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1. Introduction

Following the by-now classical theory of nonlinear elasticity [1,2,12,36], we consider an elastic body
occupying in its reference configuration an open bounded set Q C R? with Lipschitz boundary 052, subject
to a prescribed boundary condition on a part I' C 9 with positive surface measure, i.e., H41(I') > 0.
A possible deformation of the body is described by a mapping y: Q@ — R? such that y = yo on I', where
1o is the imposed boundary data. Its associated internally stored elastic energy is given by the functional

Bly) = /W(Vy(x))dx, (1.1)
Q

with a function W representing material properties: the local energy density, which is here assumed
to be only a function of the deformation gradient and not of the position x. A crucial aspect of this
mathematical model [6] is to define a suitable class of admissible deformations that capture relevant
features, such as non-interpenetration of matter, which mathematically translates into injectivity of y.
However, considering different admissible classes can lead to a Lavrentiev phenomenon, i.e., the functional
infima differ when restricting the minimization of (1.1) to more regular deformations, such as W in
place of WP, Functionals demonstrating this behavior were first discovered in the early twentieth century
[29,31]. There the minimum value over W1 is strictly less than the infimum over W1°°. For an extensive
survey on the Lavrentiev phenomenon in a broader context, we refer the interested reader to [11].

In the context of nonlinear elasticity, the Lavrentiev phenomenon was first observed with admissible
deformations that allow cavitations, i.e., the formation of voids in the material [4]. For the study of
cavitations, we refer to [9,23] and references therein.

A natural question raised in [7] and [5] is:

Can the Lavrentiev phenomenon occur for elastostatics under growth conditions on the stored-energy
function, ensuring that all finite-energy deformations are continuous?

This is indeed the case, and the first example of this kind has been given in two dimensions [17—
19]. Tt features an energy density with desirable properties: W is smooth, polyconvex, frame-indifferent,
isotropic, W(F') 2 |F|P with p > 2, and W(F) — oo as det F' — 0+4. Moreover, admissible deformations

Published online: 08 December 2023
) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-023-02132-4&domain=pdf

2 Page 2 of 21 S. Almi, S. Kromer and A. Molchanova ZAMP

are almost everywhere (a.e.) injective. In these examples, the reference configuration is represented by
a disk sector Q, := {r(cosf,sinf) : 0 < r < 1,0 < § < a}. A crucial aspect for the emergence of
the Lavrentiev phenomenon in that example is the local behavior of (almost) minimizers near the tip at
r = 0, interacting with a particular choice of boundary conditions. The latter fix the origin y(0,0) = (0, 0),
y(1,0) = (1, g@) and y(Q,) C Qg, where 0 < § < %oz.

In the current paper, we provide examples of the Lavrentiev phenomenon in elasticity both in two
and three dimensions. The elastic energy is of a simple neo-Hookean form with physically reasonable
properties as described above, and admissible deformations are continuous and a.e.-injective. Differently
from [17-19], the Lavrentiev phenomenon in our example is not related to the local behavior of almost
minimizers near prescribed boundary data, but to a possible global self-intersection of the material that
still maintains a.e. injectivity by compressing two different material cross sections to a single point (or
line in 3D) of self-contact in deformed configuration. It turns out to be energetically favorable due to our
particular choice of boundary conditions but is no longer possible if we restrict to a sufficiently smooth
class of admissible deformations. This then leads to a higher energy infimum.

Throughout the paper, we consider locally orientation preserving deformations with p-Sobolev regu-
larity

WEP(Q;RY) = {y € WHP(Q;RY) | det Vy > 0 a.e. inQ} € WHP(Q;RY). (1.2)

If p > d, the Sobolev embedding theorems ensure the continuity of W'P-mappings. The question of
injectivity of deformations, i.e., non-interpenetration of matter, is more delicate, and it has been exten-
sively studied. Let us mention just a few references. For local invertibility conditions, see [8,16,25]. As
for global injectivity, one may ask some coercivity with respect to specific ratios of powers of a matrix
F, its cofactor matrix cof F', and its determinant det F' combined with global topological information
from boundary values [3,24,27,28,33,38] or second gradient [21], as well as other regularity [13,38,39]
and topological restrictions such as (INV)-condition [8,14,22,34,37] and considering limits of homeomor-
phisms [10,15,27,33]. In this paper, we adopt the approach from [13], where the authors investigate a
class of mappings y € W}r’p(Q; R?) satisfying the Ciarlet-Necas condition:

/ det(Vy(x)) dz < [y(Q)] (CN)

Q

and prove that the mappings of this class are a.e.-injective.

In the examples, we consider W(F) 2 |F|P 4 (det F')~9, the reference configuration € in dimension
d = 2,3. The boundary data y, are chosen in such a way that the energy E favors deformations that
have non-empty sets of non-injectivity. In particular, we construct in Sect. 3 (resp. Sect. 4) a competitor
Yy € Wi’p(Q;Rz) (resp. y € Wi’p(Q;RS)) satisfying the Ciarlet—Necas condition (CN) and having a
line (resp. a plane) of non-injectivity. The energy of such deformation is shown to be strictly less than
that of Lipschitz deformations, for which injectivity is ensured everywhere. The global injectivity in this
case follows from the Reshetnyak theorem for mappings of finite distortion [30]. Specifically, a mapping

y € Wll’d(Q;Rd) with det Vy > 0 a.e. has finite distortion if |Vy(z)| = 0 whenever det Vy(z) = 0. If,

oc
. o, . . L vyld
in addition, the distortion K, := 5% vy

discrete. Furthermore, it is not difficult to see that an a.e.-injective and open mapping y € Wli’cd(Q; R%)
is necessarily injective everywhere, as pointed out in [20, Lemma 3.3]. For a general theory of mappings
of finite distortion, the reader is referred to [26].

