this end, fix € and agree to omit
the superscripts indicating the coverings. We prove (21) and (22) simultaneously by
induction.

Clearly, (21) and (22) hold for ¢t = 1 (by Proposition 3 (iv)).

Let t > 1 and assume (21) and (22) to hold for ¢ — 1. By the Lipchitz property
of D,, Proposition 2 and Kantorovich-Rubinstein Theorem (implying that
Ellx — y|| < d(x,y) for any x, y with E||x|| + E||y|]| < oo, by Pflug and Pichler (2014)
Theorem 2.29),

IEDt(gt_l) < IED[(&;-]) +RZ[E||§t—l — & ”
N —
= Ed(u,(§,-1). 0,(5,1)
= EENlE, = eEDIE-1)) (23)
= [E”é - €[(§[)” = d(éts et(é))

< d(":gn €t(§t)) + th(gt—l > 6[_1).

Further, by Proposition 2 (note that 6,(¢,_,) is the quantization of v,(g,_,)), the
Lipschitz properties and the K-R Theorem again, we get

rop. 2

P &
IE(d(V[(gt—l)a 0{(61—1))) = E(Z )uz(ct,ilgz—l)/ |-x - ez7i|wt’i(dx))
i=1

=®,EF,(¢e,_))+EE,(e,_)) + ¥, EG,(g,_))

24
< B EF (6 1)+ EE() + W EG (6 ) +U,0E 1 ), .
=d(§:gf(§,))
U =S(@,+%¥)+T,
Thus,
- _ (14), Prop.2 _ _
d(gp gt) S (1 + K[)d(gt—l ) gz—]) + sz(gt—] s E[—]) + IEd(M[(Ef—l)’ V[(Et—l ))
triang. ineq.

< (1 + Kz)d(gt—p Et—l) + Kt(d(ét—l’ gt—l) + d(ft—ls st—l))
+  Ed(u(e).0(e))  + Edv(e0).0/(60)) s

v~ g

@3 @4
< A6 EN+RAE 1£,1) <A e EN+HUAE 1£1)

giving (21) by Lemma 3 in Appendix.
The proof of (22) is simpler, based on the fact that
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d,_.& ) < 1+ K)(E,_,€,_) + Ed(u,(e,_), 0,(¢,_1)),

which may be proved analogously to (14) of Theorem 1 and implies (22) by (23) and
Lemma 3 in Appendix.

Therefore, both (21) and (22) have been proved.

Next we show that, for each 1 <t < T, there exist a series of covering collections
¢,,C,, ... such that

dE.T) -0,  dE.2) -0 (25)

Clearly, (25) with t = T proves the Theorem. We shall proceed by induction while
for t = 0, (25) holds trivially.

Let t > 0 and assume (25) to hold for 7 — 1, i.e., that there exists a sequence
D, D,, ... of covering collections such that (25) holds for # — 1 and D, instead of ¢
and €.

First, let C, = ({Ci,..., C;;i}, {el.....e }) i€N, be coverings such that

lim; d(&;, ¢;,(§,)) — 0 where ¢;,(s) = Z e lc‘( ): their existence is guaranteed by

Smid (2009), Theorem 1. For each n € N, let i(n) be such that d(&,, €, (&,)) <-
Next, for any n € N and any covering C, put

8¢ = (1 +2K)d(E,_1.S,") + (K, + RS + max(1, SS(@C + ¥) + Tc))d(é,_l, ")
(26)
and note that 5C — 0 by the induction hypothesis. For each i,n € N, let j(i, n) be

1
such that 5 i n) <o

Finally, for any n, put €, = Djin.m» Cigny)- By substituting into (21), we get

Co 1

AE.T") < 20 € (&) + 00, ) < = @7

Similarly we get, using (22), that d(E,,EtG") < %, which, together with (27), proves
(25). O

The next Proposition states sufficient conditions for (18)—(20).
Proposition4 Let p = 1l and, for each1 <t < T, let

G, (x[) = p,(—c0. x11y)

be differentiable in both x and y such that, for each x and y,
0
|G| < A
y

for some unimodal h(e,y) with / h(x, )dx and max, h(x, ) uniformly bounded. Let
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o [€ <9
P /_ N G, (x|y)dx = / ) a—yG,(ny)dx

and

ai / [1 -G, (x|y)]dx = — / iGr(XIy)dx
y Je c 0y

for any ¢ € R. Then the Lipschitz properties of (18)—(20) hold true.

Proof Fix 1 <t < T and a covering C and agree to omit corresponding indexes. Let
y € R. By Vallander (1973) (or perhaps (Pflug 2001)), we have

D) = [)(y) + - + L),

where

Io(y) = / | Gxlyydx, — Ly)= [ [1—G(x|yldx,

© e

1) = / [G(e,ly) - Gyl + / "Gl - Gelyidx,  1<i<k—1.

