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Abstract

Let D(u) be the Dirichlet energy of a map u belonging to the Sobolev space Hulo (22; R?) and
let A be a subclass of Hulo (2:; R?) whose members are subject to the constraint det Vi = g
a.e. for a given g, together with some boundary data uy. We develop a technique that, when
applicable, enables us to characterize the global minimizer of D(«) in A as the unique
global minimizer of the associated functional F'(u) := D(u) + fQ f(x) det Vu(x) dx in the
free class Hulo (R, A key ingredient is the mean coercivity of F on HO1 (€; R?), which
condition holds provided the ‘pressure’ f € L°°(Q) is ‘tuned’ according to the procedure
set out in [1]. The explicit examples to which our technique applies can be interpreted as
solving the sort of constrained minimization problem that typically arises in incompressible
nonlinear elasticity theory.

Mathematics Subject Classification Primary 49J40 - 65K10

1 Introduction

The chief purpose of this paper is to give a new viewpoint on the classical problem of
finding global minimizers of constrained variational problems that are typically encountered
in incompressible nonlinear elasticity theory. The novelty of our technique is that in the cases
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where it applies, it delivers a unique global energy minimizer in a constrained class by first
solving an explicit PDE that is set in an unconstrained (or free) class. Established techniques
for treating such variational problems can, in the right circumstances, produce similar PDE as
necessary conditions, but without an associated uniqueness principle that makes it possible
to distinguish between stationary points and true minimizers.

To be more specific, our approach puts to use the recent results in [1] treating the mean
coercivity of functionals of the form

F(p) :=/ IVo|? + f(x)det Vo dx (1.1)
Q

defined for ¢ in HOl (€2 R?) and where f is a given function in L°°(2). When F is mean
coercive on H(} (§2; R?), i.e. when there is a constant y > 0 such that

Fo 2y [ 1ol ar Vo e Hj@ ), (12)
Q
it becomes possible to minimize F over the general class
Hy (Q:R?) :={ue H' (R : u=uy on I}

and so obtain a unique solution u to the associated Euler-Lagrange equation
/ 2Vu+ f(x)cof Vu) -V =0 V¢ € HO1 (2; R?). (1.3)
Q

This is precisely the type of equation we would expect to have to solve in order to minimize
the Dirichlet energy

D(u) ::/ [Vu|? dx (1.4)
Q

in the constrained class
A i={u e HulO(Q; R?) : detVu = ga.e.} (1.5)

provided the given function g is such that A, is nonempty. In this case, the function f is a
Lagrange multiplier corresponding to the constraint det Vu = g a.e., while in the continuum
mechanics literature f could be interpreted as a (hydrostatic) pressure.

Thus the main result of this paper is the following:

Theorem 1.1 Let F given by (1.1) be mean coercive in the sense of (1.2), and let D(u) be
the Dirichlet energy of u, as defined by (1.4). Let u minimize F in Hul0 (2; R2). Then u is the
unique minimizer of D in the constrained class Ag, where g := det Vu.

The process that leads to a proof of Theorem 1.1 can be summarised as follows:

1. Relying on the results of [1], choose a pressure f in (1.1) so that the functional F is mean
coercive in the sense of (1.2), and take uq € H'(Q:; R?);

2. Minimize F in the ‘free’ class Hul0 (€2; R?) and let u be a minimizer. Note that u solves
the weak Euler-Lagrange equation a(u, y) = 0 for all test functions v, where the Euler-
Lagrange operator is defined in (2.5) below;

3. Define g := det Vu and let the constrained class of admissible maps A, be given by

Ag={ue H, (%R : detVu = gae.in Q}; (1.6)
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4. Employ the identity
Fw)y=Fu)+au,v—u)+ F(v—u) u,veH1

uo

(& R"), (1.7)

which, because u solves the Euler-Lagrange equations and by imposing the conditions
that det Vu = det Vv = g a.e., simplifies to

D) =Dw)+ Fv—u) veA,, (1.8)

and note that by mean coercivity, F'(v — u) > 0 for any v, u € Ag such that v # u. It
follows that u is the unique global minimizer of the Dirichlet energy in Ay.

See Proposition 2.1 for (1.7) and Lemma 2.2 for (1.8).
In the general case of the constrained variational problem of minimizing the stored energy
functional

E(u) :=/ W(Vu) dx (1.9
Q

in a class typified by A,, the established approach is first to determine by the Direct Method
of the Calculus of Variations that a minimizer of E in A, exists and then to derive a version
of (1.3), namely

/ (DW(Vu) + A(x)cof Vu) - Viy =0 Vi € C° (2, R") (1.10)
Q

for a suitable A and where  is typically 2 or 3. One of the clearest expositions of this technique
can be found in [11], where minimizers of an energy like (1.9) in a subclass of the isochoric
maps u obeying det Vu = 1 a.e. are shown to obey (1.10). The heart of the argument is to
assume that the global minimizer y* of E in the constrained class is sufficiently regular and
invertible that the problem can be formulated in the deformed configuration y*(£2). See also
[10, 19]. In the same spirit, and again in subclasses of isochoric maps, equations of the type
(1.10) are derived in [2, Section 4] for continuous and injective local minimizers satisfying

suitable regularity conditions which include the assumption that (Vu)~7 € Ly (Q; R™M)

for s > 3 and n = 2, 3. The resulting hydrostatic pressure A then belongs to LE)C(Q). See
also [17, 18] for further results in this direction. In the setting of nonlinear elasticity, by
contrast, it is well known that stationarity conditions such as the Euler-Lagrange equations
(corresponding to taking A = 0 in (1.10)) may not hold, which makes all the more striking
the results of [9], for example, whose approach to that problem exploits solutions they are
able generate to prescribed Jacobian inequalities, as well as certain structural assumptions
about the stored-energy function W.