Our example also shows that, depending on the precise properties of the energy density W, there can
be an energy gap between the class of orientation preserving a.e. injective deformations (i.e., satisfying the
Ciarlet—Necas condition) on the one hand and the strong (or weak) closure of Sobolev homeomorphisms
in the ambient Sobolev space on the other hand. If these classes do not coincide (which can certainly

happen if there is not enough control of the distortion via the energy to apply the Reshetnyak theorem

€ L* with » > d — 1, then y is either constant or open and
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[30] as above, see [35, Fig. 4]), one has to carefully choose which constraint to use to enforce non-
interpenetration of matter, even if p > d. In our example, the Ciarlet—Necas condition does allow a “deep”
self-interpenetration in such a scenario. As a matter of fact, this self-interpenetration is also topologically
stable in the sense that all C%-close deformations still self-intersect (see Figs. 1 and 2 for reference and
deformed configurations in the 2D case). To us, it seems doubtful that such a deformation corresponds
to a physically meaningful state. This strongly speaks for preferring a closure of homeomorphisms as the
admissible class in such cases. An open problem in this context is to find sharp conditions for the energy
density so that all a.e.-injective orientation preserving Sobolev maps can be found as strong (or weak)
limits of Sobolev homeomorphisms in W'?. In case p > d, having K, € L* with 3 > d — 1 as above is
clearly sufficient, but probably not necessary, at least not in dimension d > 3.

The plan of the paper is the following. Section 2 is dedicated to the general setting of the problem
and a few basic auxiliary results. In Sects. 3 and 4, we discuss the Lavrentiev phenomenon in dimensions
two and three for the energy F in the class of deformations y € Wi’p (92, R?) satisfying the Ciarlet-Necas
condition (CN) as well as suitable Dirichlet boundary conditions on selected parts of 9.

2. General setting

In dimension d > 2, we consider a Neo-Hookean nonlinear elastic material with energy density:

1
F? —— ifdet I/
W(F) = PP+ 7 Gerye HdetF >0,

400 else,

for F € R4, (2.1)

1
In (2.1), |F| := (le Ffj) ? denotes the standard Euclidean matrix norm, p > d and ¢ > 0 are constants,
and v > 0 is chosen in such a way that W is minimized at the identity matrix 1, i.e.,

2

- (2.2)

q
Indeed, let det F' > 0 and A1, ..., Aq > 0 be singular values of F', then

W(F) =W, ..., Aa) = (i)i) +( ﬁ M)
k=1 k=1

and equalities %W |n;=1= 0 give us (2.2). Moreover, \; = 1, i = 1,...d, is the global minimizer of W.
Indeed, if (A1,...Aq) is a local minimum, then for any i = 1,...d,

) d 5-1 1/ —q
o= (35)" k(1) =0
i —1 %

k=1

Therefore, A; =1 for all i = 1,...d. In other words, only rotation matrices F' € SO(d) are minimizers of
w.
Below we summarize some “good” [6] properties of the energy density .

Proposition 2.1. For W given by (2.1) and (2.2), we have that
1. W e C=RY4R),
2. W(F) — 400 as det F' — 0+,
3. W is frame-indifferent and isotropic, i.e., W(RF) = W(FR) = W(F) for all R € SO(d) and
F e RYY,
4. W is polyconvex,
5. W(F)—W(1) >0 for all F € RY*?,
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6. there exist constants ¢ = c(d,p,q) > 0 and b =b(d,p,q) € R such that
W(F) = ¢ (P + |cof F|™T + (det F)¥ ) +b. (2.3)
For later use, we point out the following proposition, which expresses the minimality of the identity
map in a quantitative form. From now on, ||F||> denotes the operator norm of F' € R4 ie., ||F|, :=
sup{|Fe| : le| = 1}.
Proposition 2.2. For W given by (2.1) and (2.2), we have the following lower bound
W(F) = W(D) > c||Flly = 1" + c(|F]l, - 1)? (2.4)
for some constant ¢ = ¢(d,p,q) > 0.

Proof. As before, we express W(F') = W(A1,..., ) and || F||, = max{)\; : 4 =1,...,d} in terms of the
singular values of F'. Abbreviating

1
d 2 d
$i= (i)' P=TIo
we have that W(\q,...,\g) = SP + vP~9. Thus, it holds

82
ONON,

_ 1
WAL ..., M) = (p(p — 2)Ni\; + p8i;5?) SP~* + vq(q + 5ij)ﬁp e
iAj

Notice that (p(p — 2)Sp*4)\i)\j)ij
while the other contributions involving Kronecker’s d;; give a diagonal matrix with positive coefficients

that can be estimated for all ¢ = j. Indeed, defining

and ('quP*q)\i_ 1)\;1)ij are positive semidefinite matrices of rank 1,

p=pld,q) = min {A72P77 1> X,..., A >0, S=1} >d¥ >0

(due to symmetry, p does not depend on j), we obtain that

PSP+ 4gA; 2P > pSPT2 + yquS T2, (2.5)
Choosing a € (0,1) such that p < 2=2, we may continue in (2.5) with

PSP 4+ AP > (1= a)p(p — 1)SP 2 + ((a = 1)p” + (2 = )p) P2 + s~ 172,

from which we infer the existence of a constant ¢ = &(v,d, p, g, 1) > 0 such that

pSP~2 4+ 'yq)\JQP_q > é(p(p — 1)5”_2 +2).
Altogether, we get

€-D*W(, ..., )€ > é(plp—1)SP 2 +2)[¢]* foré e RL (2.6)

