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Abstract

We propose models in nonlinear elasticity for nonsimple materials that include surface
energy terms. Additionally, we also discuss living surface loads on the boundary. We
establish corresponding linearized models and show their relationship to the original
ones by means of I"-convergence.
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1 Introduction

Surfaces of elastic bodies exhibit properties that are different from those associated
with the bulk. This behavior is caused either by the fact that the boundary of the mate-
rial is exposed to fatigue, chemical processes, coating, etc., thus obviously resulting
in very different properties in comparatively thin boundary layers, or due to the fact
that the atomic bonds are broken at the surface of the body. These effects can be
phenomenologically modeled in terms of boundaries equipped with their own stored
energy density and they have been well studied in the literature. Rational contin-
uum mechanics approach to elastic surfaces has started with the work of Gurtin and
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Murdoch (1975); Gurtin (1986) and of Steigmann and Ogden (1997). General ener-
gies for modeling body—environment interactions and surface loading are discussed
in Podio-Guidugli (1988); Podio-Guidugli and Caffarelli (1990). More recently, Sil-
havy introduced a concept of interfacial quasiconvexity and polyconvexity (Silhavy
2010a,b, 2011) extending (Fonseca 1989) to establish the existence of minimizers
for problems with multi-well bulk energy density for simple materials, i.e., depending
only on the first deformation gradient. Javili and Steinmann (2009, 2010) designed
finite-element methods to model surface elasticity. Thermomechanical approach to
interfacial and surface energetics of materials is reviewed in Javili et al. (2013); Stein-
mann and Hisner (2005). Surface—substrate interactions for shells are described in
Silhavy (2013) and a phase-field modeling approach to the problem can be found,
e.g., in Levitas and Warren (2016).

Rigorous derivation of linear models from nonlinear elasticity by I"'-convergence
(Dal Maso 1993) has started by a pioneering work (Dal Maso et al. 2002) and then
various finer results appeared (Agostiniani et al. 2012; Maddalena et al. 2019a,b;
Mainini and Percivale 2020, 2021, 2022; Mainini et al. 2022; Maor and Mora 2021)
that derive linear elasticity under various constraints as, e.g., incompressibility, or no
Dirichlet boundary conditions, i.e., pure traction problems. We also refer to Mora and
Riva (2023) where the authors performed the linearization procedure for a pressure
load, i.e., living load (a follower force) that depends on the deformation.

The study (Casado Dias et al. 2025) explores the macroscopic elastic properties
of elastomers with spherical cavities filled with pressurized liquid, considering the
effects of surface tension. It starts by linearizing a fully nonlinear model and progresses
with analyzing how the presence of multiple liquid-filled cavities enhances the elastic
behavior in the linearized model.

Our contribution focuses on the linearization of nonlinear elasticity models with
surface energy terms. In order to fix ideas, we perform the analysis on the model
functional G below that penalizes local changes of the surface area in the deformed
configuration in analogy with the incompressibility constraint in the bulk. The main
results are given in Theorem 2.1 and Theorem 2.2, stating the convergence of minimiz-
ers of nonlinear models to the unique minimizer of the associated linearized models, in
case of Dirichlet boundary conditions and in case of only Neumann boundary condi-
tions, respectively. In the remainder of this section, we introduce the necessary notation
and the functionals. The main results are then stated in Sect.2 and Sects. 3 and 4 are
devoted to proofs.

Modeling of Elastic Surface Energy

Let Q ¢ R d > 2, be a bounded open connected Lipschitz set, representing the
reference configuration of a hyperelastic body. Let us introduce the energy functional
depending on the deformation field y : Q@ — R?

G(y):= fQ (WTye)+HV2y(x)) dx=L(3(x) =)+ [lleof Vyni=1 [, -
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The global energy includes the stored elastic energy of a nonsimple material, as it
depends on second gradient (Toupin 1962, 1964). Here, Lisadead loading functional,
accounting for the work of given external force fields. It is a linear functional acting
on the displacement field y(x) — x. Moreover, local changes in the surface measure of
the boundary of Q2 are penalized, as |cof Vy n| represents the density of the surface
area element of the deformed configuration: the energy includes the L9 (9€2) distance,
q > 1,toits reference value corresponding to y(x) = x, being y > 0 a surface tension
coefficient. Note that this term is a penalization of the “inextensibility” constraint
|cof Vyn| = 1 a.e. on €2 which is an analogue of the incompressibility constraint
detVy = 1 a.e.in Q2.

In the linearization process, we view y as a perturbation of the identity map so
that we write it as y(x) = x + gv(x) for a suitable rescaled displacement v and we
set L = L/, which reflects the scaling of external forces. Assuming that H and W
are frame indifferent, that H is convex positively p-homogeneous for some suitable
p > 1, and that W is minimized at the identity with W(I) = DW(I) = 0, i.e., that
identity is the natural state of the body €2, we consider the rescaled nonlinear global
energy

1 1
Ge (v) := —2/ W(I+eVv)dx + —/ H(eV?) — L(v)
¢ Jo e Ja (1.1)
14 q
+ Heof (T+eVo)n| — 11|70
We notice that as ¢ — 0

2
W(I+eVo) = % E(v) V2W (D) E() + o(e2),

so that the second-order term in the Taylor expansion of W produces the standard
quadratic potential of linear elasticity (being VW ( I) the fourth-order elastic tensor),
acting by frame indifference only on the symmetric part of the gradient

On the other hand, by the formula cof F = (det F) F~7 we have

cof (I+&Vv) = det(I+eVv) (I+e(Vo)')™!
=0 +edivv+o(e) (I—- s(Vv)T +o0(e)) = I+ eA() + o(e),
1.2)
where we have introduced the divergence free tensor

A(v) = Idivv — (Vv)T,

corresponding to the linearization of the cofactor matrix. As a consequence,

lcof (I+eVu)n| =/14+2cA@)n-n+o() =14+eAwn-n+o(), (1.3)
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where we notice that A(v)n - n is the tangential divergence of v on dQ2.Therefore in
the limit as ¢ — 0, we obtain the geometrically linearized functional

G(v) ;=% / E(v) D*W(D) E(v) dx +/ H (V) dx—L(v)+y / |[A(v)n-n|?dS

Q Q aQ (14)
as the pointwise limit of functionals G, for every smooth enough v. We notice that the
stored elastic energy and the surface tension term of functional G are frame indifferent,
and indeed their counterparts in functional G, depend on Vv only through its symmetric
part E(v), so that as expected they are invariant by addition of an infinitesimal rigid
displacement. We have indeed VZ(c+Wx)=0and A(c+Wx)n-n= Wn-n=0
for every ¢ € R? and every W € Rkae\‘f/. We stress that the natural choice H (V2v) =
|VZv|? and ¢ = 2, yielding a quadratic stored elastic energy in (1.4) and a quadratic
surface energy term, is possible within our theory in the physical cases d = 2, 3, as
our main results will be given under the restriction p > dq/(q + 1).