In practice, the choice of the pressure f in the functional F(u) dictates the possible
solutions of the Euler-Lagrange equation which, in turn, control the permissible boundary
conditions ug|sn. We study in Sections 3.1, 3.2, 3.3 and 3.4 solutions of the Euler-Lagrange
equation for four main types of pressure function f, and calculate in each case global energy
minimizers of classes of constrained minimization problems as formulated in Steps 1.-4.
above. In Section 3.1, for example, we prove that for suitable constants ¢ and & the map

{x x € B(0, p)
"= (54 15) x e BO.DVBO.p)
is the unique global minimizer of the Dirichlet energy in the class

{ve HY(B(0, 1); R?) : detVv =gae.)
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where g(x) := 2 if x € B(0, p) and g(x) := £2 — (1 — &)%|x|~* otherwise. Here, B(0, p)
stands as usual for the ball in R? centered at 0 and of radius p.

One of the features of the functional F in the 2 x 2 case is that its integrand W (x, A) :=
|A]> + f(x)det A for A € R**? does not, for general f, satisfy a pointwise ellipticity
condition of Legendre-Hadamard type

D*’W(x,A)la®b,a®@b] > vial’|b|> A,a®beR? xeQ. (1.11)

Using Hadamard’s pointwise inequality |A|? > 2| det A| for all A € R?*?, it is straightfor-
ward to see that such a condition holds only if || f — (f)allc < 2, where (f)gq denotes
the mean value of f over 2. Nevertheless, even when (1.11) fails it is still possible to show
that the mean coercivity of F is sufficient to improve the regularity of H! solutions of the
associated Euler-Lagrange equation to C%¢ for some « > 0. See Proposition 2.4 for details
and its preamble for a discussion of this result in relation to those of Morrey [20, Theorem
4.3.1] and Giaquinta and Giusti [13]. Thus when, for example, we take f(x) = M x,(x),
where ¥, is the characteristic function of the fixed subdomain w C 2 and where the scalar
M obeys |[M| < 4, the solution to the Euler-Lagrange equation (1.3) is Holder continuous,
despite the evident discontinuity in f. In fact, in this and other such cases, the Euler-Lagrange
equation splits into a ‘bulk part’, leading to the conclusion that the solution u is harmonic
away from dw, and a surface part, where certain jump conditions relating the normal and
tangential derivatives of u along dw should hold. See Proposition 3.2 for this interpretation
and the assumptions we make to derive it.

The connection between energy minimization and uniqueness is studied in [14]. In par-
ticular, for suitable, radially symmetric g, [14, Theorem B] demonstrates that solutions to
the equation det Vu = g a.e. subject to u(x) = x for x € dB automatically minimize
[IVull2p gy provided A(g) < 1. (See [14] for the notation.) Since g can be chosen a priori,
this is a stronger result than ours in the case that the domain is a ball and when g is radially
symmetric and bounded uniformly away from 0 a.e.. The example we discuss in Section 3.1
happens to be precisely of the type just described, and we calculate in that section the rel-
evant A(g) which, interestingly, obeys A(g) > 1, showing that A(g) < 1 is not necessary
for uniqueness. One of the things we do not try to do in this paper is to solve a ‘standalone’
prescribed Jacobian equation with given data, for which a substantial literature already exists:
see [5] for an overview, and [14], [15], and [16] for recent progress. Rather, we choose in
advance a Lagrange multiplier (or pressure) that leads to a functional like F defined in (1.1),
and then the data g in det Vu = g emerges as the Jacobian of the minimizer of F. In this
paper, a typical g turns out to be L°(£2), and the associated u belongs to C%# for some
B > 0, which, at least in the case of the example given in Section 3.1, is consistent with
[24, Theorem 2]. In order to apply the direct method to F', we rely on coercivity results for
non-homogeneous integrands [1]. For coercivity in the context of homogeneous integrands,
see [3], [4] and the references therein, for example.

The paper is organised as follows. In Section 2 the functional F given by (1.1) is studied
under the assumption that it is mean coercive, and the properties of solutions to the asso-
ciated Euler-Lagrange equations are derived, including Proposition 2.4, which guarantees
the Holder continuity mentioned above. The important decomposition (1.7) is derived in
Proposition 2.1, and a result that is the blueprint for solving the Euler-Lagrange equations
appearing throughout the paper is established in Proposition 3.2. Subsections 3.1 and 3.2
focus on two cases in which the pressure f is of the form f = M x, and w is either a disk
or a sector. Later parts of Section 3 focus on the constrained variational problems generated
by taking f to be of two further forms: see Section 3.3 for a setting in which the global
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minimizer turns out to be piecewise affine, and Section 3.4 for a setting in which minimizers
can be generated only if the parameters appearing in the pressure f are carefully selected.

We denote by J the 2 x 2 matrix representing a rotation by 7 /2 radians anticlockwise,
i.e. in terms of the canonical basis vectors e; and e; in R2, J = e ® ;] — €] ® e3. Other
than that, all notation is either standard or else is defined when first used.

2 Minimizing the functional F under mean coercivity conditions

The subsection title refers to the variational problem of minimizing the energy F defined by
F(u) :=/ |Vul> + f(x)det Vu dx 2.1
Q

in the class of admissible maps
Hy (R = {u e H (R : ulag = uo), (2.2)

where u is the trace of a fixed function in H'($2; R?). Here, f is afixed function in L*°(2),
which we may sometimes refer to as a ‘pressure’, chosen so that F is mean coercive, by
which we mean that there is y > 0 such that

F(p)>y /Q IVol? dx Vo € Hy (2 RY). (2.3)

Conditions on f ensuring that (2.3) holds can be found in [1], to which point we will return
later. By a straightforward density argument, we remark that the space HO1 (Q; R?) appearing
in (2.3) can be replaced with the set of smooth, compactly supported test functions on 2.

The connection between mean coercivity and the existence of minimizers of F is recorded
in the following result.