We now conclude for (2.4). Without loss of generality, we may assume that || F|, = \;. Let us define
the curve A: [0,1] — (0, 4+00)? connecting (A1, ..., A\q) to (1,...,1)

E= At) = (A1(1), ..., Aa(t) i= (A + 1 — L, ... tAg+ 1 —1).
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p)\1 L+ 2/\1(t)} A1 (t) dt dr

0
=¢(N —1—pA — 1)+ (M —1)?) > c(Jh — 1P + (M — 1)?),
with ¢ := min {67 %} (exploiting that p > 2). O
In both the examples we present in this paper, we fix as reference configuration an open bounded
set Q, C R? with Lipschitz boundary 0. Our set will always have two connected components whose

precise shape will be chosen depending on the dimension d and will further depend on a parameter s > 0.
For every y € Wj_’p (24, R?), we define the energy functional

Eu(y) := / (W(Vy) — W(1)) da.
Qg

In particular, notice that the energy F is normalized to 0 at y = id, since W attains minimum value
on SO(d). Let T'y be a subset of 9Q,, H" (') > 0, with imposed Dirichlet boundary data y, €
WP (Q,,RY). The set of admissible deformations Vs C W7 (2, R?) reads as

Y, = {y € WP (Q,;RY) | (CN) holds and y = yoon T } . (2.7)

The existence of minimizers is nowadays classic and follows, e.g., from [13, Theorem 5] due to Propo-
sition 2.1 since p > d.

Theorem 2.3. If Y, # @ and inlg E;(y) < oo, then there exists §js € Vs such that in)f;’ E;(y) = Es(9s)-
yeyVs yeyVs

3. The Lavrentiev phenomenon in dimension two

In dimension d = 2, we consider a reference configuration €25 consisting of two stripes of width 0 < s < 1,
given by (see also Fig. 1)

Qs :=851US,, where Sy :=(-1,1) x (—s,$), S2 :=&+ QS51,

Q= (? é) and € := <g> (3.1)

We denote by T'y the subset of 994 given by
o= [{-1,1} x (=s,8)] U [(4 — 5,44 s) x {-1,1}] C 9.
On I'y, we impose the following Dirichlet boundary condition

T forx € Sy,
yo(z) := _
x—§& forx e Sy
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1
Sa
S Sl
—1 0 1 4—5 44 s
-5
-1

Fic. 1. Visualization of the reference configuration Qs = S U Sa

Yo, (S1)

FIG. 2. yq,3(S1) and yqa,g(S2)

Notice that on both pieces of €25 the function yq is such that Vyg = 1, which minimizes W pointwise.
However, y0(2s) is cross-shaped with yo doubly-covering the center. Hence, yo is not globally injective
and does not satisfy (CN). It is not hard to see that )s, defined by (2.7), still contains many admissible
functions as long as s < 1.

Remark 3.1. Our reference configuration €2, is not connected, but this is not essential for our examples,
just convenient. In fact, we could add a connecting piece S3 to s, say from {—1} x (—s,s) (the left
edge of S1) to (4 — s,4+ s) x {1} (the upper edge of S3), while still imposing the Dirichlet condition
on I'y as before. This would not affect our analysis near the possible self-intersection which only involves
S1USs (cf. Fig. 2 and Fig. 3), but it would create extra technical hassle, as we would then have to control
behavior of y and the minimal energy contribution on S3 as well. A more refined example for the extended
reference configuration Q, := S1 U S, US; could even try to replace the “inner” part of the Dirichlet
condition on ({—1} x (—s,5)) U ((4 — 5,4+ 5) x {1}) € T N, by an obstacle that the deformations are
forced to wrap around. The precise formulation and analysis for this would be much more challenging
and technical, though.
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y(S1)

F1c. 3. Injective everywhere deformation

Theorem 3.2. (The Lavrentiev phenomenon occurs) Let p € (2,4+00) and ¢ € (1, p”j] Then, there exists
5 € (0,1) such that for every s € (0,3] the following holds:

inf E, > min F . 3.2
pewt i gy, Po(¥) > 1t Bs(y) (32)

The proof of Theorem 3.2 is a consequence of the following two propositions, which determine the
asymptotic behavior of the minimum problems in (3.2).

Proposition 3.3. Let p € (2,400) and g € (1, -E5]. Then, minycy, Es(y) = o(s), i.e., we have that

' p—2
1
lim — inf K =0. 3.3
i S 2l BaW) (8:3)
Proposition 3.4. Let p € (2,400) and q € (1, p%] Then, there exists 5 € (0,1) such that for every
s € (0,3] and every s € (0,3,
ms < inf Es(y) < Ms. (3.4)

T yeWw Lo (QR2)NY;

with constants 0 < m < M < 400 independent of s.
We start with the proof of Proposition 3.3.

Proof of Proposition 3.3. In order to prove (3.3), we explicitly construct a deformation y, g forming a
cross with self-intersection. By squeezing with suitable rate two central cross sections to a point, which
will be the only point of intersection in y, 3(£2), we produce an almost-minimizer of E, in Y.