Alternative Examples of Surface Energies

Let us next introduce possible alternative models, for which we will prove the validity
of the same convergence results. We can consider a surface energy term that penalizes
differences in total surface areas between the reference and deformed configurations,

e.g.,

F(y) :=/Q(W(Vy)+H(V2y)) dx—L(y(x)—x)

q
+y ’/ lcof Vy (o) n(o)|dS(c)—13%| .
Q2

The change-of-variables formula for surface integrals indicates that the last term is
equal to y ||02Y| — |9€2]|7, where d2” denotes the boundary of the deformed con-
figuration y(€2). Here, y > 0 is again a physical parameter. The associated rescaled
energies are given by

Fe(v) :zgiz/ W(I+aw)dx+8ip/ H(eV?v) — L(v)
Q Q

y g (1.5)
T

/ |cof (I4+¢eVv) n|dS — |0€2]
Q2

Taking into account (1.2) and (1.3), we see that the as ¢ — 0

/ |cof (I4+&eVv)n|dS — |8§2|‘ =¢
aQ

/ A()n - ndS' 4+ o(¢),
aQ

so that the formal linearized functional obtained as ¢ — 0 is
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Fiv) == %/QE(U) V2W (D) E(v) dx +/QH(V2v)dx — L(v)

q

+v (1.6)

/ A(w)n-ndS
Fle}

We notice that the divergence theorem implies, assuming enough smoothness of 92
and introducing a suitable extension of the normal n to the whole of €2,

/ A(v)n«ndS:/ A(U)Tn~ndS=/ div(A(u)Tn)dxzfA(v):Vndx,
0 Q2 Q Q

having used the fact that A(v) is divergence free. Therefore, functional F, can also
be rewritten as

q
Fi(v) = %f E(v) VZW(I)IE(v)dx—i—/ H(v2u)dx—£(u)+y'/ A(v) : Vndx
Q Q Q

We can also consider a model featuring surface loading

1(y) = /Q(W(Vy) +H(V2y) dx — L(y(x) — x)

+V/ |(cof Vy(o) — Dn(0)|? dS(o).
1o

The last term features the L7(9%2; R3) distance between the normal vector n¥ =
cof Vyn in the deformed configuration and the undeformed one corresponding to
y(x) = x. This restricts energetically favorable deformations in a stronger way as
it penalizes local changes not only in the area of the boundary but also in the orien-
tation of the boundary, and indeed the last term pays energy also for rigid motions
of the reference configuration. Consequently, this surface term is minimized if the
deformation locally preserves the area of the boundary and if the deformed and unde-
formed normals at x € 92 and in y(x) € 02 are parallel. It can be seen as a living
(i.e., deformation-dependent) load. Again we shall introduce the rescaled energies

T,(v) : = :—2/ W(I+er)dx+8ip/ H (V) — L(v)
Q Q

+ 2 / I(cof (14 £Vv) — Tyn|? dS.
g1 Joq
Thanks to (1.2), we see that the formal limiting functional as ¢ — 0 is
1
T.(v) = 3 / E() VZW (D) E() dx —i—/ H(V*v)dx — L(v) +y / [A(w)n|?dS.
Q Q Q2

@ Springer



63 Page6o0f30 Journal of Nonlinear Science (2025) 35:63

The main results about convergence of minimizer of functionals G, with Dirichlet
boundary conditions, that we shall state in the next section, carry over for functionals
Fe and Z, (we refer to Corollary 2.3 below). On the other hand, when considering the
Neumann problem, an interesting difference will arise in the treatment of functional
Te.

2 Main Results

Let d > 2. The strain energy density W : R4 — [0, +-00] appearing in (1.1) is a
frame indifferent function that is assumed to be minimized at rotations, and sufficiently
smooth around rotations. Summarizing, the basic assumptions satisfied by W are the
following

W : R4 _5 [0, +00] is continuous ,
W(RF) = W(F) forevery R € SO(d) and every F € R**?,
W(F) > W(I) =0 forevery F e R,
W e C*(U) for some suitable open neighborhood U of SO(d) in RY*,
2.1

where S O (d) denotes the special orthogonal group. A consequence of the smoothness
of W around rotations is therefore DW(R) = 0 for every R € SO(d). Continuity
of W means that whenever Fy — F in R4*4 then W (F,) — W(F) as k — oo.
Moreover, W is assumed to satisfy the following convexity property at the identity:

there exists C > 0 such that F” D2W( D F > C|sym F|2 forevery F € RY*4,

(2.2)
where sym F denotes the symmetric part of F and | - | denotes the Euclidean norm
inRY4 je. |G|> = tr (GTG). Here, D>W denotes the Hessian of W, and D2W (I)
is the fourth-order elasticity tensor, appearing in the quadratic potential acting on the
infinitesimal strain tensor in the linearized energy G, from (1.4). Another standard
coercivity condition that we shall use is the following:

there exists C > 0 such that W(F) > C dist? (F,SO(d)) foreveryF € RY*4,
2.3)
where dist(F, SO(d)) := inf{|F — R| : R € §O(d)}. We remark that if W satisfies
(2.1), then (2.3) is stronger than (2.2). Indeed, since for every G € R?*¢ with positive
determinant there holds dist(G, SO (d)) = |[vVGTG — 1|, we see that if (2.3) holds
then

1 1 - 1
—FT D>W(M)F = lim —W(I + ¢F) > C lim sup — dist>(I + ¢F, SO(d))
2 e—0 82 82

e—0

_ 1 _
= Clim sup — |\/(I + eFT)(I 4 ¢F) —1)* = C|sym F|?
e—>0 €
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forevery F € R4*d We also remark that the natural conditions det F < 0 = W (F) =
+ooand W (F) — +ooifdetF — 0% are compatible with all the above assumptions,
but not necessary for the theory.

We will further assume that, for suitable p > 1, the function H appearing in the
second gradient term of (1.1) satisfies the following:

H : R¥*4*4 _ R s a convex positively p-homogeneous function,
there exist Co > 0, C; > 0 s.t. VB e R¥*¥x4 cB|” < HB) < C1(1 + |B|?),

H(RB) = H(B) for every B € R?*?*? and every R € SO(d).
2.4
Here, the product between R and B is defined as (RB);,,, = RjxBimn foralli, m,n €
{1,....d}.
The load functional £ appearing in G, and in G, is assumed to be a linear continuous
functional on W27 (Q2; R?), where p > 1 is the exponent that appears in (2.4), so that
there exists a constant C, > 0 such that

L@ < Crlwer@re, Vv e WHPQRY. 25)

Let us start by considering the Dirichlet problem. Let I denote a closed subset of
9% such that S(I') = H?~'(I') > 0. Fork € Nand p > 1, let Wl]f’p(Q; R?) denote
the W57 (Q; RY) completion of the space of restrictions to Q of C2° (R?\ T'; RY)
functions. Taking advantage of the homogeneous Dirichlet boundary condition on I,
for p > 1 we have the following Poincaré inequality: there is K > 0 such that

2,
||U||W2.p(Q;Rd) < K”VZUHLp(Q;Rdxdxd) Vove WF p(Q, Rd) (26)

The following is the main result about convergence of minimizers of the Dirichlet
problem for functionals G.. For p > d/2 we let G, : ng’p(Q; R?) — R U {400}
be defined by (1.1) and G, : Wl%’p(Q; R?) — R be defined by (1.4). Existence of

minimizers over ng’p (2; R?) for functional G, (for fixed ¢) and functional G, will
be preliminarily proved in Sect. 3.

Theorem2.1 Let g > 1 and p > dq/(qg + 1). Ifd = 2 and q = 1, assume in
addition that p > 1. Suppose that L is a bounded linear functional on WP (; R?),
that W satisfies (2.1) and (2.2), and that (2.4) holds. Let (¢j)jen C (0,1) be a

vanishing sequence and let (vj) jen C le’p(SZ; Rd) be a sequence of minimizers for
functionals gg_,. over Wl%’p (2; Rd). Then, the sequence (vj) jeN is weakly converging
in W»P(2; RY) to the unique solution to the problem

min {G,(v) : v e WP (@ RD)|.
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When considering the pure traction problem, it is natural to assume that external
loads are equilibrated, i.e., with null resultant and momentum:

Rdxd

2.7
A consequence of (2.7) is that, by invoking Korn and Poincaré inequalities, if £ is
a bounded linear functional over Wz’r(Q; R4 ) for some r > 1, thus satisfying (2.5)
with p = r,and if u € Wz”(Q; Rd), we have for some suitable a € R? and some
suitable skew-symmetric W e R?*¢

L(a+ Wx) =0 foreverya € R? and every skew-symmetric matrix W €

IL@w)| = |L@u — Wx — a)|
=< CL (”u — Wx — a“Lr(Q;]Rd) + |Vu — W”Lr(Q;Rdxd) + ||V2u||Lr(Q;Rd><d><d))
<Cr ((1 + ORIEW) | 1r (. rdxdy + ||v2u||L,(Q;Rdxdxd)) ,
(2.8)
where ¢ is the constant in Poincaré inequality and R is the constant in second Korn

inequality (Nitsche 1981), both depending on r and €2 only.
A further condition that proves to be crucial for the theory is

LRx—x) <0 forevery Re SO(d) 2.9)
expressing the fact that external loads have an overall effect of traction (and not of
compression) on €2. This condition appears in Maddalena et al. (2019a,b); Mainini

and Percivale (2020, 2021); Mainini et al. (2022). Following the same references, for
load functionals that satisfy (2.9) we introduce the set

SY:={Re SO : LRx—x) =0},
which plays a crucial role in the linearization process. Indeed, if Ry € SO (d) exists
such that L(Rox — x) > 0, if (¢;)jen C (0, 1) is any vanishing sequence, letting

vj = Slj(Rox — x), since cof Ry = Ry, W(Rp) = 0 and V2(Rgx — x) = 0, we see
that

1
Ge; (07) = ——L(Rox — x),
J

thus

lim inf ggj = —00.
J=+00 €0 (2 RY)

Therefore, (2.9) is a necessary condition for avoiding the nonlinear energies being
unbounded from below as the parameter ¢ goes to zero. Moreover, under the conditions
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(2.7) and (2.9), it turns out (see Theorem 2.2 below) that the actual limit functional is

Gu): = %/ E(u) VW) E(u) dx

/ H(VZv)dx — max L(Rv) + y/ [A(v)n-n|?4dS.