Proposition 2.1 Letu,v € HMIO(Q; R?) and let F be given by (2.1). Then
Fw)=Fu)+au,v—u)+ F(v—u) 2.4)
where a(u, @) represents the bilinear operator

a(u,p) = /QZVM -Vo + f(x)cof Vu - Vo dx. 2.5)

If F is mean coercive then it has a unique minimizer u € HMIO(Q; R?) obeying the Euler-
Lagrange equation
a(u,9) =0 Vo e H}(Q;R?). (2.6)
Proof Writing v = u + ¢, expanding the determinant
det(Vu + Vo) = det Vu + cof Vu - Vo 4+ det Vo

and substituting in F(u + ¢) yields the decomposition (2.4). When F' is mean coercive, the
direct method of the Calculus of Variations yields a minimizer u, say, in Hul0 (Q:; R?), and by
taking suitable variations, it must be that u obeys (2.5). The uniqueness follows by applying
(2.4) and (2.3) to deduce that for any other candidate minimizer v, say,

F(v) > F(u)+y/ |Vo|? dx
Q
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and, by exchanging u and v,

F(u) > F(v) +y / |Vo|*dx.
Q
These are consistent only if ¢ = 0 a.e., which gives v = u a.e.. O

We remark that the decomposition (2.4) shows that if there is just one test function ¢ such
that F(¢) < O then F(u + kp) — —o0 as k — o0, and there is no infimum, let alone a
minimizer. Hence if there is a finite infimum, it is necessary that

F(p) >0 Vg € H} (S R?). (2.7)

Mean coercivity is therefore a natural strengthening of this necessary condition. Moreover,
since it follows easily from (2.7) that

min{F(p) : ¢ € Hy (2 R*)} =0,

we deduce thatif F is in addition mean coercive then the unique minimizer of F on HOl (2 R?)
is u = 0. Note that if (2.7) holds then F : H,} (Q: R?) — R defined in (2.1) is convex. We
refer to [3] for other applications of convex integral functionals defined by possibly nonconvex
integrands.

The next result, which is needed in the course of the proof of Theorem 2.3, makes plain
the connection between D and F, which is that F behaves as an excess functional.

Lemma2.2 Let A, be given by (1.6) and let u, v € Ag. Then
D) = D) +a(u,v —u) + F(v — u), (2.8)

where
a(u, p) = / 2Vu - Ve + fcof Vu - Ve dx.
Q
Proof From Proposition 2.1, for any u, v € A,
Fw)=Fu)+aw,v—u)+ F(v—u). 2.9
Since u, v € Ay, it follows that
/ f det Vu dx :/ f detVudx,
Q Q

and hence that
F() — F(u) =D() — D(u).

Substituting this into (2.9) gives (2.8). ]
Our main result, as stated in the Introduction, is the following.

Theorem 2.3 Let F be given by (2.1) and let D(u) be the Dirichlet energy for u, as defined by
(1.4). Assume that F obeys the mean coercivity condition that there exists y > 0 depending
only the function f and the domain Q2 such that
F(p) = y/ IVolPdx Vo € Hy (2 R?). (2.10)
Q

Then there is a the unigue minimizer of D in the class Ag, where g := det Vu.
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Proof By Propositon 2.1, there exists a unique minimizer u of F Hul0 and (2.6) holds. Hence,

a(u,v—u)=0

for any v in H, (2; R?). Further, since u is assumed to belong to Ag, Lemma 2.2 gives for
any v € A,

D(v) = D(u) + F(¢) @2.11)

where ¢ := v — u belongs to HO1 (2; R?). Finally, by mean coercivity (2.10), we see that
D(v) > D(u) for all v in A,, with equality if and only if v = u a.e.. ]

We now study the Euler-Lagrange equation (2.6) for general f in L°°(2) under the
assumption that f can be chosen so that F' is mean coercive, i.e. that (2.3) holds. This is
a weaker assumption than ellipticity, as can be seen by considering the particular example
of f = My, where w C Q: the system (2.6) is elliptic only when |M| < 2, whereas, by
[1, Proposition 3.4] it is mean coercive only when |M| < 4. Fortunately, classical regularity
theory is readily adapted in order to exploit the mean coercivity condition (2.3). Indeed, the
conclusion of Proposition 2.4 below echoes that of Giaquinta and Giusti [13], in which an
improvement in the regularity of a minimizer of certain nondifferentiable functionals is shown
to be possible, and also that of the well-known result of Morrey [20, Theorem 4.3.1], but, in
our case, without any pointwise growth assumptions on the integrand. Specifically, we show
that weak solutions to the Euler-Lagrange equation belong to the space Wlf)’cp (22; R?) for
some p > 2, and hence are, by Sobolev embedding, automatically locally Holder continuous
in 2. In the following, we use the notation (1) g := JCS u(y)dy whenever S C €2 is measurable
and non-null.

Proposition 2.4 Letu € HL}O (Q: R?) be a weak solution of the Euler-Lagrange equation
/ 2Vu -Vo+ fcof Vu - Vpdx =0 ¢ € Wol‘z(Q,Rz) (2.12)
Q

and assume that F is mean coercive in the sense of (2.3). Then there is p > 2 such that u
belongs to WI]O’CP (L2 ]Rz).

Proof Let xq be any interior point of €2 and let Ry > 0 be such that B(xp, 2R) C 2 for all
R € (0, Ro). Fix R € (0, Rp) and let n be a smooth cut-off function with the properties that
n(x) = 1forx € B(xg, R), sptn C B(xp,2R) and |Vn| < c¢/R for some constant c. Let A
be a constant vector in R2. Choosing ¢ = n2 (u — A) in (2.12) gives
0 :/ r)ZIVuI2 + nzf det Vu dx+
Q
+/ 2n(u — X)) @ Vn-Vu+ fnu—21) ® Vi - cof Vu dx. (2.13)
Q

Now,

F(n(u—k)):/ N IVul> +2nu — 1) @ Vi - Vu + |u — A*| V| dx+
Q

+/ n> f detVu + fn(u—A) @ Vn - cof Vu dx, (2.14)
Q
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which by applying (2.13) leads to
F(n(u—k)):/ lu — A% Vn|* dx. (2.15)
Q

Since n(u — A) belongs to WOI’Z(Q, R?), we can apply (2.3) to the left-hand side of the last
equation, which gives, for some y > 0,

y/ 2 IVul> +2n(u — 1) @ Vi - Vu + |lu — A*|Vn|? dng lu — A)?|Vn|* dx.
Q Q

Hence there are constants c1, ¢z, ¢3 and 6 depending only on y and f such that

yf |Vu|2 dx < c1/ lu — )\|2|V17|2 dx+
B(x0,R) B(x0,2R)\B(x0,R)