Denoting g(+]y) = 5 G(+[). we get

L) = / ghxlydx, L) =~ / gx|y)dx,

© k

) = - / ey

i

+ / ) g(xly)dx + [(c; — ;) — (e, — c)1g(cyly),

i

1<i<k-1,

SO

- k=1
[200)| < | letlas+ Fce = e+ (e - sl
—c0 i=1

k-1

< /h(x,y)dx+ 22 leir) — ellh(c;, y)| < /h(x,y)dx+ Z/h*(x,y)dx,
i=1

hx+e,y) x<m-—e
h*(x,y) =4 maxh(e,y)y m—e <x<m+¢é
hx—2&y) x>m+e
(23)
where m is the mode of A(e,y) and & = max,_; ;. le;; — ¢;| (we have used the
fact that h(e,y) is non-decreasing up to m and non-increasing from m). Clearly,
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[ h*(x,y)dx < [ h(x,y)dx + 2¢ max h(s,y) which, together with (28), proves (18) as
both f h(x, y)dx and max h(e,y) are uniformly bounded, hence the derivative is uni-
formly bounded and the Lipschitz property of D holds.

As for (19), we have

k—1

EG) = Gleily) | 6= (@) + TG - Gle by [ b= elaga
€ i=2 Ci—1

+ 1 = Glely) / (e — X)vy (dx)

SO
5 o k-1 e
‘a_yE(Y)’ < h(cl,y)/ (c; —eF(dx) + Z(h(ci,y) + h(ci_l,y))/ (¢; = ¢;_aw(dx)
€ =2 Cio1

+ h(ck—l’y)/ (ex — Chy) @y (dx)

k=1
< h(Cl’Y)(Cl - 61) + Z(h(ci,y) + h(c;_lay))(ci - C,‘_l) + h(ck_l’)’)(ek - Ck_l)
i=2
which implies the Lipschitz property of (19) by applying a similar trick as in the
case of D to the middle term.
Finally, as 4 is uniformly bounded, so is the derivative of G and the Lipschitz
property of (20) holds. O

Example 1 Let p =1 and let & be AR(1), i.e., & =a&,_; +¢€,, 1 <t <T, where the
c.d.f. F of ¢, is differentiable with F’ = f unimodal. Then

G (xly) = F(x — ay), %Gf(xm = —af(x — ay),

so we may choose h(x,y) = |a|f(x — ay), giving f h(x,y) = a, max h = |a| max f.*
Thus, by Proposition 4, the Lipschitz properties of (18)—(20) hold and, consequently,
Theorem 2 holds once the tails of each Y _, a'"¢,, 1 <t < T, are O(x~®) for some
a > 1, which is true in most cases because the converse would imply infinite second
moments.

* The change-of-derivative condition is met as

c c—ay c—ay c
9 / F(x — ay)dx = 9 / F(z)dz = —aF(c — ay) = —a / f(@dz=—a / f(x —ay)dx
0y J 0y J_o —c0 —co

and similarly for the upper tail.
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Example 2 1f ¢, = &,_ ¢, then G,(x|y) = P[e, < 5] = F(;—f) where F is the c.d.f. of ¢,.
Here, unfortunately, Proposition 4 cannot be used because
/ %G,(xly)dx = —Viz [F (i)dx = —% is unbounded. We can, of course, assume &, to
be a random walk and modify the mappings ¢,,y, and Z, in (3) (i.e., use ¢, (e, u)
instead of ¢,(x, u) etc.); however it is not guaranteed that the nested distance of the
exponentials would converge, too.

Remark 4 A version of Theorem 2 for p > 1 can be formulated for the price of more
complex notation; however, a counterpart of (19) seems impossible to be verified
even for the auto-regression as the probabilities g, are involved.

Finally, we prove that the nested distance does not increase when we consider the
i.i.d. part of the underlying process, which is not approximated.

Proposition 5 Let n be a process taking values in R? with deterministic 1y, such that
Eln and ¢y, where 1L means independence. Then d((¢, 1), (¢,1)) < d(§,¢).

Proof See Lemma 4 in Appendix. a

5 Approximation of the multistage problem

The question we deal with in the present Section is the choice of a (rectangular)
covering collection € = (C,,...,C;) so that the smoothed quantization ¢ of &,
defined by € is suitable and as exact as possible.

The first thing to be taken into account is computability. Within the plain
SDDP, T — 1 collections of cuts, approximating the cost-to-go functions, are main-
tained, and each of these collections is updated during each backward pass, while,
in our implementation of Markov SDDP, the number of the cut collections equals
K= Z,T: ko= Zszl le k, ; (the total number of the skeleton processes atoms) and,
during each backward pass, only one collection per stage is updated. Therefore, it
could be expected that the time complexity of the solution will be roughly linear in
k. Taking into account that a solution of a single problem by the plain SDDP could
take tens of minutes on a regular PC (with processor Intel Core 5 and 16 GB RAM),
it is clear that the numbers k,; cannot be large, especially given multidimensional
£,, and even in the one-dimensional it would be very time consuming to exploit the
asymptotic properties we proved. In any case, the number of the atoms is limited by
our computational resources.