We may notice that under a stronger condition on external loads, i.e., under the addi-
tional assumption Sg = {I} (meaning that external loads do not have any axis of
equilibrium), then G = G.. See Mainini and Percivale (2021); Mainini et al. (2022)
for a thorough discussion on this topic in linearized models with no surface tension
effect.

We have the following second main result. It will be proven in Sect. 4, after having
proven the existence of minimizers over W2 (€2; R?), in the pure traction problem,
for functional G, (for fixed ¢) and for functional G.

Theorem2.2 Letqg > 1, p > dq/(qg+1). Ifd = 2 and q = 1, assume in addition that
p > 1. Let W satisfy (2.1) and (2.3) and let H satisfy (2.4). Let L be a bounded linear
functional over W>2"P(Q; RY) that satisfies (2.7) and (2.9). Let (ej)jen C (0, 1) be
a vanishing sequence. If (v;j) jen C W2P(Q,RY) isa sequence of minimizers of Ge
over WZ’P(Q; Rd),

then there exists a sequence (R;) jen C SO(d) such that, by defining

. T 1 T
uj(x) = Rj vj(x) + ;(ij —X),
j

in the limit as j — 400, along a suitable (not relabeled) subsequence, there holds
Vuj — Vuy weakly in whr(Q; RI*Y),
where u, € W>P (2, R?) is a minimizer of G over WP (2, R%), and

Ge, (v)) = Gluy), mn G, — min G (2.10)
' w2r(Q,R4) W2.r(Q,R9)

In order to obtain compactness in Theorem 2.2, we shall make use of the Firesecke—
James—Miiller rigidity inequality (Friesecke et al. 2002), stating that there exists a

constant Cq > 0 (only depending on £2) such that for every ¢ € W2(Q; R¥) there
is R € §O(d) such that

/ Vo — R < CQ/ dist?(Vg, SO(d)). (2.11)
Q Q

In fact, as we shall see from the proof the sequence (R;) jen in Theorem 2.2 can be
chosen as a sequence of rotations for which (2.11) holds with ¢ = v; forevery j € N.
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We remark that our main converge results hold true for other model energies that
we have introduced in Sect. 1. Indeed, defining F by replacing the term £(v) with the
term maxg . s L(Rv) in functional F, we have

Corollary 2.3 The same statement of Theorem 2.1 holds true if we replace functionals
G. and functional G, therein with functionals F (resp. L) and functional F, (resp.
Zy). Moreover, the same statement of Theorem 2.2 holds true if we replace functionals
Ge and functional G therein with functionals F and functional F.

We conclude with the following result that shows a remarkable difference in the
limiting behavior of functionals Z,. The surface live load term prevents indeed rigid
rotations.

Theorem2.4 Let p > dq/(qg + 1). If d = 2 and q = 1, assume in addition that
p > 1. Let W satisfy (2.1) and (2.3) and let H satisfy (2.4). Let L be a bounded linear
functional over W>2"P (Q; RY) that satisfies (2.7) and (2.9). Let (ej)jen C (0, 1) be
a vanishing sequence. If (vj)jen C WP (Q,RY) isa sequence of minimizers onEj
over W2P(Q; RY),

then in the limit as j — 400, along a suitable (not relabeled) subsequence, there
holds

Vvj — Vv, weakly in whr(Q: RI*d),

where vy € W2P (2, RY) is a minimizer of Ly over wWZP (2, RY), and

e (vj) — Li(v4), min Z,, — min Z,. (2.12)
J w2p(Q,Rd) 7 W2.p(Q,Rd)

3 The Dirichlet Problem: Proof of Theorem 2.1

We first prove existence of minimizers for functional G,.

Lemma3.1 Let p > 2d/(d +2)and p > dqg/(d —1+¢q). Ifd =2 and q = 1,
let p > 1. Let (2.1), (2.2) and (2.4) hold. Let L be a bounded linear functional over
W2 P (Q2; RY). There exists a unique solution to the problem

min{G.(v) : v € WEP(Q; RY)}.

Proof The conditions d > p > (2d/(d+2)) Vv (dgq/(d—1+¢q)) and p > 1
imply that dp/(d — p) > 2 and (d — 1)p/(d — p) > gq; therefore, we have the
Sobolev embedding whr(Q; R — L2(2; RY) and the Sobolev trace embedding
WlP(Q; RY) — L7(3Q). These embeddings also hold true if p > d. We deduce that
E(v) € L*(2; R4*?) and that A(v) € L1(3S2; R?*?) for every v € WP (Q; RY).
Thus, G« (v) is finite for every v € W22 (2; RY).

@ Springer



Journal of Nonlinear Science (2025) 35:63 Page110f30 63

By (2.1), (2.4), (2.5) and (2.6), we get

G« (v)

v

f H(V*v) = Cllvllwapqra) = Co / V20l — Clvllw2rg:re
Q Q

v

2100y = Cellvlwero:me)

3.D
and the right hand side is uniformly bounded from below on ng’p (Q: R?) because
p>1

Let (v,)nen C ng’p (Q2; RY) bea minimizing sequence. The above estimate, along
with (2.6) and G,(0) = 0, shows that such a sequence is bounded in WP (Q: RY),
hence admitting a (not relabeled) weakly converging subsequence, the limit point
being denoted by v. However, the term involving H in functional G, is weakly lower
semicontinuous over W27 (2; RY), thanks to (2.4), as well as the interfacial term,
thanks to the Sobolev trace embedding W7 (Q; R?) «— L9(3Q; RY). Since p > 1
we also have the compactness of the Sobolev trace embedding W7 (Q; RY)
L' (9Q; RY), which implies that v € Wl%’p(Q; R?). On the other hand, £ is weakly
continuous over W27 (2 Rd), and we have

lim inf / E(v,) D*W) E(v,) > / E(v) D*W () E(v)
R4 Q

n—-+o00
by the embedding whr(Q; RY) — L2(Q; RY) and by the weak L2(2; R?*4) Jower

semicontinuity of the map G — fQ GT D2W(I) G. Therefore, G, is lower semicon-

tinuous with respect to the weak W27 (Q; R?) convergence. The result follows by the
direct method of the calculus of variations. Uniqueness of the minimizer follows from
strict convexity of G. m]

The following is a key lemma, providing the rigorous linearization of the interfacial
term.

Lemma3.2 Let p > dq/(q + 1). Let v € W>P (2 RY). Let (¢j)jen C (0, 1) be a
vanishing sequence and let (v;)jen C W2P(: RY) be a sequence such that Vv
weakly converge to Vv in WhP (€; R¥*?) as j — +o00. Then

J—>+00 g;l.