+c2/ lu — A||Vn||Vu| dx
B(x0,2R)\B(x0,R)

c
<2 lu — A2 dx+9/ [Vau|? dx.
R= JB(x0.2R)\B(x0.R) B(x0,2R)\B(x0,R)
where, without loss of generality, 46 < y.
Replacing the domain of integration on the right-hand side by B (xo, 2R), dividing through
by 7 R?, taking A = () B(xo,2R) and applying the Sobolev-Poincaré inequality in the form

n+q

ﬂ n
/ lu — (U)pxp.2m)|? dx < C (/ |VM|”+‘7>
B(x0,2R) B(x0,2R)

with n = g = 2 leads eventually to

2
N 46
][ |Vul> dx < C <][ |Vu|> + —][ |Vul* dx. (2.16)
B(x0,R) B(x0,2R) Y JB(x0,2R)

Since 6’ := % < 1, (2.16) is a reverse Holder inequality and, by applying [12, Proposition
1.1, Chapter V] with ¢ = 2 and g = |Vu|, we deduce that there is € > 0 such that
Vu € LY (Q) for any p € [2,2 + €). It follows from this and Sobolev embedding that

loc
ue Wli,’cp(ﬂ, R2), as claimed. .

A second interesting feature of the Euler-Lagrange equations (2.6) is that, thanks to Propo-
sition 2.4 and properties of null Lagrangians, the ‘cofactor part’ of a(u, ¢) reduces to a
‘surface’ integral over the jump set Jy of f when f is a piecewise constant function and
provided u is regular enough. We illustrate this in Propositions 3.2, 3.8 and 3.11. We infer, in
particular, that for a piecewise constant pressure f, the Euler-Lagrange equations split into
‘bulk’ and ‘surface’ parts, the bulk being 2\ J.

Remark 2.5 The problem of minimizing F in H,) (2; R?) admits a physical interpretation
in terms of the stored energy of a nonlinearly elastic material that is, in parts, subject to an
applied dead-load pressure. The associated PDE (2.6) gives information both in the ‘bulk’
(via harmonicity on 2 \ dw) and on the ‘surface’ dw (via jump conditions.) Furthering the
connection with nonlinear elasticity, we may rewrite F' in terms of the Cauchy-Green stress
tensor C := Vu! Vi and note that in our case we have existence and uniqueness of equilibria
under conditions that are not covered by the general results of [22].
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We conclude this section by pointing out that, at least for the functions g constructed in
this paper, the classes A, contain infinitely many elements. The idea is to perturb u solving
det Vu = g in a region where u (and hence g) happens to be smooth in such a way that the
perturbation i, say, continues to obey det Vit = g a.e. in Q2. Let us assume that By is an open
ball in € on which u is smooth and, without loss of generality, ngT) > 0. Then u(By) is
open, and we infer from the remark following [7, Theorem 7] that there are infinitely many
¥ 1 u(By) — u(Bp) suchthatdet Vi/(z) = 1 forzinu(By) and ¥ (z) = z forx € d(u(By)).
Take any such v and let & : 2 — R? be given by

Y (u(x)) x € By
u(x) otherwise.

ux) = {

Itis now elementary to check that iz belongs to A, and hence that the classes like Ag defined
in Propositions 3.3, 3.5, 3.9 and 3.16 are all infinite.

3 Therole of F in constrained variational problems

In this section we study in detail four settings, each being defined by a particular type of
pressure function f, in which Theorem 2.3 yields explicit minimizers of the Dirichlet energy
under the constraint det Vu = G a.e.. In each case, the pattern is to establish the mean
coercivity of the corresponding functional F' and to derive a form of the corresponding
Euler-Lagrange equations that we then solve explicitly. Doing so yields both the solution and
the determinant constraint function G.

We begin with the simplest type of pressure functional f = M x,,, where v C €2 and the
parameter M are both fixed. We assume for simplicity that w has a Lipschitz boundary.

Lemma3.1 The functional
F(p) = / V| + My, det Vo dx
Q

is mean coercive on HO1 (92 R?) if [ M| < 4.

Proof Let |M| < 4 and write

M
F(p) = e/ |V<p|2 dx + (1 — e)/ |V<,0|2 + ﬁxwdetho dx,
Q Q -

where, by [1, Proposition 3.4], the integral functional with prefactor 1 — € is nonnegative on
H(} (2; R?) if and only if |%| < 4. Given that |M| < 4, this condition is easily satisfied by
choosing € > 0 sufficiently small. Hence F is mean coercive. O

Proposition 3.2 Let the functional F be given by (2.1) with f = M x,, and assume that
u € H! (S R?) solves the Euler-Lagrange equation (2.6) for F. Then

uo

(1) u is harmonic in each of w and Q \ w, and
(ii) as long as these quantities exist

200ule +20_yu|l\o — MJO;u =0 H' — a.e.on dw \ 092, 3.1)

where the local normal v and tangent T are defined H'—almost everywhere.
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Proof By a density argument, we may assume that u solves a(u, ) = 0 for all ¢ €
C (2 RR?). Using Piola’s identity div cof Vu = 0, we see that

fcofVu'Vgodx=/ @ -cof VuvdH!,
w dw

and since cof A = JT AJ for any 2 x 2 matrix A and Jv = t in local coordinates on dw,

we can write cof Vu v = —Jd;u. Hence the second term in a(u, ¢) obeys
/‘f@)aﬁVu-V¢dx=—Jlf @ JoudH!, (3.2)
Q w
and the Euler-Lagrange equation reads
/~Vu-V¢dx—A4 ¢ -JoudH' =0 ¢ e CP(Q,R?). (3.3)
Q w

By choosing test functions ¢ first with support only in w, and then with support only in 2\ w,
the surface term involving 9, u vanishes, and it follows by Weyl’s lemma and standard theory
that u is harmonic in each of w and its complement in 2. Hence part (i) of the proposition.