Having determined the numbers of the atoms we can computationally afford, the
next step is to choose the frontiers of the covering sets and their representatives.
As we have already premised, we find it reasonable to choose these parameters so
that d(¢, ¢) (hence d((&, #), (¢,n)) by Proposition 5) is minimized. Unfortunately,
such minimization is a very complex task, even if we resort to the minimization of
the upper bound (15). That said, finding the optimal representatives with respect
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to (15) with the frontiers known is a complex, possibly non-convex problem: the
second part of (15) and the dependence between the stages being due. However,
if we believe that the distributions w,;(¢|e) approximate the normalized versions
of pu,(e N C,;le) well, then we can regard the second part of (15) less critical and
concentrate on the first part; contrary to the whole expression, finding the optimal
representatives (with the frontiers known) is easy here as we minimize a sum of
terms

kT
Y [ b= el lae ol o = / = Y i
Jj=1

el =Crik
where e, ;, ... e, are the possible values of e . It is well known that (each term
on the) right- hand side is minimized by e = medlan(w )

Unfortunately, as we have premised, not all ¢’s w1th a reasonable value of the
nested distance are suitable for the approximation of Problem (2). In particu-
lar, it may happen that, unlike the original problem, the approximate version is
unbounded. To illustrate this possibility, consider a (hypothetical) asset-liability
problem in which it is necessary to satisfy a random liability, no greater than some
constant b, at the time T by means of buying an asset at the times O, ..., T — 1. Say
that the decision criterion is a nested mean-CVaR and that, in line with Efficient
Market Hypothesis (see Cuthbertson (1997)), the asset prices form a martingale
(see Kallenberg (2002), Chapter 7). Given these assumptions, there is no reason to
buy more assets than b, because buying more than b assets up to 7 — 1 and selling
them at 7 would (possibly) increase risk (CVaR in our case) without increasing the
mean value. However, as our approximation uses an “incorrect” conditioning value,
it can happen that, despite the true price process being a martingale, the approxi-
mated one is a sub-martingale, i.e., the prices increase on average (to see it, recall
that E(¢,,;|¢, = ) is a piece-wise constant by Proposition 15 (iii), so E(¢,,(|¢,) # ¢,
almost surely once w’s are absolutely continuous). If this (false) increase is high
enough and/or the risk aversion is small enough, then, within the approximating
problem, it could be “reasonable” to buy unlimited amounts of the asset to sell it
at T. In result, these (false) arbitrage opportunities can completely overshadow the
asset-liability management since the profits from the “speculation” would be unlim-
ited. Clearly, to avoid this problem, the approximation has to be modified.

Proceeding generally, we start by giving a simple criterion, which, if fulfilled,
guarantees boundedness of p in Problem (2) from below, which, among other
things, precludes arbitrage.

Proposition 6 Let there exist integrable random functions f, : R%* - R, f, € F,,
0 <t < T, and a constant y such that, for each feasible policy x,

or(c xr) 2 fr_y(xr_y) (29)

o,(c' x, +f,(x) = fio (x,_y)s 1<t<T, (30)
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chxo + o) > 7. 31)

Then the optimal value of (2) is bounded from below by y.

Proof Follows easily by gradual application of (29)— (31) to the criterion of Problem
(2). O

Corollary 1 Let 0,(z| F,_,) = E(z|F,_,) for any F,-measurable random variable z and
any1 <t < T and let (29)—(31) hold with E(e|F,_,) in place of o,(e) for any t. Then
the optimal value of (2) is bounded from below by y.

Proof Follows from the fact that

P(CXgs +ov s CpXy)

> coXo + EC.. E(ch_yxp_o + E(cp_1xp_y + ECxp | FroDIFr DI Fros) 0.

O

Remark 5 The mean-CVaR risk mapping fulfills the assumptions of Corollary
1. Indeed, as CVaR is the mean of the right tail distribution (see (Rockafellar and
Uryasev 2002)), which is easy to show to first-order stochastically dominate the
one from which it is computed, we have CVaR(z|F) > E(z|F) and, consequently,
mean-CVaR(z|F) > E(z|F) for any z and F.

The way of finding an approximation ¢ such that the boundedness criterion is
met clearly depends on the structure of the approximated problem. As we will see
in the next Section, one of the conditions guaranteeing the boundedness of the
Problem (2) with p = 1 could be

OB 1E ) <&y, 1<t<T, (32)

where ¢ is a discount factor. Now say that we have a smoothed quantization ¢
for which (32) does not hold and we look for a refined Markov approximation y
fulfilling (32) which is “similar” to ¢ in the sense that it is ruled by conditional
probabilities @, ..., @y such that, forany1 <t < Tandl1 <i<k,_,,
(i) w@,(s)isconstantonC,

(i) @, (sle, ;) = Zj ﬂt,i‘ja);‘j(-) for some discrete distribution r,; ,

where, for any j, w; ; is a distribution with support(w:J) C C,;. It may be easily
seen that such a process fulfills (32) if

0 ; 7o, <dy . 1<i<k , 1<t<T, 33)

where, for any 7, d_ , = inf(support(w] ) and d,; = c.;, 1 <j <k,.