1
lim inf — |lcof I + &;Vv;)n| —1]? dSz/ [A(v)n -n|?dS. (3.2)
a2 Q2

If Vv; strongly converge to Vv in Whr(Q; R¥*?) as j — 400 we also have

1
lim — |lcof I+ &;Vv)n| — 1]* dS:/ [A(v)n -n|?dS. (3.3)
J—>+00 &; Joq aQ

Proof We have the Sobolev trace embedding wlr(Q; RY) <
L@=Dr/d=p)(3Q: RY) if d > p. Else if p > d, we have W17 (Q; RY) — L"(3Q)
forevery r € [1, 400). Since p > dq/(qg+1),wehave (d—1)p/(d—p) = (d—1)q.
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Since the entries of cof F are polynomials of degree d — 1 in the entries of F, we
deduce that cof Viy € L1(3€2; R?*?) for every v € WP (; R?). This shows that
all the integrands appearing in (3.2) are in LYQ).

By the Cayley—Hamilton formula, we have

d—1
cof (I+&;Vv;) =T+ e;AW)) + > _ e Bi(v))
k=2

where By (v;) is a matrix whose entries are polynomials of degree k in the entries of
Vv;, and the sum is understood to be zero if d = 2. Letting

d—1
B(v)) := 281;_2183;( (),
k=2

we get therefore
cof I+ ¢&;Vv;) :I+£jA(vj)+£?IB§(vj). 3.4

We notice that

|cof X+ &;Vv)nl* = [n+&;A(v;)n+ & B(v;)nf? 45)
:1+28jA(vj)n~n+sjz.ID)(vj)n~n, .

where
D(v;) := A))" A()) + 2B(;) + 2¢; Bw)  A®w)) + £ Bw))" B(v)). (3.6)

We observe that the following properties hold:

Vv;—Vuv weakly in L7(3€2; RY*?) as j — +oo, (3.7)
A(vj)—A(v) weakly in LI (32 R?*?) as j — +o0, (3.8)
the sequence (B(v;)) e is bounded in LY (32; RY*%). (3.9)

Indeed, (3.9) follows from the Sobolev trace embedding whr(Q) <
LU@=Dp/d=P)(3Q),sinced > p > dq/(qg+1) implies (d —1)p/(d —p) > (d—1)q,
and since B(v;) is polynomial of degree d — 1 in the entries of Vv; (and ¢; < 1). Else
if p > d we have the embedding W7 (Q) < L"(3) for every r € [1, +00). For
the same reason, (3.7) and its direct consequence (3.8) hold true, since (d — 1)q > gq.
In particular, Vv has a LY (9€2) trace on 92.
We define

Qj=1{x€dQ:|A®W;(x)] +¢;B;(x))| < 2*48;1/4} (3.10)
and we notice that

SO\ Q)
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< [ 6 a0+ Bebds < 16e) [ Al +eBDas
9Q\0; 90

so that (3.8) and (3.9) imply that S(02\ Q;) — 0 as j — +oo. By using (3.10),
(3.6) and ¢; < 1, it is not difficult to see that on Q ; there hold

1 1
12e; A(wj)m-n+e; D(vj)n-n| < 2 [A())|+£7 ID(v))] < 58;/4< 3 GID
£jID())| < &7 + 2¢,B(v))]. (3.12)

Thanks to (3.11), starting from (3.5) and using Taylor series, on Q; we find that

lcof I+ ¢;Vv;)mn| —1

= J1+26/A@)n - n+e2D@j)n-n—1

2 +00

£j 2 k
=¢;A(vj))n-n+ EJ]D)(vj)n-n—i-Zak(ZejA(vj)n~n+8j D@;)n-n)",
k=2
(3.13)
—D 1 2k)!
where o = W (in particular we have Z,j;’g 42 27k < +00) and
+00
Zak (2e;A(vj)n-n+ E%D(Uj) n - n)f
k=2
+00
=e2 QAWHN N+, DN Y ar22e; Awj)n-n+e; D) n-mF
k=0
+00 +00
<2 QAWHN - n+e;D)n-m? D 27k < 8;/2 Y a2,
k=0 k=0
(3.14)

From (3.13), we have

|cof I+ ¢;Vv;)n| —1
Qj

£
= =1g,A(wj))n-n+1g, EI]D)(vj)n~n
J
+00
1
+1g; Z Zak(ZsjA(vj)n~n—i—s?]D(vj)n~n)k,
k=2

where we may notice that the two terms on the right hand side converge strongly to 0
in L9(0€2), thanks to (3.9), (3.12) and (3.14).

Since (02 \ Q;) — 0 and since (3.8) holds, we deduce by the equiintegrability
of (A(v)))jen that 1o, A(vj)n-n—A(v) n - n weakly in L7(9<2) and thus

|cof I+ ¢&;Vv;)n| —1

Qj

—A(@)n-n weaklyin LY(dQ2) as j — +oo (3.15)
€j
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so that

1
liminf — llcof M+ &;Vv;)n| —1[7dS > / [A(v)n-n|?dS.
Jj—>+oo €; Jo; IR

In order to conclude, we are left to prove that

1
jlirfoog—q llcof (1+&;Vv;)n| —117dS = 0. (3.16)
j J

But (3.5) yields

1 1
o [lcof M+¢;Vv;)n| —1| = P ||n+sjA(vj)n+e?B(vj)n| — |n||
J J

IA

1
o lej A(vj)n+ &5 B(vj)n| < |A@))] + & B;)],

and since S(02\ Q) — 0, (3.16) follows from (3.8) and (3.9).

Eventually, if we also have strong W7 (Q2; R?*?) convergence of Vv j to Vu, we
obtain strong convergence in (3.7) and (3.8), thus in (3.15), so that by taking (3.16)
into account we deduce (3.3). m]

Corollary3.3 Let p > dq/(q + 1).. Let v € W2P(Q; RY). Let (¢)) jen C (0, 1) be
a vanishing sequence and let (v;) jen C W2P(Q; R?) be a sequence such that Vu;
weakly converge to Vv in WhP(€; R¥*?) as j — +o00. Then

1 q q
lim - / |cof I +¢&;jVvj)n|ldS —10Q|| = / A(w)n-ndS (3.17)
j=+oo g5 |Jog a0

and

q

1
liminf — [(cof I +¢;Vv;) —Dn|?dS = / [A(v)n|?dS. (3.18)
j=+o g Jaa Q

If Vv strongly converge to Vv in Whr(Q; R¥*4) as j — 400, we also have

1
lim |(cof(1+8va.,')—I)nl"dS:/ |A(v)n|? dS. (3.19)
J—>+00 5]' a0 0Q

Proof By following the proof of Lemma 3.2, with Q; still defined by (3.10), we see
that that (3.17) follows from (3.15) and (3.16). On the other hand, (3.4) implies that

1
—(cof I+¢;Vvj) —Dn=A(w;)n+¢;B(v;)n
€j
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so that (3.18) follows from (3.8) and (3.9). If Vuv; strongly converge to Vv in
WP (Q; R*4) as j — +o00, then there is strong convergence in (3.8) so that (3.19)
follows. o

We next prove existence of minimizers G, for fixed ¢ > 0.

Lemma3.4 Let p >dq/(qg+1).Ifd =2 and q = 1, assume in addition that p > 1.
Suppose that L is a bounded linear functional on W>P(Q; R?), that W satisfies
(2.1) and (2.2), and that (2.4) hold. Then, the functional G, attains a minimum on

ng‘p(Q; Rd)for every ¢ > (.