We start with the case ¢ € (1,-L5). We divide S7 into two subsets S1 = S1 N {|z1| < s} and

’p—2
St =51 Nn{|x1] > s} andﬁx”p%l<oz<6§1. For x € S, we set
T «
|x1|17(x |$1‘17a 0
Yo, 3(x) 1= ,  whence Vy,s(z) =
|1 | ﬁ‘x 52 |1
P P ! sh
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For z € SY, we connect y, g to the boundary datum yo as follows:

ry [1—3s¢ 1— @
sty = (o (000001} e 9t = (15 ).
- 01
In particular, det Vy, 5 = 11__3: > 0in S} and det Vya 5 = 5 |:cl|o‘+ﬁ*1 > 0 a.e. in S and
Bq
1 Sl e s,
(det Vya,p)? ( Los )q, if z € 57,
1—so
Moreover, for = € S] we have that
1
a2 62 282 ) ‘$1|25 2 o g1-8
Vyapsl=| ——— + 55 1.
| Y 7ﬁ| <|x1|2(1_a) + 528 |l’1| |$2‘ + 520 > | |1_a ﬂ|1’1|17ﬁ +
Thus, (det Vya5) "9+ |Vya,pP € L*(S1) as long as
(I-a—-0B)g>-1, pla—1)>-1, p(B-1)>-1. (3.5)

Such restrictions on a and 3 can be satisfied whenever ¢ € (1, ;25) by choosing « € (%, 1) and § € («, 1]
accordingly.

We now estimate the behavior of the energy Es(yq,s) as s — 0. Below, the symbol < stands for an
inequality up to a positive multiplicative constant independent of s € (0,1] and = € S;. We further
write & if such inequalities hold in both directions. By minimality of the identity matrix, by definition
of W, and by construction of y, g on S], we have that

1

(det Vya 5)? (3.6)
< |x1|p(a71) + 5Sp(1—6)|$1‘p(ﬁ—1) +1+ SBQ|x1|(1—o¢—B)q.

0< W(vya,ﬂ) - W(]l) S |vy(xﬂ|p +

Moreover, since 0 < o < 1, the mean value theorem gives

1—s®

1-s
This means that on S7 it holds that |Vya g — 1] < s* uniformly in z. By Taylor expansion of W at 1
(where DW (1) = 0 by definition of 7), we infer that

0 < W(Vyaps) — W(I) < s on Sy, (3.7)

~

— 1~ s%+s~s“.

Combining (3.6) and (3.7), we obtain the following upper bound for the energy for all sufficiently
small s as long as (3.5) holds:

/W(Vya“g) —W(l)de

S1
S/<|x1|p(a—1)+sp(1—6)|x1|p(6—1)+85q|x1|(1—a—5)q+1> dx+/320‘dx
S v
4g - gpa—p+l 452 4s - §P1 . gl+(1—a—PB)q

+ 457 4 4s5(1 — 5)5°*

= + +
l+pla—=1) 1+p(B-1) 1+ (1 —a-pP)q
~ sPOTPT2 | 2 4 24(1-a)g y G2a+l (3.8)
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Setting v := min{pa —p+ 2,2+ (1 — a)g, 2a. + 1}, since ijl < a < (<1, we have that v > 1. By (3.8),
we conclude that

/W(Vya,ﬁ) —W()dz < s7. (3.9)
S1

For z € S5, we extend y,, g with a suitable shifted copy. With a slight abuse of notation, we set

Ya,5(7) = Qua,s(Q7 (z — €)),

where @ and £ are given by (3.1). It is straightforward that y, g is injective on Q, \ ({0} x (=s,s) U (4 —
$,4 + s) x {0}) while yo,8({0} X (=5,5)) = ya,s((4 — 5,4+ s) x {0}) = {0}. By the change-of-variables
formula for Sobolev mappings, y.,g satisfies (CN). Clearly, the estimate (3.9) holds true also on Sy. This
concludes the proof of (3.3) for ¢ € (1, ;55).

To cover g = p%v we need to consider a slightly different example. With the same notation introduced
above for S] and SY, we set

L1
X 1] I fa | /
Ja,p(x) = Ins |2 \x1|5 forx € 57,
In|z,|| % 7

and for z € SY
1— 8%
T |1n s|
" — | ————(lz1| = 1) +1
yaﬁ(gj) = ‘$1| < 1—g (| 1| ) )

It is straightforward to check that in S}

a0 POV PO s e PO s a7 In s

Vasl” <

|1n‘x1||1’ \ln\x1||2p 5(,871)p|1n|x1‘|2p s(ﬁfl)p‘1n|x1||3p 56p|1n|m1”2p'
and
N 598 l—a—
(det Vi)™ S g ol [ Infan |

We have (det Via.5) "7 + |Viagl? € L' (S1) if 8> a, (1 —a — )¢ > —1 and p(a — 1) > —1. Moreover,
ifﬁ:a:pTTlandq:p%,

/ W(Vyas) — W(D)dz < ofs).
S1

On S} we can repeat the argument of (3.7). This concludes the proof of the proposition. O

Proof of Proposition 3.4. With an explicit construction of a competitor y € W1 (Q,;R?) N Y, as

x forx € Sy,
L 1+s _
y(x) := o &+ <1—25(1 |‘T2|)) forz € So,

0
one can show that there exists M > 0 such that

min Es(y) < Ms.
yeW L0 (Qg RNV,
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(0,1) (0,51)

F1G. 4. Graphic representation of y(T7) satisfying (i)

Let us now fix y € WH*°(Qg; R?) N Y, with finite energy E,(y). We claim that for a.e. o € (—s, s) one
of the following inequalities are satisfied:

/ 100,21, 0| dzy > 2V3(1— s), (3.10a)
0
/ 100, y(4 + 0, 29)| da > 2V3(1 — 9). (3.10D)

For o € (—s,s), let us denote by T := (—1,1) x {o} and T¥ := {4+ o} x (=1, 1) the sections of each
stripe. By the boundary conditions and continuity of y, for every o,( € (—s, s) the curve y(77) has to
intersect the line {z € R? | z; = (}. Similarly, y(7¥) has to intersect {z € R? | zo = (} (see also Fig. 4).
For o € (—s,s), we distinguish two cases:

(i) y(T7) intersects {0} x ((—o0, —1] U [1,+00)) or y(T¥ ) intersects ((—oo, —1] U [1,+00)) x {c};
(ii) y(T7) and y(T9) only intersect {o} x (—1,1) and (—1,1) x {o}, respectively.