7y°
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One way to guarantee that such y is close to ¢, for each 2<¢<T and
1 <i<k_y, is to find 7, ..., 7, so that d(f,(e,_,;),9,;) is minimal, where

9,; is the distribution with atoms e, ;,..., e, and corresponding probabilities
Tpjts - Tyig» 1.€., for each i and 7, to solve the transportation problem
ko &
|e — e lrix (34)
7r>0rk>01 Sjksk, & = LR
kl
k
st re=wu(Chle ),  1<k<k
=
L K (35)
!/ — .
d_ ;120 Z ”j[sz,i’ ;= Tiks 1<j<k

=1 k=1

and set Ty = ﬁj, 1 <j<k, where 7, ... ,7%,([ is the optimal solution of Problem
(34). Note that this does not have to be done for t = 1 as the approximation is perfect
here. For all the Problems (34) to be feasible, it should hold

dp 19> 0Ew),, 2<i<T (36)

because otherwise no combination of ..., would exist satisfying (35). To
guarantee (36), we may set

o =6, @y=e; 1<isk, 1<i<T, (37)
which implies (36) given that
eg 2 0e 220 e (38)

In order to have y as similar as possible to ¢, we may set ¢, so that P[&, < ¢, ;] is
negligible foreach1 <t < T.
Finally, we summarize our approximation algorithm:

Algorithm 1
1. Determine suitable rectangular sets (C; ;) <i<r 1<<r
2. Foreacht=1to7T — 1
3. Foreachi=1top
4. Foreach j=1tok,;
5. Put ejl = median(wb)
6. End For
7. End For
8. End For
9. Construct the smoothed quantization ¢ of ¢ defined by C, and
e..
10. If ¢ is suitable
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11. Solve Problem (2) with ¢ instead of &

12. Else

13. Refine ¢ to get a suitable approximation y
14. Solve Problem (2) with y instead of &

15. End If

When p = 1, a procedure constructing y fulfilling the suitability condition (32) with
¢ < 1 may be as follows

Algorithm 2
1. Let ¢ be such that P[&, < c]is small foreachl <7< T
2. Let e be slightly smaller than ¢
3. Foreacht=1to T
4. Add c to the collection ¢,
5. Add e to the collection e,
6. Determine w;v. according to (37)
7. Putp, ;i =p(Cyle 1)1 <j<k, 1 <i<k_,
8. End For
9. Foreacht=2to T
10. Foreachi=1tok,_,
11. If@/xwt(dxlet—l,i) >e
12. Assign p, ;, the optimal solution of Problem
(34)
13. End If
14. End For
15. End For

Remark 6 “Suitable rectangular sets” may be determined according to (proofs of)
Theorem 1 or Lemma 5, both from Smid (2009).

Remark 7 1f p=1 then &, ;=q 0, 1=<j<k, 1<t<T-1 so
median(®, ; ;) = median(w, ;), depending neither on g, , nor on .

6 Application

In the present Section, we illustrate our approximation technique by a simplified version
of a production-planning emission-trading problem of a steel company, published
in Zapletal et al. (2019). The company produces four products made out of five raw
products, and buys necessary carbon allowances on a secondary market. The subject of
their decision is the production and the timing of the allowances purchase. The decision
problem is as follows:
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infp(_z()’ ey _OTZT)
st. o €R, zyg=—Pysy,
Z€R, z,=Mx_,—Ps, 0<:<T,
4
x,e[R+, x, <D, 0Lt<T,
ywER, y,=rx, y<w 0<r<T, (39)
uo (S R+, u() = So,
u, € R, ut=u,_1+s,—h'yt_l, 0<t<T,
s;€R, 0<Zt<LT,
Any variable indexed by ¢ is F, — measurable, 0<t<T.

Here, p is the nested mean-CVaR risk measure. The decision variables
include: z, — the monetary income of the company, x, — the final production, y,
— the raw production, %, and s, — the numbers of the allowances held and purchased,
respectively.
The constants include: r € R™* — the production matrix, w € R> — the raw
production limits, & € R’ — the vector of unit emissions, ¢ € R — the discount factor.
As for the random parameters,

2
P, R, Pt=Pt_1exp{—%+vV,}, 1<1<T,

is the process of the allowance prices, where V|, ...,V are i.i.d. standard normal
random variables and v > 0 is a parameter. Note that P, is, in fact, a discretized
martingale Geometrical Brownian motion with a volatility of v.

Further,

M, eR*, M, =[l+oU]l,nu, 1<t<T,

is the random profit from production where € R*is a constant vector (equal to the
mean prices) and Uy, ..., Uy are i.i.d. standard normal, ¢ = 1, ..., T (note that M, are
iid.).