To prove (ii), use the harmonicity of # in w and then in 2 \ w to rewrite, for a general test
function ¢,

/ Vu-Vedx = / div (VuTq)) dx —I—/ div (VuT<p) dx
Q w Q\w

= / Q- avu|wdHl +/ @ - 0_yulo\w dHla
dw o
and combine with (3.2) to obtain
/ (28v”|w +20_yulo\w — MJBTM) . (del =0.
o
Since @[y, is free other than on that part of dw which meets 92, (ii) follows. ]

Using Proposition 3.2, it is possible to construct explicit solutions to the Euler-Lagrange
equations (2.6) in two illustrative cases that we now describe. By applying Theorem 2.3,
we are then able to deduce that these solutions are automatically global minimizers of the
Dirichlet energy in suitable classes Ag. The results are summarised in Propositions 3.3
and 3.5.

3.1 The case that @ is a subdisk of the the unit ball in R2.

Let 2 = B(0, 1) and, for a fixed p € (0, 1), let w = B(0, p), and suppose that the boundary
condition imposed on d€2 is ug(x) = x. See Figure 1.
Then, by applying Proposition 3.2, we calculate that the function

Cx X EeEw
u(x) = @+ﬁ§)xxe9\w 3.4

obeys conditions (i) and (ii) of Proposition 3.2 provided

4 4+ M
%'.

¢ o P

T A M —Mp?
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Fig. 1 Illustration of the disk-disk problem for p = 0.5

In the course of the calculation above we made use of Proposition 2.4 to require that
the solution is, in particular, continuous across dw. In order to satisfy the mean coercivity
hypothesis of Proposition 2.4, it is sufficient to assume that |M| < 4, according to Lemma
3.1. We remark that the solution u given by (3.4) is valid for all M > 0, not just those that
through an application of Lemma 3.1 render F' mean coercive. Presumably, in these ‘large
M’ cases u is a continuous stationary point of F but is not a minimizer. We summarise the
discussion above in the following proposition.

Proposition 3.3 Let u be given by (3.4) and let g = det Vu be given by 3.5. Then for any M
such that |M| < 4, u is the unique global minimizer of the Dirichlet energy in the class

{fve Hl-ii(B; ]Rz) : detVv = g ae.}.

Example (3.4) illustrates a number of points, inlcuding that:

(a) the solution u is not C!, and nor could it be since it would then necessarily be har-
monic throughout €2, and hence, in view of the boundary conditions, equal to the identity
throughout the domain, in clear violation of condition (ii) of Proposition 3.2, and

(b) the Jacobian det Vu is radial, discontinuous and obeys

2 XEw

. _ )¢
g(x) = detVu(x) = {%.2 _ (1 —5)2|X|_4 x e Q\a)

In relation to point (b), two further remarks are possible. The first is that, according to
[14, Theorem B], since g(x) = g(|x|) is radial, we can expect solutions U to the equation
det VU = g that minimize the Dirichlet energy to be unique if

Alg] = esssup%
rel0,1] J[B,(O) g(x|)dx

obeys A[g] < 1. A direct calculation of A[g] =: [(p, M) using a suitable computer package
reveals that /(p, M) is independent of p € (0, 1), that M > [(p, M) is increasing in M, and

1 =1(p,0+) <l(p, M) <l(p,4—) =3.

In particular, since for M > O we have I[(p, M) > 1, our result extends the uniqueness result
that can be inferred from [14] in the case of Dirichlet energy minimizers.
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Our second observation concerning point (b) is that det Vi jumps ‘up’ as dw is crossed
from inside to out by an amount

SM

G i 3.5)

presumably reflecting the fact that, when minimizing the energy F defined in (2.1), it is better
to have a smaller Jacobian in regions where the term M x,, det Vu is ‘active’ and M > 0.
By inspection, we deduce from (3.5) that the jump in det Vu across dw is of size % [9,ul?,
which, as we will now see, is not a coincidence provided we make certain assumptions about
the normal and tangential derivatives of u on dw. A priori, we do not even know whether the
functions dyu|, dvit|Q\w» and d;u exist pointwise on the (1-dimensional) set d€2. But for the
purposes of the following formal argument, let us assume that u obeys

20vuly +20_yulQ\w — MJ0;u =0 H! — a.e. on dw \ 0Q 3.6)

and also that
det Vu|y(x) = dzu(x) - Joyuly(x) and, 3.7
det Vu|o\w(x) = 0ru(x) - Joyu|o\o(x), 3.8)

except possibly for an H!' —null subset of dw. The origin of (3.7) and (3.8) lies in the identity
det Vu = 9dru - Jo,u, which holds a.e. with respect to 2-dimensional Lebesgue measure.
The strengthening we assume is that this holds 7' —a.e. on dw. Under the circumstances just
outlined, we claim that for H'—a.e. x € dw it holds that

M
det V| (x) — det V|, (x) = 7|afu(x)|2. (3.9)

This is easily proved: apply J to both sides of (3.6) and recall that J> = —1 to obtain for
H!'—ae. x in dw

M
Jouly — Joyulo\w + ?8114 =0.

Taking the inner product of both sides with d. «, applying (3.7) and (3.8), and then rearranging
slightly gives (3.9).

We can further infer from point (b) that the abrupt change in the Jacobian is ‘uniformly
spread’ around the smooth set dw. This is in contrast with cases in which the subdomain w has
‘sharp corners’, where numerical evidence suggests that the greatest jumps in the Jacobian
occur non-uniformly. See Section 4.1 for the latter, and the discussion following (3.11) for
an analytic example.

3.2 The case that @ is a sector of the unit disk in R2.

Let w be the sector of the unit disk B defined by |#| < /4 in plane polar coordinates (R, 6),
as shown in Figure 2.