Denoting by K (z,y(z)) the distortion of y € W1 (Qs;R?) N Vs in x € Oy
Vy(z)|®

[@et vy (@)’ (3.11)

K(z,y(z)) :=
we notice that y satisfies

[ K)o S |9y Ealw) < o,

Qs
with ¢ > d — 1 = 1. Since y is non-constant, due to the boundary data, by the Reshetnyak theorem [30]
for mappings of finite distortion, y is open and discrete. Moreover, any open map that is injective almost
everywhere is indeed injective everywhere (as pointed out in [20, Lemma 3.3]). Hence, the case (ii) is
impossible, and the general deformation is pictured in Fig. 3.

Therefore, for every o € (—s,s) we are in the case (i). For every o € (—s,s) such that the integrals
in (3.10) are well defined, we may assume without loss of generality that y(T7)N[{c} x [1, +00)] # @ (the
other cases can be treated similarly), and let 7; € (—1,1) be such that y(Z1,0) € y(I7)N[{c} x [1, +0)].
Since the shortest path connecting (—1, o) to the point y(Z1, o) is the segment, by the boundary conditions
of y we have that

/|8$1y(sc1,0)|dx1 > V31— 0) > V2(1 - 5). (3.12)
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With the same argument, we deduce that

/|8w1y(x1,0)\dx1 > V31— s). (3.13)

Combining (3.12)—(3.13), we obtain (3.10a). If y(7%) intersects ((—oo, —1] U [1,+00)) x {o}, the same
argument leads to (3.10b).

We are now in a position to conclude for (3.4). We define the sets
A= {xy € (—s,5) | (3.10a) is satisfied },

B :={x; € (—s,s)\ A|(3.10b) is satisfied } .

In view of (3.10), we have that AU B = (—s,s), up to a set of £'-measure zero. Moreover, AN B = &.
By (2.4), we estimate (recall that || - || denotes the operator norm)

(W(Vy) = W(1))dz

- s 1 4+4s 1
- / / (W(Vy) — W) day ds + / / (W(Vy) — W(1)) day diy
—s —1 4—s—1

1

>c [ [l =1+ (193, — 1) dor dz

A —1
1
+c//|\\Vy||2—1|p+<||w|\2—1>2dx2dx1. (3.14)
44B—1

Thanks to the Jensen inequality, to (3.10), and to the definition of A and B, we continue in (3.14) with

/ (W(Ty) — W(1))da

Qs

1
> [ [ 1003l = 1P + (100,31 - 1) doy
A -1

1
te / / 18ay] — 17 + (1Bany| — 1) day day

4+B —1
1
2
/ /|8$1y|d$1 -1 (/|6w1y\dx1 - 1) dxo
) -
/ /|8T2y| dxe — 1| + / |0z, y| dae — 1) dzy
4+B F1
> c(|Al+|B))[(2v2(1 = s) = 1)" + (2v2(1 — 5) — 1) | = ms+o(s)

for some positive constant m independent of y and of s. This concludes the proof of (3.4). 0

Remark 3.5. The Lavrentiev phenomenon is valid even if we replace W1:°°(Q; R?) with W7 (Qg; R?) for
r > ;=7 In this case, we have that for y € W (Qg;R?)N Y5 with Eg(y) < 400, the distortion coefficient
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K(z,y) defined in (3.11), belongs to L"() for n :=
holds

2;%, n € (1,q). Indeed, by Hélder inequality it

a— n

Yyl )" SRR dz
/ (det vy dx S ‘Vy‘ a—n dx W < oo, (315)

s

since r = (123—7777 and Fy(y) < +oo. This implies that any competitor y € W (Q4;R?) N Y, with finite

energy must satisty (i) for every o € (—s, s). Then, the proof of the lower bound of E;(y) proceeds as in
the W1>_case.

Remark 3.6. The argument in Remark 3.5 also shows that the two-dimensional example in Proposition 3.3
is optimal in the following sense: If p > 2 and g > 1%, then every y € WP (Q,;R?) N Y, with finite
energy satisfies K, € L"((),) for n = 32 > 1 (see (3.15)). Hence, y has to be injective. This would rule
out the example constructed in the proof of Proposition 3.3.

4. The Lavrentiev phenomenon in dimension three

In this section, we show a three-dimensional generalization of the Lavrentiev phenomenon proven in The-
orem 3.2. The example is created by simply thickening the two-dimensional version in another direction,
corresponding to the variable 21 below, while (x4, z3) correspond to the two variables of the 2D example.