Proof We assume wlog that ¢ = 1. For every v € Wl%‘p(Q; Rd), by (2.4), (2.5) and
(2.6) there holds

G1(v) = Co f V20l? — L) = Co / V2017 — KCLIIV20 ]y g i,
Q Q

Similarly to the proof of Lemma 3.1, since p > 1 this estimate implies boundedness
from below of functional G; on ng’p (2; Rd), and since G1(0) = 0, it implies that
any minimizing sequence (v,)p,eN C ng’p(Q; R?) is bounded in W27 (€2; R?), thus
weakly converging up to subsequences to some v € ng’p (2; RY). This yields up to
subsequences pointwise a.e. convergence of Vv, to Vv, so that since W is continuous
and nonnegative, Fatou Lemma implies lower semicontinuity of the term involving
W in functional G; along the sequence (vy,),eN. On the other hand, £ is obviously
continuous along such sequence, while

n—-+00

liminf/ H(Vzvn)z/ H(V?v)
Q Q

is a consequence of the convexity of H from (2.4). Finally,
since p > 1, the Sobolev trace embedding W7 (Q; Ry — L1(3Q; R?) is com-
pact, thus we have pointwise S — a.e. convergence of Vv, to Vv on 92 (up to a
subsequences), and by Fatou Lemma we get lower semicontinuity of the interfacial
term of functional Gj.
O

By means of the next two lemmas, we prove the I"-convergence

Lemma3.5 (T'-limsup) Let p > dq/(q + 1). Suppose that L is a bounded linear
functional on WP (Q; R?), that W satisfies (2.1) and (2.2), and that (2.4) holds.
Let (¢j) jen C (0, 1) be a vanishing sequence. Let v € le’p(SZ; Rd). There exists a
sequence (V) jeN C C®(Q2: RYH) N le‘p(Q; R?) such that

v;j — v stronglyin WP (Q; R?) as j — 400
and

lim gsj (vj) = Gs(v).
J—>+o0
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Proof By the density of C°(Q2; RY) N ng’p(Q; R?) in Wl%’p(Q; RY), with respect
to the W27 (2, RY) convergence, there exists a sequence (7;) jen C C®(Q2;RYH N
ng’p(Q; R¥) such that §; — v strongly in W>P(Q; RY) as j — +o0. We suppose
wlog that the sequence (|| VU, ]| -0 (@:Rdxdy) jeN 1s nondecreasing. We notice that it is
converging if p > d, thanks to the Sobolev embedding W7 (Q2; RY) «— C°(Q; RY)
holding in such a case. In any case, if it is converging we let v; = v; forevery j € N.
Elseifitis diverging, we define anew sequence (v;) jeny C C* (2 Rd)ﬂWI%’p(Q; R%)
as follows:

{U1,01, ..., 01, V2,02, ..., 02, V3,03, ..., U3, U4, V4...},

where each of the v;’s is repeated #;, times, where #; is defined as the smallest positive
integer such that

~ 1 . .
eillVozll coqpaxay < 3 for every integeri > 1 + 11,

whose existence is ensured by the fact that the sequence (&) jen is vanishing, and
where #; is then recursively defined as the smallest positive integer such that

- 1 . .
& VU4 ”CO(E;]RMI) < % for every integeri > 1+t + ... + t.

It is clear that we have v; — v strongly in W2P(Q;RY) as j — +o0o. Moreover, by
construction we also have

lim &;||Vvill o/ paxdy = 0. 3.20
j—1+oo J I Uj ”CO(Q)Rd d) ( )
We notice that the assumptions on the strain energy density W imply that

_lor 2
W(I+F) - SF' D*WIDF| < o (F)[F]

for every F € U cc U, where w : [0, +00) — [0, +00) denotes the modulus of
uniform continuity of D>W on U, which is a continuous nondecreasing function that
vanishes at 0. But (3.20) implies that, for every large enough j, wehave ¢; Vv (x) € u
for every x € Q. Therefore, if j is large enough, we get

1 1
W+, V() — SEw;(x)) D*WM E(v;(x))| < w(ej|Vvj(0)]) [Vv; (0]

£j

(3.21)
for every x € 2, having used the fact that by frame indifference D>W (I) acts as a
quadratic form only on the symmetric part of Vv;.
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We notice that, since p > dq/(qg+1) > d/2,ifd > pwehave p, :=dp/(d—p) >
2, therefore we have the embedding W17 (2; RY) < L?(Q), still holding if p > d.
Therefore, E(v;) — E(v) strongly in L2(€2; R4*4)_ Hence,

—SWI+¢;Vvj) — %E(v) D*W@M E(v)

/1
Qe

2
j
1 1 5
< ?W(Hsjwj)—iE(vj)D WD E(@))
J

+-/Q‘%]E(Uj)D2W(I)E(Uj)— %E(v) D*W@ E(v)

and the second term in the right hand side goes to 0 as j — +o00. On the other hand,
the first term in the right hand side gets estimated by means of (3.21) as

1
S W+e;Vv)) — SE()) D*W D E(v))

/ 1
Q€

J

Sw(€j||vvj||co(§;Rdxd))/ |VU/|2
Q

and so it vanishes as well as j — 400, thanks to (3.20) and to the boundedness of
(Vvj) jen in L2($2; R4-*4) since w(t) — 0as ¢ — 0. We conclude that

1 1
lim — | WI+¢g;Vv)) = -/ E(v) D*W () E(v).
j—>+008j Q 2 Ja

With respect to the strong W27 convergence, the interfacial term is continuous by

Lemma 3.2, while the load term and the second gradient term are obviously continuous.
The proof is concluded. O

Lemma 3.6 (I'-liminf) Let p > dq/(q + 1). Suppose that L is a bounded linear
functional on WP (Q; RY), that W satisfies (2.1) and (2.2), and that (2.4) holds. Let
(ej)jen C (0,1) be a vanishing sequence. Let v € ng’p(Q; RY). Let (vj)jen C
ng’p (Q2; RY) be a sequence that weakly converges to v in W>P (Q2; R?). Then,

liminf G, (v;) > Gu(v).
Jj—>+o00o

Proof Similarly to the proof of Lemma 3.5, we have the embedding of W17 () in
L?(R). Therefore, Vv; — Vv weakly in L2(Q2; R?*?). Let

Hj:={xe€Q: /¢|Vv;x)| <1},

so that
o\ [ vl v [ 19l
Q\H, Q
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thus [\ Hj| — 0 as j — +oo. For every x € H; we have ¢|Vv;(x)| < ,/¢; and
thus (3.21) holds for every large enough j, yielding

llmlnf—/ W(I+81ij)>hm1nf—/ Wd+¢;Vuj)

jo+o0 g —+00 &

Jj—>+00 ;

> lim inf (; / E(vj) D2W(I) E(v;) —/ w(e;j|Vvjl) |ij|2>
H;

Jj—>+oo

1
> lim inf (2/ E(vj) D*W (D) E(v;) —f w(@)|vvj|z> .
H; Hj
Buta)(\/s_j) — 0as j — +ooand (Vv;)jen is bounded in LZ(Q; R4%4) therefore

hmlnf—/ Wd+¢;Vv))
j—>+oo g

>11m1nf1/ E(vj)DzW(I)E(vj)Zl/ E(v) D*W () E(v),
2 H; 2 Q

Jj—+oo

where the last inequality is due to the weak convergence of Vv; to Vv in
L2(Q; R¥*4) and to the fact that [ \ H;| — 0, yielding the weak L2(2; RIx4)
convergence of 1, E(v;) toE(v), and to the weak L2($2; R4%4) Jower semicontinuity
of the map G — [, G D*w(@)G.

With respect to the weak w2p convergence, the interfacial term is lower semicon-
tinuous by Lemma 3.2, the load term is continuous, and the second gradient term is
lower semicontinuous, thanks to the assumptions (2.4). The proof is concluded. O

Proof of Theorem 2.1 Since W > 0, by Young inequality along with (2.5), (2.4)
and (2.6), calculations similar to (3.1) show that gg/. is bounded from below on
ng’p (22; RY), uniformly with respect to j € N. Moreover, by applying the same
estimate to v}, since gg‘,. (0) = 0, we obtain

Co [ 1V017 =G, 0)+1 =1

for every large enough j, thus showing that the sequence (v} ) jen is uniformly bounded
in W27 (2; R?). Having shown the I'-convergence by means of Lemma 3.5 and
Lemma 3.6, the proof concludes. Indeed, letv € ng’p(Q; R?) be aweak W27 (2; RY)
limit point of the sequence (v;) jen.Letd € ng’p(Q; R?) and let (j)jen C ng’p(Q)
be a sequence such that G, (0;) = G«(0) as j — 400, whose existence is ensured
by Lemma 3.5. By minimality of v; and Lemma 3.6, we get

G.(v) < 11m 1nf Ge,; (vj) < limsup G, (V) = G« (D).

j—+o0
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The arbitrariness of 0 € ng’p (2; R?) ends the proof. O