Finally,

D,eR*,  D,=d, D,=05D,_; +0.5(d+E,), 1<t<T,

is the process of demand with d being a constant vector and E, is binomial sym-
metric with its atoms set so that the unconditional variance matrix equals 4% of the
demand process from Zapletal et al. (2019), Sect. 3. For the values of the constants
and for more details, see (Zapletal et al. 2019).

In the present Section, we deal with the instance of Problem (39) with T =2,
p being the nested Mean-CVaR risk measure (with 4 = 0.5 and @ = 0.2), o = 0.96,
o = 0.0325, v = 0.439 and P, = 24.29 EUR (the price valid in November 2019). All
these values have been estimated from real-world data (see (Zapletal et al. 2019)).

The simplifications we made in comparison with the original problem from
(Zapletal et al. 2019) in order to be more illustrative are as follows: our problem
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is one stage less, we do not allow derivatives, no allowances are granted for
free here, and the distributions of the random parameters are rescaled (in order
to accommodate the allowance price increases in comparison with the time of
(Zapletal et al. 2019)). Moreover, to be able to estimate the criterion better, we set
the CVaR level to 0.2 rather than 0.05.

As the random parameter D, lies on the right-hand side of the constraints, it
may be expressed by means of an artificial decision vector d,. After doing this
and some substitutions, the decision problem is transformed to:

. T

infp(Pyuy, —0zy, ..., —0" 27)

st. z€R, 7, =Mx,_ =P, —u_+hrx_), 0<t<T,
x,e[Ri, x, <d, rmx,<w, 0Zt<T,

u, €R,, 0<t<T,

ur =0,
d,=05d,_, +05d+E), 0<t<T,
do = d,

Any variable indexed by ¢ is F,-measurable, 0<t<T.

In the language of Sect. 2, we have p, = (M, E,) and &, = P,,0 <t < T with M, = 0,
E, =0. Note that u; =0, i.e., no allowances are kept for future use at the time
horizon.

The following Proposition shows that (32) is a sufficient condition for the
boundedness of the Problem.

Proposition 7 If
P, 2 oBE(P,,|P),  0<1<T, (40)

then the optimal value in (39) is bounded from below.
Proof Put

T
(e) = —0™E(P,, |P)e — v o',  0<1<T,
t +11E =

t+1

where v = max . .<, #'x. As E(P,|F,_)) = E(P,|P,_}) and E(M,|F,_,) = p for any
1 <t<T, wehave

[E(_OTZTU:T_])
= QT(_“/XT—I + [E(PTIPT—I)h,rxT—I —E(Pr|Pr_per_y) = fr_i(er_y)s
AN / . ~ v
>—v >0

and
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E(=0'z, + f(e)| Fioy)

T
= 0'E(~M'x,_, + (P, — 0E(P,,,|P)) e, — Pie,_ + P rx,_ |F,_) — v Zﬁm o
—_—— N—

>-v >0 >0
2 fioi(ey)
forany 0 <t < T, and
T
Pyeg + fileg) = —v Zle o,
which together guarantee the boundedness by Corollary 1. O

Remark 8 Proposition 7 holds not only for geometrically Brownian prices P,, but
also for any P general Markov with finite first moments.

To investigate the impact of the accuracy of the approximation on the quality of
the solution, we solved Problem (39) for 22 different combinations of &, and k,. For
each pair, we proceeded using Algorithms 1 and 2. In particular, we put ¢; ; =0.5,
e;; =045,¢c,; =03, ey, =0.27 (note that P[§, < ¢, 1.t = 1,2, are negligible); the
rest of the frontiers we set, according to Smid (2009), to

cm=F;‘<£‘_11>, l<i<k, =12,
t

where F, is the unconditional c.d.f. of P,. The representatives have been set to
ey; = median(w,;), 1<i<k

(see Remark 7).

As the boundedness criterion (40) coincides with (32), we might set !/ according
to (37) and use Problem (34) to compute conditional probabilities defining y. Note
that (38) is fulfilled whenever k, > k).

Next, we solved the problem with y instead of £ by the Markov SDDP algorithm,
implemented in C + + with CP1lex serving as the linear programming solver.

To evaluate the resulting optimal policy, we have tested it given the true (Geo-
metrical Brownian) distribution of P; in particular, we have estimated p given the
“true” distribution using the policy stemming from the approximation. We have
proceeded by simulation; namely, we have computed 20 estimators of p, each by

means of 10, 000 scenarios Sd;f(Pl, 1y, P,, n,) drawn from the “true” distribution. To
be able to estimate the inner CVaR’s, we have drawn the sample using conditional
sampling, i.e., 100 observations are drawn from L(P,)oL(n;) and, for each value
(p,n) obtained this way, 100 observations are drawn from L(P,|P; = p) ® L(n,).
For each scenario S, we compute the corresponding ‘“Markov” scenario
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Table 1 Evaluation of optimal
policies given various k,, k.
fzk‘.,kgz average value .Of —p (in no opt 54.63 (0.4)
millions of EUR) with standard 4 12 1 ) 1
deviation (within the 20 60.48(0.12) 61 6 60.72 (0.08) 116
estimates), : average solution 60.43(0.13) 64 6 60.65 (0.09) 121
60.47 (0.14) 67 6 9 60.69 (0.09) 127