For s € (0, 1), the reference configuration €2, consists now of the union of two thin cuboids of width s.
Namely, we write

Qs =51 U8,
Sl = (_171) X (_17 1) X (_878)7 SQ = g + QSl’

10 o 0 (4.1)
Q=100-1], E=14

01 0 0

We consider the Dirichlet datum

T forx € Sy,
yo(z) := -
x—§& forx €Sy,

and the set of admissible deformations
Y, = {y € WHP(Q,;R?) | (CN) holds andy = y onl"s} :
where
D= ([-1,1] x {=1,1} x [=s,s]) U ([-1,1] x [4 — 5,4 + 5] x {=1,1}) C O9,.
Similar to Theorem 3.2, we have the Lavrentiev phenomenon in the following form.
Theorem 4.1. For every p € (3,4) and every q € (2, ;5), there exists 5 € (0,1] such that for every
s € (0,3] the following holds:

yEWl’”i(ISI{;RS‘)ﬂyS Buy) > yiélags E.(y). (42)

The proof of Theorem 4.1 is subdivided into two propositions given below. Compared to the two-

dimension case, we now have to face an additional difficulty, because “fully going around” (case (i) in the

proof of Proposition 3.4) is no longer the only way the two pieces can avoid each other after deformation.

In principle, it should be possible to generalize our three-dimensional example to any dimension d > 3,
but for the sake of simplicity, we will stick to d = 3, the practically most relevant case.
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Proposition 4.2. For every p € (3,4) and every q € (2, ;25), infycy, Es(y) = o(s), i.e.,

1
lim — inf FEj =0. 4.3
lim = inf E(y) (4.3)
Proposition 4.3. For every p € (3,4) and every q € (2, #), there exists 5 € (0,1) such that for every
s € (0,3]

ms < inf
yEW Lo (QR3)NY,

with constants 0 < m < M < 400 independent of s.

Ey(y) < Ms (4.4)

We start with the proof of Proposition 4.2.

Proof of Proposition 4.2. As in the proof of Proposition 3.3, it is enough to construct a sequence of
competitors y* € Yy satisfying Es(y®) = o(s) as s \, 0. To this purpose, let us fix o, € (0,1) (to
be determined later on) and let us define S} := {x € S : |xg] < s}, S5 := {x € Sy : |3 < s}, and
Sl=8;\ S! fori=1,2.

In order to prove the asymptotic (4.3), we define the map y, 5: Qs — R as
Ty
T2
Ya,p(x) = | |z2|i™@ forx € 57,
£
58

T
To 1—s® 1"
wa(@) = | 22 (2 (g = 1)+ 1 forz € S,
@)= | 2 (Tl -0 +1) | frees:
I3

Yo, 5(2) = Quas(QF (x - €))  forz € Ss.

To show that y, 5 € Vs for s small, we have to show that Vy, g € LP(s;R3*3). We focus on Sy, as the
definition of y, g leads to the same computations on S,. By construction of 3, 3, on S; we have that

1 0 0
Vyaps(@)=|0 oz 0 forx € 51,
0 Zlaal?2ass lz‘)ﬁlﬁ
1 0 O
Vyas(x)=[ 0520 forx € SY.
0 0 1

Imposing Vy, g € LP(S1;R3*3) implies that
1

o,f>1——. (4.5)
p
We notice that
a+pB—1
det Vyq g(z) = % in Sy,
s
1 —s® : "
det Vy, g(z) = 1 in SY,
—s

so that det Vya,g > 0 on €. As in the proof of Theorem 3.2, y, g is injective on € \ ((71, 1) x {0} x
(=s,8)U(=1,1) x (4 —s,4+ s) x {0}) and while ya g((—1,1) x {0} X (—=5,8)) = ya,a((—1,1) x (4 —s,4+
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s) x {0}) = (—1,1) x {0} x {0}. Thus, y, g satisfies (CN) and y, g € Vs for o, 3 € (0,1) such that (4.5)
holds.
Imposing the integrability of (det Vy,,5)~7 on Si, we deduce that it must be

(1—a—pB)g>—1. (4.6)

Combining (4.5) and (4.6), we infer that for any choice of p € (3,4) and of ¢ € (2, p%), we can find
o, € (0,1) such that y, 3 € Vs with (det Vya 5)~7 € L'(Qs). A direct estimate of W(Vy, 5) on S}
yields that
0< / W (Vo) — WD) de < 82 + sl DpF2 o ghatlgl—a=fatl (4.7)
St

From (4.5)—(4.7), we deduce that there exists p € (0,1) (depending on «, 3 but not on s) such that

< Ya,3) — rS s .
0 W(Vyap) — W) dz < s't7 4.8
S/
As for S7, we may use the estimate of (3.7) and obtain that
0< /W(vyaﬁ) — W) de < s, (4.9)
Sy

Defining 4 := min{p, 2a}, we infer that

0< /W(vyaﬁ) —W()dz < s, (4.10)
S

Arguing in the same way, estimate (4.10) can be obtained on S, leading to (4.3). This concludes the
proof of the proposition. O

The following two lemmas show some useful properties of deformations y € W (Q4;R3) N Y, with
low energy, which will be useful to conclude for (4.4). In the sequel, we denote by 7: R — [—1,1] the
projection of R to the interval [—1, 1], defined as

t i —1<t<1,
w(t) =4 -1, ift<—1,
1, ift> 1.