Then a concrete solution to the Euler-Lagrange equation as set out in Proposition 3.2 is,
for example

W (R,0) (R,0)inw,

u(R, 6) = {u”(R,Q) xeB\o, (3-10)
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Fig. 2 Illustration of the disk-sector problem. Here, B is the unit disk in R2

where

s B 1 (14 MR cos(20)
u(R,e)_<stin(29)> and uP(R,e)_< Rzzsm(ze) ) (3.11)

The form of this solution is taken from Proposition 3.4 below. We remark that since the
normal and tangential derivatives clearly exist along dw, with the possible exception of the
origin, the argument leading to (3.9) is valid, and hence the jump in the Jacobian det Vu
across dw is given by

M
—[8,;ul* = 2R,
2

which, we note, is maximal as d B is approached. In fact, the solution in (3.10) is a par-
ticular case of the following general form of solution that applies to boundary data ug in

H™% (3B, R?) such that
(a) up obeys the symmetry condition

u(x) = Eug(Ex) x € 0B, (3.12)

10
e=(02): (3.13)

(b) in terms of plane polar coordinates on dw, 1o has a development of the type

where E is the 2 x 2 matrix

(zkio Aug co8(4k6) + Augi2 cos((4k + 2)9)> i (1.0) € do

Zkz() By sin(4k6) 4+ Bako sin((4k 4 2)0)
S oo A cOSRO) + (Ages + 2 Byy2) cos(4k +2)6)
ZkZO (B4k + %AM() sin(4k0) + Baj+2 sin((4k + 2)60)

up(1,0) =
) if (1,0) € 9B \ dw

When u satisfies conditions (a) and (b), we refer to uq as being suitably prepared.
Proposition 3.4 Let F'(u) be given by

F(u) :/ |Vul® + M x,, det Vu dx,
B

where w is the sector defined by |6| < % in plane polar coordinates and |M| < 4. Assume
that uq is suitably prepared boundary data. Then the unique minimizer of F (u) in the class

H) (B;R?)
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obeys u(x) = Eu(Ex) for almost every x € B. Moreover, in plane polar coordinates, u
has the formal representation

(ml‘ (R, 9)) _ (2,20 Aug cos(4k0) R + Ayi 4o cos((dk + 2)0) RH+2

wy(R,0) )~ \ Yp0 Bax sin(4k0) R* + Byyys sin((4k +2)0) RH¥+2 ) - G

valid for (R, 0) corresponding to the sector w, and

(u{’ (R, 9)) _ <Zk20 Aui cos(@k0)R¥* + (Agirr + % Byxia) cos((dk + 2)9)R4k+2>
u% (R, 0) > k=0 (Bar + 5 Agt) sin(4k0) R + Byi 1o sin((4k + 2)0) R%+2
(3.15)

otherwise.

Proof We identify the ball B with the set {(R,6) : 0 < R < 1, —w < 6 < mw}. By
Lemma 3.1 and the assumption |[M| < 4, F is mean coercive and hence, by Proposition 2.1,
F has a unique minimizer in HulO(B; R2). Defining u(x) := Eu(Ex) for all x € B, we find
by a direct calculation that

F(u) = F(u)

and hence, by uniqueness, that u(x) = u(x) for almost every x € B. This proves the first
part of the statement of the proposition which, in components, amounts to

ui(xy, x2) uj(xy, —x2)

<u2(x1,x2)> N <—u2(x1, —x2)> ' (3.16)
Hence u is an even function of x; and u» is odd in x,. Given that u solves the Euler-Lagrange
equation derived in Proposition 3.2, it must in particular be that « is harmonic in both w and
B\ w. It is standard that solutions to Laplace’s equation can be expressed as superpositions
of functions of the form R® cos(af) and R“ sin(af), and in view of the fact that u; is even
in xp, it is clear that in each of w and B \ w, u1 should depend only on (sums of) functions
of the type v(R, 0; a) := R“ cos(«f), with a similar outcome for the form of u.

The region B\ w is cut by the line # = —, which, in our coordinate system, is equivalent
to @ = 7. Letting (B \ @)™ be the part of B \ w characterized by polar angles in the interval
(m /4, ], and by identifying (B \ @)~ similarly with polar angles belonging to [—m, —7/4),
we find that the function 6 — v(R, 6; «) is smooth on B \ w only if

921217 v(R, 0; )| (B\w)+ = QEIPM dpv(R, 0; @)|(B\w)-- (3.17)
Equation (3.17) then implies that & € Z, and hence
e .
ul =Y CjRIcos(j6) (R.0) € B\ o, (3.18)
j=0
and, similarly,
i .
ub =Y " DjR/sin(j0) (R.0) € B\ w. (3.19)
j=0

By Proposition 2.4, u must be continuous in B, which in particular means that we may treat
u1 (R, m/4) as a boundary condition when solving Auj = 0 in w. It follows that

o0
uj = ZAJ-Rj cos(jO) (R,0) € w,
j=0
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where, by a matching argument, it is necessary that A; = C; for all j that are not of the form
Jj = 4n + 2 for some nonnegative integer n. Similarly,

o
=Y BjRIsin(jo) (R.0)€ow,
j=0
where it is necessary that B; = D; for all j that are not of the form j = 4n for some
nonnegative integer n.

To conclude the proof of the proposition, we show that the final form of the solution,
as given by (3.14) and (3.15), flows from the hitherto unused ‘jump condition’ part of the
Euler-Lagrange equation, namely (3.1). In the current coordinates, when calculated along
the upper part of dw, (3.1) becomes

200u’ (R, 70/4) — 28puP (R, /4) = MRITdgu* (R, w/4) 0 <R <1.  (3.20)

The e; component reads

00 ) M 00 .
> J(Cj— AR sin(jm/4) = > > jBjR/sin(jm/4).
Jj=0 Jj=0
The only possible non-zero terms on the left-hand side correspond to j of the form j = 4k+2,
since in all other cases we have A; = C;. Thus in any group of four consecutive integers
4k, ..., 4k + 3, where k > 0, it must be, by a straightforward matching argument, that
Byjy1 = Baky3 = 0 and

M
Caky2 — Agpg2 = ?B4k+2~

Hence Daxy+1 = D4r+3 = 0 and, by studying the e, component of (3.20), we find that
Agir1 = Agiy3 = 0,50 Capq1 = Cap43 =0, and

Bay — Dy = —7A4k-

Eliminating C; and D; from (3.18) and (3.19) leads to (3.15). Finally, the symmetry of the
solution u expressed via (3.16) implies in particular that dgu(R, w/4) = —Edgu(R, —m /4)
and dgu(R, w/4) = Edgu(R, —m/4), where E is given by (3.13). Inserting this into (3.20)
gives, after some manipulation using the facts that E2 = 1and EJE = —J,
20gu’ (R, —7/4) — 20gu? (R, —t/4) = MREJEogu’ (R, —7t/4)
= —MRJIgu’(R, —7/4)
for 0 < R < 1. It can be checked that this is exactly (3.1) when applied to the lower part of

dw, and hence this is satisfied whenever (3.20) holds. The solution fits the suitably prepared
data u¢ by construction. O

By applying Theorem 2.3, we therefore derive the following uniqueness result.