4 The Traction Problem: Proof of Theorem 2.2

We start by proving existence of minimizers for functional G over W7 (€2; R?). This
is done after a preliminary lemma

Lemma4.1 Letp > 1. Let (uj)jen C W2 P (2; RY) be a sequence such thatE(u;) €
L2(Q; R¥*4) for every j € N. Suppose that

sup [|E(u )l 12(q;rdxd) + sup ||V2uj | Lr (@ raxdxdy < 400. “.1)
jeN jeN

Then there exist u € WP (2; RY) with E(u) € L?(2; R?*9), a sequence (aj)jen C
R? and a sequence of skew-symmetric matrices (Wj)jen C R4*4 sych that as j —
400, along a suitable not relabeled subsequence,

uj—Wix —aj—u weakly in WP (Q; RY)

(4.2)
E(u;)—~E@) weakly in L*($2; R?*?).
Proof Assume first that I < p < 2. By Poincaré inequality and by second Korn

inequality, for every j € N there exista; € R¢ and a skew-symmetric matrix W j €
R?*4 such that

luj —Wix —ajllproray < allVuj — Willppraxay < GRIE@ ) L :raxdy,
4.3)
where ¢, K are positive constants, only depending on © and p. We conclude from
(4.1) that there exists u € W17(Q; R?) such that, by passing to a not relabeled
subsequence, u j — W jx —a;—u weakly in whr(Q; ]Rd) as j — +o0. Butthen (4.1)
implies that E(u) € L*(Q; R¥*?) and that E(u;) — E(u) weakly in L2(Q; RY*%),
The boundedness in L? (2; R?*4*?) of the sequence (Vzuj)jeN, still given by (4.1),
allows to conclude.
Else if p > 2, Poincar€ inequality yields for every j € N the existence of U; €
R?*4 gych that

p=2
”E(M]) _U] ”LZ(Q;RdXd) < |Q| 2p ||E(L£]) _Uj”LP(Q;]RdXd)
p=2
< qlQI 2 VE@ ) 1r(g;pax) “4)
=2
= q|Q| 2p ||V uj“Lp(Q;Rdxd).

But (4.1) and (4.4) imply that the sequence (U;)jen is uniformly bounded in
R4*dTherefore still by (4.4), we get that (E(u)) jen is uniformly bounded also

in L (Q; R¥*9), so that we still have, by Korn and Poincaré inequalities, the validity
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of (4.3), where the right hand side is uniformly bounded with respect to j. We thus
conclude as done in the case 1 < p < 2. O

Lemma4d.2 Let p > 2d/(d+2)and p > dq/(d —1+q). Ifd =2 and g = 1, let
p > 1. Suppose that W satisfies (2.1) and (2.2) and that H satisfies (2.4). Let L be a
bounded linear functional over W2 PA2(Q: RY) that satisfies (2.7). Then, there exists
a solution to each of the problems

min{Gu) :u € WP RD}  and  min{Gu) : u € WHP(Q; RY)}.

Proof We consider the problem for functional G, the proof for the other one being
analogous. As seen in the proof of Lemma 3.1, we have the Sobolev embedding
whr(; RY) — L2(Q2: RY) and the Sobolev trace embedding W17 (Q; RY) <
L7(3$2; R?), so that G(v) is well defined and finite for every v € W2P(; R?). For
every v € W2P(Q2; R?) and every R € S%, we define

H(, R) = %/QE(U) D2W(I)E(v)+LH(V2v)+y/;Q |A(v) n-nl? dS—L(Rv).

Let(uj,Rj)jen C WP (Q; RY) x 82 be a minimizing sequence for the minimization
problem

min{H(u, R) : (u, R) € W2P(Q; RY) x S2).

Since H(0, I) = 0 we may assume wlog that H(u;, R;) < 1 for every j € N. By
(2.2) and (2.4), by Holder inequality and by (2.8) with r = 2 A p, we get

Co[ |v2u,-|1’+c[ E@)* <1+ L®R;juj)
Q Q
< 1 + Q (”E(Mj)“LZ(Q;Rdxd) + ”Vzuj”LP(Q;RdXdXd)) s

where Q is a suitable positive constant, only depending on p, €2 and £. An application
of Young inequality in the right hand side (similarly to the proof of Lemma 3.1)
shows that the sequence (u;)jen satisfies (4.1). The same computation shows that
the sequence G j))jen is bounded from below. By Lemma 4.1, there exist u €
W2P(Q: RY), a sequence (a;) jeN C R? and a sequence of skew-symmetric matrices
(Wj)jen C R*4 such that (4.2) holds along a suitable not relabeled subsequence.
Since £ is a bounded linear functional over W27 (2; Rd), and since (2.7) holds, we
deduce

lim L(uj)= lim L(u;—W;x —aj;)=L(u).
Jj—>+00

Jj—>+00

The Sobolev trace embedding WP (Q) < L1(3K2) shows that Aw;)nn—A)nn
weakly in L9(9€2), therefore
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j—+oo

lim inf/ |A(w;)n-n|9dS
IQ

=1_iminf/ |A(uj—ij—aj)n~n|qd52/ |A()n-n|?dS.
Q2 IR

Jj—>+00

Along the sequence (u;) e, the first two terms of H are lower semicontinuous,
thanks to (4.2). By possibly extracting a further not relabeled subsequence we have
R, - Re 82 as j — +oo and then L(Rju ;) — L(Ru). We conclude that

G(u) < H(u,R) <liminf H(u;, R;) = inf H= _inf G,
j—=4o0 W2P (2;RY) xS% W2P(;RY)
thus showing that u is a minimizer for G over W7 (Q; RY). o

Next we prove existence of minimizers over W27 (Q; R?) for functional G,, for
fixed .

Lemma4.3 Let p >dq/(qg+1). Ifd =2 and q = 1, assume in addition that p > 1.
Let L be a bounded linear functional on WP (2; R?) that satisfies (2.7). Suppose
that W satisfies (2.1) and (2.3), and that H satisfies (2.4). Then, the functional G
attains a minimum on WP (; R?), for every ¢ > 0.

Proof We fix wlog ¢ = 1. For every v € W27 (2; R?), the conditions on p imply that
v e WH2(Q; RY) by Sobolev embedding, and thanks to (2.11) and (2.3) we get

Gi(v)

v

/W(I—i—Vv)—l—/ H(V?v) — L(v)
Q Q

v

i/ |I+Vv—R|2+/ H(VZv) — L(v),
Cq Jo Q

for some suitable R € SO(d), depending on v, therefore there exists ¢ > 0 (only
depending on C, Cgq and d), such that, also using (2.4),

c+g1(v)z/ |W|2+/ H(v%)—ﬁ(v)z/ |Vv|2+cO/ IV2ul? — L),
Q Q Q Q

Similarly to the proof of Lemma 4.2, the latter estimate can be combined with (2.8)
with r = 2 A p and with Young inequality to obtain that G; is bounded from below
over W2P(2; RY) and that every minimizing sequence (v,)peN C WP (; RY)
of functional G; is such that (Vv,)ney is bounded in L2(§2; R4*4) and such that
(V2Up)nen is bounded in LP(Q; R4*4*d) By arguing as in the proof of Lemma
4.2, we may use Poincaré inequality and deduce that there exists v € W7 (Q; RY)
with Vv € L%(; R9*?) and a sequence (a;)neN C R4 such that, as n — +oo
along a suitable subsequence, v, — a,—v weakly in W27 ($2; R?). In particular, up
to extraction of a further subsequence, Vv, — Vv a.e. in €2, thus by Fatou lemma
and the continuity of W we obtain the lower semicontinuity of the integral involving
W along the sequence (v,)neN, While the lower semicontinuity of the term involving
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H is ensured by (2.4). We have by (2.7) L(v,) = L(v, — a,) — L(v) asn — 400
since £ is a bounded linear functional over W27 (2; R?). Finally, the interfacial term
of functional G; is lower semicontinuous along the sequence (vj),eN, by the same
argument in the proof of Lemma 3.4. We conclude that v is a minimizer of G; over
W2P(Q; RY). o

We need three lemmas in order to prove Theorem 2.2, proving, respectively,
compactness, lower bound and upper bound.