Lemma 4.4. There exists M > 0 such that for every s € (0,1)

i FEq(ys) < Ms. 4.11
w0 (ys) < Mss (4.11)
Proof. The thesis follows easily by a direct construction of a competitor y € W1 (Q,;R3) N Y. For
instance, we define

T forx € 5,
() = !
Y=Y e — e | 2221 — |as)) | forz € S
0

Then, it is clear that Es(y) < Ms for some M > 0 independent of s. O
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Lemma 4.5. Let s € (0,1), N >0, v:=1— %, o€ (—s,8), and y € WH*(Q;R3) N Yy be such that

//W(Vy(:cl,mg,a)) —W(1)dzy dzy < N. (4.12)

Then, there exists ¢y, > 0 depending only on p and N (but not on s) such that for every ¢ > 0 the
following holds: If

1,1 »
/ /(|82y|(x1,x2,0) - l)dxg dr, <, (4.13)
Sl
then for every x1,xs € [—1,1]
ly(a1,22,0) — (21, 7(y2 (21, 22,0)),0)| <Tnperit. (4.14)
Similarly, if
11
//W(Vy(xl,a +4,23)) — W(1)dzy dzg < N, (4.15)
14
1,1 »
/ / (10sy|(z1,0 + 4, 23) — 1)das| day <e, (4.16)
S5

then, for every x1, x3 € [—1,1]
ly(z1,0 +4,23) — (21,0, 7(ys(w1,0 + 4,23)))| < Tnper. (4.17)

Proof. As p > 3, Morrey’s embedding and (4.12) imply that the map (z1,22) — y(x1,x2,0) is Holder-
continuous. Precisely, there exists ¢y, > 0 depending only on p and N such that for every x1,z2, 71,72 €
[_17 1]
y(z1,22,0) = y(T1, T2, 0)| < Enp (21, 22) — (T1,T2)|". (4.18)
Let us define the set D, C (—1,1) as

1
D, = {xl €(-1,1): /(\8234\(3:1,1‘2,0) —1)da; < 6!’}r1}
-1
In particular, we notice that, due to the boundary condition on I'y, we have that
1

/ (102y|(x1, 2,0) — 1) dzg > 0 for a.e. 1 € (—1,1).
51
Then, by (4.13) and by the Chebyshev inequality,
1, 1

1

Hl((_l, 1\ D) < — / / (|82y|(:n1,x2,0) — 1) dzy

R et

Let us now fix z; € D. and x5 € [—1,1], let us denote by 0,,: [-1,1] — R? the curve 0,,(t) :=
y(z1,t,0), and let us write

P 1
dzy < ers1. (4.19)

y(x1,72,0) = (x1,7(y2(21,72,0)),0) +v.

for suitable v = (v, v2,v3) € R? depending on (21, x2). In particular, we notice one of the two cases must
hold:
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(1) W(yQ(xtha U)) = y2($17$270) and Vo = 07
(il) 7(y2(z1,22,0)) € {1,—1} and |ve| = min{|1 — ya(z1, 22, 0)|; |1 + y2(x1, 22, 0)|}.
In the case (i), by definition of D. and by the boundary conditions on y we have that

1
1 .
2+ertt Z\/|0I1(1‘L)|dt2 |(£c1,—1,0)—y(xl,x2,0)|+|y(x1,x2,0)—(x1,1,0)|

-1
= [(v1,y2(x1, w2, 0) + 1, v3)| + |(v1, y2 (21, T2,0) — 1, v3)]
= /(0 +03) + (ga(wr, 22,0) + 12 + ) (0F + 03) + (a1, 72,0) — 1)2

> min (/0 4 08) (2 412 4/ 0F +08) + (- 1)

=2y/(v} +03) +1, (4.20)

which implies that |v| < EFHFT 4 26T
If (ii) holds and ya(z1, z2,0) ¢ [—1,1], we may repeat the argument of the first two lines of (4.20) and
obtain that |v| < 77, All in all, we have shown that for every z; € D, and every o € [—1,1] it holds

ly(z1,22,0) — (z1, 7(y2 (21, 29,0),0)| < eFHT 4 7T (4.21)
To achieve (4.14), it remains to consider 1 ¢ D.. In this case, by (4.19) we may find Z; € D, such
that |z; — T1| < 27T . Then, by triangle inequality, by the Holder continuity (4.18) of y, and by the
previous step we have that for every xo € [—1,1]
‘y(xla x2, U) - (.’1717 W(?JQ(v’Ula x2, U))7 U)l
< |y(x1, Z2, U) - y(fh T2, O')| + |y(§1v T2, U) - (fl’ ﬂ-(y2(§1v T2, U))v U)|
+ |(Elv ﬂ'(yQ(fla €2, U))7 U) - (xlv ﬂ'(yQ(‘Tlv Z2, U))7 U)|
<2¢nplzr — 71" P 4 £2mD + |z1 — 71|
< 2V Gy, e T 4 36T 4 20T <y peri (4.22)
for a suitable constant ¢y, > 0 depending only on v and ¢y, and therefore only on p and N. This
concludes the proof of (4.14).

The same argument can be used to infer (4.17) taking into account the boundary conditions on 0.5s.
O

We are now in a position to prove Proposition 4.3.

Proof of Proposition 4.3. Since Lemma 4.4 holds, we are left to provide a lower bound for the minimum
problem (4.4). To this purpose, let M > 0 be the constant determined in Lemma 4.4 and fix a deformation
y € WH(Qg;R?) N Vs such that

Ey(y) < (M +1)s. (4.23)

Let us fix N > 0 such that % < %, and let us set
1

Ay = {O’ € (—s,s): //W(Vy(xl,xg,a)) — W) dz day < N}7

—-1-1

By = {a € (—s,s): //W(Vy(:cl,o +4,23)) — W(1)da; des < N}.