Proposition 3.5 Let boundary data ug in H_%(BB,]RZ) be suitably prepared, let u €
HulO(B, R?) be given by (3.14) and (3.15), and let g = det Vu. Then for any M such that
|M| < 4, u is the unique global minimizer of the Dirichlet energy in the class

{ve HMIO(B,}Rz) : detVuv = gae.}.
In the following two sections we apply Theorem 2.3 to pressure functions f that reflect

rather different geometries.
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Fig.3 Distribution of subdomains w1, w2, w3 in Example 1

3.3 The pure insulation problem with piecewise affine boundary conditions.

In this example our goal is to apply Theorem 2.3 to the pressure function

3
f=) fiXe 3.21)
i=1

in the rectangular domain Q := w; U w2 U w3, where w1, @y, w3 are specified in Figure 3.
To ensure that the mean coercivity condition (2.10) holds, restrictions on the constants
f1, f2, f3 are necessary.

Lemma 3.6 Let f be given by (3.21). Then there is ¢ > 2 such that the functional F given
by (2.1) is mean coercive in the sense of (2.10) provided

fr= ¥ and (3.22)
If1 = f3l <c. (3.23)
Proof Since for any smooth test function ¢ we have fg det Vo dx = 0, subtracting

f2 fQ det Vo dx from F(¢) does not change its value. Hence

Flg) = /Q VP + (i = f2)xor + (5 — f2)xes) det Vo dox,

which, thanks to (3.22), is of the special form
F(p) = f IVol* 4 (0 X — 0 Xw3) det Ve dx (3.24)
Q

and where o := (f1 — f3)/2. Now we ‘borrow’ some of the Dirichlet term in order to prove
mean coercivity, as follows:

o

F(w:e/ IVo|? dx+(1—e)f |w|2+(
Q Q 1—6

o
le — iXQB) det V(p dx

=:K(¢)
(3.25)

By (3.23),0 := f1 — f2 obeys |o| < ¢, and s0 | ;2| < ¢ also holds for sufficiently small €.
Hence, provided ¢ > 2 is chosen so that [1, Proposition 4.5] applies, the functional K (¢) > 0
for all test functions ¢, which, together with (3.25) gives the conclusion. O
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Remark 3.7 Some degree of variation on the conditions (3.22) and (3.23) is possible whilst
retaining the mean coercivity, but the case presented is the clearest we could find in the
context of what in [1] is referred to as a ‘pure insulation’ problem.

Next, let ug be a continuous, piecewise affine function whose gradient Vi obeys

Ay if x € w
Vup(x) = § Az ifx € wn (3.26)
Az if x € ws,
where A, Az, Az are 2 x 2 matrices to be chosen shortly. Define g : 2 — R by setting

3
g:= Y det Aix,- (3.27)

i=1

In view of Lemma 3.6 and Theorem 2.3, in order to find a minimizer of the Dirichlet
energy ID(u) on the constrained class of admissible maps Ayg, it is sufficient to minimize
F (1) on the larger class HJO (2; R?) whilst ensuring that the minimizer u also belongs to
Ag. Hence we begin by solving a version of (2.6) tailored to the current setting, namely

3

/ 2Vu - Vo + (Z ﬁXw,.) cof Vi - Vodx =0 Vo € CX(Q, R?). (3.28)
& i=1

Proposition 3.8 Let ug be continuous and such that its gradients are given by (3.26) and let
u € H, (2 R?) solve (3.28). Let

'y = 0w Nowy

and similarly for T'23. Then provided the normal derivatives of u exist along T'12 and 23, it
must be that

(1) wu is harmonic in each subdomain w; and
(i) the jump conditions
(f2 — f1)Joou = 201ulw, — 201Uy, along T2 (3.29)
(f3 = f2)Joou = 201ulw, — 201Uy, along 'y (3.30)
hold. Conversely, u satisfying the conditions in (i) and (ii) must obey (3.28).

Proof Since u x,, belongs to H Hw;; R?) for any i, Piola’s identity div cof Vu = 0 shows
that cof Vu - Vg is a null Lagrangian, and that for a general ¢ € C2°(w;; R2),

/cofVu-Vgodx:/ @ -cof Vuv dH'.
w;

Ba),-

A short calculation shows that

/ <p.cofvuvdH1=/ o - JToudH', (3.31)
dwi NP

/ @ - cof Vuv dH! :/ (p~J82udH1+/ @ JTudH', (3.32)
dw) 'z I3

/ @ - cof Vuv d?—(1=f @ JhudH'. (3.33)
dw3 23

@ Springer



259  Page 18 0f 33 J.Bevan et al.

Returning to (3.28), using (3.31)-(3.33), and bearing in mind that f is constant on each w;,
we have

3

/ 2Vu - Vo + <Zf,»xw,.> cof Vu - Vo dx
Q

i=1

:/ 2Vu-Vg0dx—|—/ (fr — fi)g - Joou dH'
Q IS}

+ | (5= e JhudH' (3.34)

a3

Now assume that (3.28) holds. Then by taking ¢ in C2°(w;; R2) for each i and using (3.34), it
is clear that « is harmonic in each subdomain. Hence part (i). Part (ii) is then a straightforward
application of the divergence theorem to (3.34). O

To conclude this example, we show that the matrices Aj, A> and A3 can be chosen so
that u = ug solves (3.28). Indeed, it is obvious that ug obeys part (i) of Proposition 3.8 and
ug € Ag where g and A, are given by (3.27) and (1.6) respectively. All that remains to verify
are (3.29) and (3.30).

To that end, let e; and ep be the canonical basis vectors in R2. Firstly, since u is by
assumption continuous, Hadamard’s condition implies that we must have

Aley = Arey = Azes.