Lemma4d.4 Let p > dq/(g + 1). If d = 2 and q = 1, assume in addition that
p > 1.Let M > 0. Let W satisfy (2.1) and (2.3). Let L be a bounded linear functional
over W32AP(Q; RY) that satisfies (2.7) and (2.9). Let () jen C (0, 1) be a vanishing
sequence. Let (V) jen C W2P (2 RY) bea sequence suchthat Ge;(vj) < M forevery
Jj € N. Then there existR € 82, asequence (R;) jen C SO(d), andu € WP (Q; RY)
such that, letting
RTx —x
uj =Rjvj+ —+——or, 4.5)
€j

in the limit as j — +00 (possibly along a not relabeled subsequence) there hold

R; >R and Vuj—Vu weakly in WP (Q; RY*D).

Proof A consequence of (2.11) and of (2.3) is that there exists a a sequence (R;) jeny C
SO(d) and a constant ¢ > 0 (only depending on W and €2) such that

c 1
c/ |Vuj|2 = —2/ I—R; +evaj|2 < —2/ WA +¢e;Vvj), (4.6)
Q 8]' Q Sj Q
and then we deduce, since gs_/. (vj) < M and since (2.9) holds, that

C/ |VMj|2+/ H(V?uj) < M + L(v))
Q Q

1
=M+ — LR;x —x) + LRjuj) < M+ LR;u;).
J

4.7
By including (2.8) with » = 2 A p and Holder inequality, we obtain

c/ |V, ? +/ H(Vuj) < M+ QI\Vujll2quraxty + QI VUl Lo quraxixa.
Q Q

where Q > 0 is a suitable constant, only depending on €2, p and on C, from (2.5),
and then by Young inequality we get

c/ |Vuj|2+/ H(V?uj)
1
+ﬁ+ /|v]| +—<—>

Ll
+—/ |V2u;|P
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for every § > 0. Choosing small enough §, we see that the sequence (Vu;);eN
is bounded in L?(2; R?*?) and that the sequence (Vzuj)jeN is bounded in
LP(; RY*dxdy By Poincaré inequality, there exists a sequence (a;)jen C RY
and a positive constant ¢ (only depending on €2) such that |lu; — ajll;2qQ.re)y <
cllVujli2(q.raxay for every j € N. Therefore, by passing to a suitable not rela-
beled subsequence, we have the existence of u € WI'Z(Q; R4 )suchthatu; —aj—u
weakly in L?(2; R?) and Vu; — Vu weakly in L2($2; R9%d) ag Jj — —+oo; the
uniform bound on the sequence (V2u j)jen in LP(L2; Rd*dxdy and Poincaré inequal-
ity again allow to conclude that u € W>”(Q; R?) and that Vu i—Vu weakly in
Wl’p(Q; RdXd).
On the other hand, by (4.7) and (2.9) we have

1
0<——LRjx —x) <M+ LRjuj).
€j

But then (2.5) and the already established uniform bounds of the sequence (Vi) jen
in L2(£2; R?*4) and of the sequence (Vzuj)jeN in LP($2; RI*4xd) yield

lim L(Rjx —x)=0.

j—>+oo
This shows that any limit point of the sequence (R}) jen belongs to 82. O

Lemmad4.5 Let p > dq/(q + 1). Let W satisfy (2.1) and (2.2). Let L be a bounded
linear functional over W%2/P(Q; R?) that satisfies (2.7) and (2.9). Let (ej)jen C
(0, 1) be a vanishing sequence. Let u € W>P(Q2; RY). Let (vj)jen C WP (Q; RY)
and (R;) jen C SO(d) be sequences such that

Vu;—Vu weakly in WP (; R??) as j — 4o0,
where uj := R]ij + Elj(RJTx —x),andR; — R € 8% as j — +oo. Then,
G(u) < liminf G, (v)).
J—>+00

Proof LetT; :={x € Q: /g;|Vu;(x)| < 1}, so that

|9\Tj|s/ Js_jIVujliﬁf Va1,
O\T; Q

thus [2\ Tj| — 0 as j — +o00. By repeating the argument in the proof of Lemma
3.6, forevery x € T; we have ¢;|Vu;(x)| < ./€; and thus (3.21) holds for every large
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enough j, yielding

hmlnf—2 W(I—i—s/Vv,)
Jj—>4o00 8]

1 1
—hmmf— W(I+£]Vu])>hm1nf— Wd+¢;Vuj)

Jj—4o00 gj Q —+00 8] T;
1
> lim inf -/ E(uj)Dzwa)]E(uj)—/ w(ej|Vu;]) [Vu;|?
j—+o00o 2 T_/ T_j

o 1

> lim inf —/(h,E(uj)) D*W () (IIT/IE(MJ'))—/ o (JENIVu;? |,
Jj—>+00 2 Q ’ ’ T;

where the first equality is due to the frame indifference of W. But w(,/g;) — 0

as j — +o00 and (Vu;) jen is bounded in L2(Q; R9%4Y pecause of the embedding
of WP(Q) in L?(Q) yielding Vu; — Vu in L2(§2; R4*4). Moreover, for every
n € L?(2; R?*4) we have

1

2
S ”Vuj"LZ(Q;]Rdxd) (/;2\ |77|2)
T;

where the right hand side goes to zero as j — +oo since |2\ Tj| — 0, so
that Lo\7;E(u;)—0 weakly in L?(Q; R?*?), and by writing 17,E(u;) = E(u;) —
Loy E(uj) we see that 17, E(uj)—~E(u) weakly in L2($2; R9%4). We conclude that

V n:IovrEu;)
Q

1
hmmf—2 W +¢;Vvj) > —/ E(u) D*W (@) E(u), (4.8)
j=too g5 Ja

thanks to the weak L2($2; R?*4) semicontinuity of the map F — fQ FT D2W()F.

By the Sobolev embedding W17 (Q; R¥*4) — L2(Q; R?*?), holding since p >
d/2, we get Vu;—Vu weakly in L%(2; R?*4). By Poincaré inequality, we deduce
the existence of a sequence (a;) jen C R? and of it € L*($2; RY) such that uj—aj—u
weakly in L2(€2; R?*?) and such that Vii = Vu on . Since Vzuj—\Vzu weakly in
LP(Q; RIxdxdy e deduce that uj —a;—u weakly in WZ2AP (Q: RY). Therefore,
since (2.7) holds and since £ is a bounded linear functional over W27 (Q; R?), we
get Luj) = L(uj —a;) — L@m) = L(u) as j — +oo, and since R; — R, we
obtain

11111 LRjuj) = hm E(RJ (uj —aj)) = LRu) = LRu).
Jj—+o0
By taking (2.9) into account, we have

1
—E(vj) = —;E(ij —Xx)— ,C(Rjuj) > —,C(Rjuj)
J
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and therefore
liminf —L(v;) > —LRu) > — max L(Ru). 4.9)
j—+oo ReSY
Sincex+¢ejv; = Rj(x+¢;u;),andsince cof (RF) = Rcof FforeveryR € SO(d)
and every F € R9%4 e have

/ llcof M+ €;Vv;)n| —1|7dS = / [lcof M+ ¢;Vu;)n| —1|74dS,
I 193
therefore Lemma 3.2 implies

1

liminf — [lcof T+ ¢;Vvj)n| —1|17dS > / [A(w)n - n|?. (4.10)
j=+oc s Jaq ' aQ

The weak lower semicontinuity of the L norm for the second gradient term, along

with (4.8), (4.9) and (4.10), entails the desired result. m]

Lemma4.6 Let p > dq/(q + 1). Let W satisfy (2.1) and (2.2). Let L be a bounded
linear functional over WP (Q; R?) that satisfies (2.7) and (2.9). Let (¢j)jen C
(0, 1) be a vanishing sequence. For every u € WP (S2; R?), there exist a sequence
(j)jen C WHP(Q;RY) and R, € S such that

uj — u strongly in W2P(Q; RY) (4.11)
and such that

limsup G, (v;) < G(w),

Jj—+oo
1
where vj :=R,u; + 8—(R,4x —X).
J

Proof Let (u;)jen C C®(Q;R?Y) N W2P(Q;R?) be a sequence that strongly
converges to u in W2P(Q; R, If p < 2, we also have Vu; — Vu strongly
in L2(Q; R¥*) as j — +o00 by Sobolev embedding, since p > dg/(q + 1).
By the same argument of the proof of Lemma 3.5, it is possible to assume that
€jllVujlicoigpaxay = 0as j — 400; therefore, by repeating the arguments therein
we get

lim i/ WA+ ¢e;Vuj) = 1/ E(u) D*WX) Eu)
j—+o0 8]2 Q ) Q '