7

8

9

ky ky Vi, t ky ky Ve ko t

time in minutes (over the 20
estimates), “no opt”: objective 60.47 (0.09) 76 11 60.64(0.09) 152
value without optimization of
emission trading (allowances are 60.59 (0.11) 80 12 60.69 (0.07) 173
not pre-purchased) 60.51 (0.1) 84 14 60.78 (0.07) 203
60.62 (0.07) 93 10 15  60.78 (0.08) 225
60.48 (0.1) 98 11 17 60.84 (0.08) 256
60.65 (0.08) 102 12 16  60.75(0.09) 261
60.5 (0.11) 108 12 18 60.92(0.07) 281
60.76 (0.07) 110 13 19 609 (0.06) 306

AN R R W W W
AN 0NN NN R AW

def
M é(e1 (P)),P,,n,€(P,), Py,1,),> and subsitute it into the approximate policy to

get the corresponding incomes Z = (Zl,Zz)d=ef(gzl,0212). As a result of this pro-
cedure, we have a sample of 100 values of Z; and 100 values of Z, for each Z,.
The mean part of the criterion has been estimated by the sample means of Z, each
CVaR(Z,|Z, = z) as a mean of the 20 highest values of Z, with Z, = z, and the outer
CVaR as the average of the highest 20 inner CVaRs. Finally, we estimate p by the
average of our 20 estimators, denoting it by ¥(= ¥y ).

The results of solutions for individual pairs k;, k, are summarized in Table 1
and depicted in Fig. 2. Though the estimations of the objective value are noised, an
increasing trend is visible at the first look. By linear regression

f)k],kz"’a"'b’(, K=k1+k2

we get b = 0.019(0.002), where there is the standard error in brackets, which means
that, by adding one node to the optimization, the value of the criterion increases by
roughly EUR 19,000. Figure 3 shows the dependence of the computational times
on k; even though the trend comes out quadratic, it is close to the linear one as we
supposed.

Clearly, once the true optimal value v is finite, the trend of the criterion
improvement cannot be linear in x as the series should converge to v from below.
Unfortunately, the noise of the estimation prevented us from fitting more complex
trends. However, when we rerun the same analysis with all the processes except for
deterministic P, the noisiness of the criterion estimation decreased enough for the
non-linear regression

V=T, ~ aexp{bk}

5 Note that this can be done using Proposition 3 (i), and that it might not be possible for a general hidden
Markov approximation.
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61.5 T

T T
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trend —

61 |
60.5 |- { i
60 | i
59.5 |- 1
59 | i

58.5 |- i

5 8 | | | | | | | | | | | | | | |
%, € 2SO D 0%% % o o o % v R
o

Fig. 2 Evaluation of optimal policies. Points: average value of —p, bars: standard deviations, line: trend
a + bx. The horizontal axis — labels: k; and k,, positions: k; + k,

timemin versus nodes (with quadratic fit)
350

Y =235+537X+0.108X"2 ——

300
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150

100
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Fig. 3 Computational times in dependence on k. Vertical axis: time in minutes
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63.8 T T

criterion ——e—

trend —
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i |

62.2 -

62 i

1 1 1 1 1 1 1 1 1 1
6~ 9 7y 75 75 % 75 7 <0 o) <3 <® D
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Fig.4 Evaluation of optimal policy with deterministic #

to be significant, giving v = 63.46(0.06), a = 2.40(0.11), b = —0.092(0.009), see
also Fig. 4. This suggests that the convergence rate of the approximation error as
K — oo is exponential (a similar model with v — ¥ = O(x?) came out insignificant).

Finally, as an experiment, we run several optimizations with discrete
approximations and tried to evaluate them the same way as the smoothed
quantization. In particular, we have used the skeleton process & calibrated
to be a martingale as an approximation instead of ¢. The resulting optimal
policies, however, have proved to be useless because they recommended
arbitrage as a reaction to a significant portion of scenarios; needless to say, such
recommendations mostly lead to huge losses “in reality”, as the true discounted
price process is a supermartingale. This clearly speaks in favor of the smoothed
quantization. However, it should be said in defense of discrete approximations
that, when the decision period is long, a new optimization could (and should) be
done at each stage rather than using the policy from the previous optimization;
this new optimization can clearly be calibrated not to produce arbitrage in
its first stage. If, on the other hand, the decision period is short, as in high-
frequency trading for instance, then having a policy not producing arbitrage at
hand is more than necessary.
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7 Conclusions

We have proposed an approximation technique suitable for multistage problems
with Markov random parameters and illustrated its usefulness on a realistic
problem. Our technique is especially suitable for financial applications as it
does not neglect the distribution tails and it can cope with arbitrage potentially
arising in approximated problems.