—-1-1
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Then, by the Chebyshev inequality and by (4.23) we have that
1 M+1 S

Y(~ An) < —E,(y) < 2 4.94
R (=55 \ Aw) < L By) € T s < o (424
1 M+1 s
1o <L . s '
HA((=s,8)\ By) < TEs(y) < —— s < 15 (4.25)
Hence, we deduce from (4.24) and (4.25) that
H'(Ay N By) > B (4.26)

10

We further set v :=1— % and fix € > 0 such that ¢y, eril < %, where ¢y, > 0 is the constant defined
in Proposition 4.5. We claim that for every o € Ay N By, at least one of the following inequalities must
hold:

P

(\32y\(x1,x2, o) — 1) dzo| dzy > ¢, (4.27a)

p

(|0sy|(z1,0 + 4, 23) — 1) dws| day >e. (4.27b)

b— i —
L L

By contradiction, let us assume that both inequalities (4.27a) and (4.27b) are not satisfied for some o.
By Lemma 4.5, we deduce that for every x1, 2,23 € [—1,1],

1
ly(w1,2,0) — (21, 7(y2(21, 72,0)),0)| < 3 (4.28a)

1

ly(z1,0 +4,23) — (21,0, 7(ys(x1,0 +4,23)))| < 3 (4.28b)
We now show that given (4.28a) and (4.28b), y € Vs cannot be injective in Q. This immediately yields
a contradiction, as we already know that any y € W1 (Q,;R3) N ), with finite energy must be a
homeomorphism (as a consequence of the theory mappings of finite distortion [30], as already outlined
in the introduction).

To see that y indeed cannot be injective, let us consider the function
g: [-1,1]* = R?, g(x1,71,72) == y(w1,m1,0) —y(0,0 + 4, —2).

Notice that if g(#1,71,72) = 0 for some (&1, 71,72) € (—1,1)3, then y is not injective, since (&1, 71,0) € Sy,
(0,0 +4,—72) € So and the values of y on these two points coincide. As a consequence of (4.28) and of
the boundary conditions of y € Js on Ty, the vector field g = (g1, g2, g3) always points outwards on the
boundary of the cube [—1,1]3:
2
gl(_177-177-2) S -1 + g < 0)
2
91(177-1’7—2) Z 1-—- § > Oa
1
g2(x1,—1,72) = —1—y2(0,0 +4,—73) < —1—0 + 3 <0,
1
g2(x1,1,72) =1—1y2(0,0+4,—712)>1—0— 3 > 0,
1
g93(z1,71,—1) = y3(x1,71,0) — 1 <o+ 3~ 1<0,

1
gg(xl,ﬁ,l) = y3(1171,7'1,0')+1 Z 1 — 0o+ g > 0.
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(Above, we also used that s is small enough so that o] < s < %) As g is also continuous, it thus
satisfies the prerequisites of the Poincaré-Miranda theorem (see [32]). The latter yields that ¢ attains
the value 0 € R? in [—1,1]3; actually even in (—1,1)3, as the above rules out zeroes on the boundary.
(Alternatively, this is also not hard to see directly, observing that the topological degree of g satisfies
deg(g; (—1,1)3;0) = deg(id; (—1,1)%;0) = 1 by homotopy invariance of the degree.) Consequently, y is
not injective on ;.

We are in a position to conclude the proof of Theorem 4.1. Let us define

A= {o € Ay N By|(4.27a) holds},
B := {0 € Ay N Bn|(4.27b) holds} \ A.
Since one of inequalities (4.27a) or (4.27b) holds for every o € Ay N By, we have that AUB = Ay N By,

while by construction we clearly have that AN B = @. Arguing as in (3.14), applying Proposition 2.2 we
estimate the energy E;(y) as

1 1
E (y >c ///H\Vy T1,T2,T3 ||2—1‘ dl‘ldl‘gd.ﬁg
—-1-1

11
2

tc //||\Vy(m1,x2,x3)||2—1| daq dzs das

—1

h\

(IVy (1, 22, 23) |2 — 1|"dzy da da

+
m@
+
I

2
‘Hvy(l‘l,l‘g,.ﬁg)ng - 1‘ dzy dl‘g dl‘g

e A— 7

O3
+
W

_|_
m— L

||82y($17 Z2, $3)| - 1‘pdx1 dlfz d.’Eg

\V,
2l
—

|
-

1
/||82y T1,T2,T3 |71| dl’ldIQdZ‘g

o]

+
\H E\H H\H
*l—‘\,.r—t L‘\,_. -

+
h\

|05y (21, 22, x3)| — 1‘pdx1 dzs das

_|_
o

2
||83y(x1,x2,x3)| — 1‘ dz; dzs dxs

o]
+
I
L

p

(|O2y(x1, 22, 23)| — 1)day| dq das

—
— L

Le—u1U_

WV,
[\
3
(‘;_l
e

|
—_

p

+2r1¢ (|05y(z1, 22, x3)| — 1)das| dzq das

o
+
W~
L
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> 2p*105§ s.
10

Allin all, we have shown that any deformation y € W1 (Qg; R3)NY; satisfying (4.23) has energy F,(y) >

ds for some positive constant ¢ independent of s. Thus, (4.4) holds and the proof of the proposition is
concluded. O

Remark 4.6. Similarly to Remark 3.5, we point out that the Lavrentiev phenomenon in dimension d = 3

is valid if we replace W1>°(Q; R3) with W (Qg; R3) for r > (]6_—‘12. As in (3.15), we would indeed have
that for y € W7 (Qs; R?) N Y, with Eg(y) < +oo the distortion coefficient K, = (ievtyvlz belongs to L ()
for n:= 37, n € (2,¢). This implies that any competitor y € WL (Qg;R3) N Vs with energy E,(y) ~ s
still fulfills (4.13) and (4.16) of Lemma 4.5. Hence, the proof of the lower bound of E;(y) in Proposition 4.3

proceeds as in the W*-case.
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