We have [, [V?u;|? — [, |V?u|P as j — o0, and moreover by Lemma 3.2 we
have

1
lim ||COf(I+8jVuj)n|—l|qu:/ |A()n-nj?ds.
]_>+°°5j Q2 Q2
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Let now R,, be a minimizer of the function
1
R — 3 f E(u) D*°W{) E(u) + / HV?u) +y f IAG)n-n|?dS — L(Ru)
Q Q Q

over 82, and let v; = Ryu; + ﬁ(Rux — x), j € N. We notice that by frame
J

indifference all the terms in G, i excluding the load term, are the same if evaluated at

u; or vj. In particular, we get

- 1
lim sup |ggj (vj) — G(u)| = lim sup |—'£(Rux —x)+ E(Ruuj) — LRyu)|

j— oo Jj=>too ©J
= limsup [C(Ryu ;) — L(Ryu)|
j—+oo

<limsupCp ((1 + ORI Vuj — Vul 2rpqepixdy + 1V2uj — v2u||L2Ap(Q;Rdxdxd))

J—+oo

:O’

having used R, € S%, (2.8) withr =2 A p, and (4.11). The proof is concluded. O

Proof of Theorem 2.2 Let (v;)jen C W2P(Q2,RY) be a sequence of minimizers of
ggj over W2*p(§2; Rd). Since ggj (0) = 0, we may assume wlog that ggj (v;) < 1for
every j € N. By Lemma 4.4 and Lemma 4.5, there exist u, € W>?(; R%),R € 82
and a sequence (R;) jen C SO(d) such that, by possibly passing to a not relabeled
subsequence, there hold R; — R and Vu; — Vu, weakly in wlr(Q; ]RdXd) as

J — +oo, where uj := RJT.vj + %(Rjrx — x), and
Glus) < liminf G, (v)). 4.12)

Let now i € W>?(Q; R?). By Lemma 4.6, there exist R; € 82 and a sequence
(ii}) jen C W2P(Q; R?) such that, letting ¥ := Ryii; + & (Rzx — x), there holds
J

lim sup G, (9;) < G(ib). (4.13)

Jj—+oo

By combining (4.12) and (4.13), since (v;) jeN is a sequence of minimizers, we deduce

Guy) < l_imJirnf Ge, (vj) <limsup G, (¥;) < G(@). (4.14)
j—>+oo

Jj—+o0

Then, the arbitrariness of # shows that u, minimizes G over WZ’P(Q; Rd), and
choosing i = u, in (4.14) we obtain (2.10). O

Proof of Corollary 2.3 The proof is the same as that of Theorem 2.1 and Theorem 2.2.
The only difference is indeed in the interface terms. However, the limiting behavior
of the interface terms of functional F, and Z; is given by Corollary (3.3), which
can be used in place of Lemma 3.2. This shows the validity of the result for the
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Dirichlet problem. Concerning the pure traction problem, the proof is again the same
for functional G, taking also advantage of the frame indifference of the interfacial
term therein the allows to perform the argument in the proof of Lemma 4.6. O

In order to prove Theorem 2.4, we give a preliminary compactness result.

Lemmad.7 Let p > dq/(q+1). If q = 1 and d = 2, let also p > 1. Let
M > 0. Let W satisfy (2.1) and (2.3). Let L be a bounded linear functional over
W22/ (Q; RY) that satisfies (2.7) and (2.9). Let (¢j)jen C (0,1) be a vanish-
ing sequence. Let (vj)jen C W2P (S RY) be a sequence such that Te;j(vj) =
M for every j € N. Then there exist v € W>P(Q;R?) such that there hold
Vv;—Vv  weakly in WP (Q; R¥*?) in the limit as j — 400 (possibly along a
not relabeled subsequence).

Proof By (2.11) and (2.3), there exists a sequence (R;) jen C SO(d) such that (4.6)
holds, where u ; is defined by (4.5). Therefore,

c/ |Vuj|2+/ H(Vzuj)—i—lq/ [(cof I4¢;Vv;) —Dn|?dS
Q Q Sj IR

1 1
5—2/ W(I+sjVUj)+lp/ H(sjvzu,-)+—q/ |(cof (T+&;Vv;) —Dn|? dS
ez Jo &t Ja &1 Jaq
J J j
1
<Zg;(vj) + Lvj) <M+ ;E(ij —x)+LRjuj) <M+ LRjuj;)
J

having used (2.9). As seen in the proof of Lemma 4.4, this shows that there exists
u € W2P(2: R?) such that Vu j—Vu weakly in Wlp(Q; RIxd) along a suitable not
relabeled subsequence, and that

Rj(COf(I'f’&‘jVMj) —I)n n (R] —I)n 4q
€j €j

ds

1
7/ |(cof(1+sjwj)—1)n|‘1d3=/
Sj Q2 Q2

is uniformly bounded w.r.t. j. However, the sequence (e;lR jcof A+ &;Vu;) —
D n) ey is uniformly bounded in L7(02; RR?), thanks to Corollary 3.15. Therefore,

we deduce that
sup /
JjeNJIQ

LetV; := 8/71(Rj —I)and Z; := V;/|V;|. We claim that the sequence (V;);jen C
R4xd

q

Ri=D s < +00. (4.15)

€j

n

is bounded. Indeed, suppose not. Then there exists a suitable subsequence along
which |V| diverge and Z; — Z for some suitable Z € RY*¢ with |Z| = 1. Thus

|V,»|—’1/ |an|qu=/ |Zjn|qu—>/ |Zn|?dS
Q Q2 Q2
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as j — +oo. But |V;| — 400 and (4.15) then imply fm |Zn|?dS = 0, which is
a contradiction since |Z| = 1. The claim is proven and it implies the result, since
Vu j—Vu weakly in WP (; R?*4) and since u; and v; are related by (4.5). O

Proof of Theorem 2.4 We preliminarily notice that existence of minimizers over
W2'p(Q; ]Rd) of 7, ;s for every fixed j, and of Z, are obtained in the same way as
done in Lemma 4.3 and Lemma 4.2, respectively.

We first check Gamma liminf inequality, that is we let v € W22 (2; RY), we let
(vj)jen C W2P(Q; RY) be asequence such that Vv;— Vv weakly in WP (Q; R*4)
as j — +oo,

and we check that

Ti(v) < liminf Z, (vj).
J—>+0o0

This is obtained in the very same way as in the proof of Lemma 4.5. Indeed, after
defining T; := {x € Q : ,/gj|Vv;(x)| < 1} we follow the argument therein and
obtain (4.8) with v in place of u. Similarly by using Poincaré inequality and (2.7), we
get L(vj) — L(v) as j — +oo. We also have lower semicontinuity of L?” norm of
the second gradient, as well as lower semicontinuity of the interfacial term, thanks to
Corollary 3.15.

As second step, we check Gamma limsup inequality, that is, we check that for
every v € W2P(2; R?) there exists a sequence (v;)jeNn C W2P(2; R?) such that
v; — v strongly in W27 (Q2; R?) and such that

lim sup Zej (vj) < Zi(v).

J—> o0

The argument is the same that was used for proving Lemma 4.6. Let (v;)jen C
C®(Q2;RY) N W2P(Q;RY) be a sequence that strongly converges to v in
W2P(Q; RY), constructed as in proof of Lemma 3.5. Thus, we get continuity along
this sequence of all the terms in the energy but the load term, also using Corollary
3.15. Concerning the load term, we directly get L(v;) — L(v) by means of (2.8).
Having proven compactness and Gamma convergence, the result follows. O
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