In the present paper, the approximation is designed to minimize the nested
distance; however, its parameters may be set to meet other criteria, e.g., to
keep the first two moments of the exact process (the moments of ¢ may be
easily evaluated by the Law of Iterated Expectation and the Law of Iterated
Variance). Inspired by Kozmik and Morton (2015), one may also think of finer
approximation of the tails in order to fit tail measures more accurately.

Regarding future research, three ideas come to mind. First, looking at Fig. 1,
it suggests itself to set P[e, = o|¢,_; = e] so that d(v,(e), y,(e)) is minimized rather
than determine the probabilities by (10). It should, however, be noted that such
minimization could be difficult and, moreover, some of our theoretical results
may no longer hold. Second, our “anti-arbitrage protection” could be built into
the initial construction of ¢. We did not do this in the present paper as the “anti-
arbitrage” condition is problem-dependent; however, maybe it is possible to
find more general conditions precluding arbitrage and build them into the initial
construction of the approximation. Third, condition

P, 2 06,.,(Py) 41

would probably suffice for boundedness of Problem (39) (as well as of similar
ones); as this condition is less strict than (40), it would lead to smaller distortions
of the original approximations. However, proving this, e.g., for Problem (44) would
require dealing with estimation of o,(cM, + dP,) from below for some constants
¢, d, which would require either uniform boundedness of M,, which is not the case
in our example, or a general estimate of risk mappings of independent sums from
below which we, however, are not aware of. But nothing prevents anyone from using
approximations restricted only by (41) given that they do not produce arbitrage in
practice.

Clearly, our technique might be improved in many ways; however, even in the
present form, it may be useful for a wide area of problems, including portfolio
selection, derivative replication or asset-liability management.

A. Auxiliary results

Lemma 1 Let1 <t < T and let &, ¢ be processes on {1,...,t} taking values in RP,
Denote P = E(E,), QO = L(g,). Let  be a nested transportation from P into Q. Then,
for each x, s € RP1, an optimal transportation w,(s|x, s) from P[&, € '|Ez—1 = x]into
0lg, € [¢,_; = sl (w.r.t. d) exists (being a well defined conditional probability).
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Proof By Villani (2003), Theorem 1.3. @,(s|x, s) exists (and is a probability meas-
ure) for each x, s. To prove that w, is a conditional probability, it remains to show
that

w,(Ale) is measurable for eachA € B’ Q 1. (42)
Certainly, (42) holds if
Ael, C={BxC :B,CeB, atleast one of B and C is R}

(because w,(Ale) = P[B|&,_; = ;] which is measurable by definition, similarly
for the second coordinate). Clearly, C is a x system with ¢(C) = 5’ ® B°. Put
DS{A € B? @ B : A fulfils (42)}. Trivially, R”? X R? € D. Further, once A,B € D
and B C A, we have w,(A\B|*) = w,(A|+) — w,(B|e) (by the elementary properties
of probability measures), so A\B € D by Kallenberg (2002), Lemma 1.12.
Finally, once for A CA, C ..., A; € D,i €N, we have lim; A; € D by Kallenberg
(2002), Lemmas 1.14 and 1.10 (ii). Thus, D is a A-system containing C, and, by the
Monotone Class Argument ((Kallenberg 2002), Theorem 1.1), B’ x B” € D, i.e.,
(42) holds true. O

Lemma 2 Let u be a conditional distribution on (R?, I3°) given values from a meas-
urable space (S,S). Let U € R® be a random vector and let g : SXR® - RP be a
measurable mapping such that

u(e|x) = Plg(x, U) € »]. 43)
Then

d(u(x), u(y)) < / llgCx, u) — g(y, W L(U)(du).

Proof Fix x,y € S. Put
X =), I (RLB) = (SXS5,85Q9), C(u) = (g(x, u), g(y, u)),
and denote 7 = L£(X). As
7(e X 8) =P[L(U) € « XS] =P[g(x, U) € ] = u(e|x)

and, similarly, z(S X ¢) = pu(e|y), z is a transportation from u(x) to u(y). Moreover,
by calculus,

[ = statarads) = [ fgtx0 - sl ewyan
which proves the Lemma because the 1.h.s. majorizes the Wasserstein distance. [

Lemma 3 For any processes &, ¢ in RP and any 1 < t,

d(€,¢) < d&,,S) <dE,.S)
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Proof et = be the optimal transportation from E, to ¢, Then

(X, S)dgn(lR("U/’ x X, RU=DP x S) is a transportation from &, to ¢, which proves the
first inequality. For the second one, see (Pflug and Pichler 2014), Lemma 2.37. 0O

Lemma 4 Let ¢ and ¢ be processes in RP on {0, ..., T} with deterministic &, and
Go- Let g € N and let n,n' be processes on 0, ..., T withn,,n, €RI,0<t < T, hav-
ing the same distribution, with deterministic n, = 11(’), such that nlL&, n' L¢. Then
d((&,m), (g, n")) < d(&, ¢).

Proof Let p be a nested transportation, e-optimal with respect to d(&, ¢). For any
1 <t < T, denote p, the transportation from §,|E,_ 1 to ¢,|¢,_; (its existence is assured
by the definition of the nested transportation).

Further, for each ¢ and u,v € R%1, g,_, = (t— l)q, let o,(v|u,v) the opti-
mal transportation from L(y,|n,_; =u) into L(y,|n,_; =v). By Lemma
1, o, is a well-defined conditional probability. As d is a metric, we have
0 = d(n,|u,n|u) = / |l — vl||o,(du, dv|u, u), so we can choose o, so that o,(e|u, u) is
concentrated on {(u, u) : u € R7}.

Foranyl <t < T, denote 8 = (&,7),0' = (¢,n") and consider the conditional dis-
tribution x, defined as

77,'[(§[ € A, ’1[ € B, G, € C» 77,, € Dlgt_lsyt_l)
= 0,(BX DI, 1) ® p(A X ClE,1,G,-).

It could be easily proved by the Monotone Class Argument (see the proof of Remark 2 in
Appendix B.1) that z, is a transportation from 6,|6,_, into 8/]6’,_,. Consequently, the dis-
tribution & defined by the composition of 7, ... , 7y is a nested transportation, so we have

a0.0) < [ 15 -z latas. )
:/ /(”)_fr = szl + lug = hor(dur, dvylur_y, vr_pr(der, dsp|Xp_y, S7_y) - 0y (g, v)p, 5y, 51)
=/ lluy = Villop(duy, dvylug_y, vp_y) ... oy (uy,vy)
[ W = 5plor @ syl 57 s

=0+ / Iy = 57 llor (B d5p) < d(E.0) +e.

The Lemma now follows by limit transition. O

B Proofs
B.1 Proof of Remark 2

By the Tower Property ((Pflug and Pichler 2012), Lemma 10), z is a nested trans-
portation in the sense of (Pflug and Pichler 2012) if and only if, foreach1 <t < T,
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w((,C) EAXRME_,C, ) = PIE, €AlE_], AeB, (44)

2((&-C) ERP X BIE,_1,G,) = Q¢ € Blg,.,], BeB. (45)

Applying (44) to sets A =AZX[R{5H, A, e B, we see that (44) implies (5).
To prove the reverse implication, note first that (5) implies (44) for any

AeCE(BxC:BeB,Ce B} indeed,

Pl& e AlE | =Ep(15(6)1c(81 )12 )
=180 )P € BEL | =10(81 )n[Enc) € BXRE,E, ]
1 (8t )En (16(8) Bt ) = Ex(1c(Bm ) 15(6)1E 1 G )

=r|(8.5,) eAXRVE,E]

(we used the pull-out property of conditional expectations (Kallenberg 2002,
Theorem 6.1 (v) twice). As, by the definition of the product sigma fields, C is a
generator of B, closed under finite intersections, and as the system of sets A
fulfilling (44) contains R” and is closed under proper differences and increasing
limits (by the properties of probability measures®), (5) follows by the Monotone
Class Argument (Kallenberg 2002, Theorem 1.1.). The proof of the equivalence of
(45) and (6) is symmetric.

B.2 Proof of proposition 1

Let z,_; be an e-optimal (w.r.t. d(E,_l,E,_l)) nested transportation from E,_l to §,_;-
Let, for each x,s € R?, w,(s|x, s) be the optimal transportation from u(x) into v(s);
by Lemma 1 (Appendix), @, is a well-defined probability distribution.

Put

m(dx,,ds,) = w,(dx, ds|x,_y, 5,_)7,_1 (dX,_y, ds,_y).

As, by the Markov property, u,(¢,_)) = £(§,|E,_1), v,(6,_1) = L(,S,_1), and as, by
definition, w, is a conditional distribution of the last 2p components of x,, we have,
by Definition 2, that z, is a nested transportation from &, to ¢,. Thus

dG.3) < / I, - 5,l|,(d%. d5))

_ / / %oy = 5o+ b, = s, oo dis, 13,y 5, )7,y 5,y

<d(¢,_1,C,_) +€+B,
(46)

6 Here, the proof would fail if the conditional probabilities were not regular because the conditional
probabilities which are not regular need not be probability measures.
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where
B, = / ( / Iy, — s,llw (e, ds,lxt_l,st_1>>zr,_1<ﬁ,_1,d3,_1>
- / A3,y ) 5y DV (T 5,
< / Q40,051 ) 15y )y -y )
+ / At (5, V(S V(o )

<K, / s = Sy 17 5y 5, ) + Edty(€,-1). vilgs 1)

<K,(d(€,_1.S,_)) + €) + Ed(u,(c,-1), v, (S,_1))

(we have used the triangular inequality for d). The Proposition now follows by
substituting this into (46) and by a limit transition.
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