Thus the second columns of all the A; are equal to some & € R?, say. To satisfy (3.29) and
(3.30),

(f2— f1)JE =2A2e) —2A )€1 (3.35)
(f3— f2)JE =2A3e) —2Aze) (3.36)

should hold. Let = Aje;. Then from (3.35) and (3.36),

Arer =2n—(fo — f1)J§
Azer =2n+ (f3 — f2)JE,

and hence suitable matrices are

Al=C2n—(a— I ®e1+E®e (3.37)
Ar=n1Q®e1+tE®e (3.38)
Az=2n+(fr— )5 ®e1+E®e (3.39)

where £, € R? are free. We summarise the results of this subsection as follows.

Proposition 3.9 Ler f1, f3 and f> := (f1 + f3)/2 be constants such that

|f1 — f3l < ¢, where c is as described in the statement of Lemma 3.6. Let ug be a
continuous, piecewise affine function whose gradient Vug obeys (3.26), where the matrices
Ay, Ay and Az are given by (3.37)-(3.39). Let g = det Vug. Then uq is the unique global
minimizer of the Dirichlet energy D in the class

{ve HJO(Q; ]Rz) :detVv = g a.e. in Q}.
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QQ Ql [ } [ }
=[-1,0] x [0, 1],
=[-1,0] x [-1,0],
Qs Qa = [0,1] x [-1,0].
Fig.4 Distribution of subdomains Q1, ..., Q4 in Example 2

Remark 3.10 Notice that in this case the minmizer u = ug behaves as if each Dirichlet energy
D; w;) = f |Vv|2 dx is minimized subject to affine boundary conditions on each dw;
fori = 1,2,3. The subtlety here is that we cannot for each v € A, andeachi = 1,2,3
exploit the quasiconvexity

D(v; i) > D(a;, wi) Yv € Hy (wi; R?), (3.40)

in which we employ the notation a; := u(X«,, and then simply add the inequalities. The
reason is that there is no guarantee that a typical v € Ag will be affine along I'13 or I'z3,
so we do not necessarily have inequality (3.40) for each i. This is easily seen: when the
requirement that v = @; on dw; is dropped, it is possible to construct a piecewise affine map
v € A, say, such that for at least one (but not more than two) of the regions w;

D(a;; w;) > D(V; w;).

3.4 Example 2: a point-contact pressure distribution

In this example, we take €2 to be the square Q = [—1, 1]2 and assume that it has been
divided into the quadrant subsquares Q1, Q2, O3, Q4 specified in Figure 4 and 5.
We let f be a pressure function of the form

4
f=Y_fixo: (3.41)

In order to apply Theorem 2.3, we must show that F is mean coercive and that the Euler-
Lagrange equation (3.42) for F', which are given below, can be solved. In this case, the mean
coercivity depends on the values of the constants fi, ..., f4 which, in turn, are entwined
with the details of the solution u. Accordingly, we postpone to Lemma 3.14 the argument
needed to prove mean coercivity and begin by seeking a solution u to the Euler-Lagrange
equation for F'(u), namely

4

f 2Vu - Vo + (Z fiXQ[> cof Vu-Vodx =0 ¢ € C*(Q: R?). (3.42)
Q0 i=1

In the following statement the sets I';; are defined in the same way as in Proposition 3.8, so
that I'j2 := 301 N3 Q», and so on.

Proposition 3.11 Let u € H'(Q; R?) solve (3.42). Then provided the normal derivatives of
u exist along U'12, . .., T4y, it must be that
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(1) u is harmonic in each subdomain Q;, and
(ii) the jump conditions

200ulg, — 20ulg, + (fa — f1)Jo1u =0 along T4 (3.43)
201ulg, —201ulg, + (fi — f2)Jou =0 along I'» (3.44)
200ul gy — 200ulg, + (f3 — f2)Jo1u =0 along T'»3 (3.45)
201ul gy — 201ulgy + (fa — f3)Jou =0 along I'z4. (3.46)

hold. Conversely, u satisfying the conditions in (i) and (ii) must obey (3.42).
Proof This is so similar to the proof of Proposition (3.8) that we omit it. O

The next result demonstrates, by brute force, that solutions to the system (3.42) exist. Its
proof can be found in the Appendix.

Proposition 3.12 Let f given by (3.41) and define, in complex coordinates, the function u(z)
by

u@ =Y a@ =" +uP@xo +u?@x0, + 1P @x0s + 1P (@x0s 347

n even

where

uP@) =Y P 2By +2" - p" =),
n odd
M(Z)(Z) = Z )\22) (2)/5(2” +7") — p(" — Z”)) i
n odd
uP @) =Y AP 28"+ 7 + @B —48)(" - ).
n odd
uP@) =Y AP 2By +7M — 4B — 45" = ).
n odd
The constants a, may be complex, whileo := fo— f1, B := f3—fo, v = fa—f3,8 := fi—fa
and p := ByS§+4p — 468 are all real. Assume thata = 0,8 %20,y #0,8 #0,and p # 0.
Then there are two possibilities according to whether the quantity

A:=afys+4(B —8(a+y) (3.48)
vanishes or not, which are:

(A #0) all Aﬁl]) must vanish, and the solution (3.47) to (3.42) is harmonic on all of Q provided
the sequence (ay)y even is chosen so that )", ... an(z" — Z") converges;

(A = 0) provided for each j = 1, ..., 4, the sequences ()»f,] ) ) odd are chosen to ensure that the
corresponding series u')(z) converges, any function of the form u(z) given by (3.47) is
a solution to (3.42).

Proposition 3.13 Let f be given by (3.41). Then coefficients o and T can be chosen so that A
defined by (3.48) obeys A = 0, p defined by (A.32) obeys p # 0, and all other assumptions
concerning the quantities o, 8,y and § defined in the statement of Proposition 3.12 are
satisfied. In particular, modulo the addition of a function harmonic on Q, solutions to (3.42)
can be expressed as weighted sums of the functions u, (z) given by (3.54).
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Proof Using the definitions of &, B, y, § given in Proposition 3.12, we find that with f as in
(3.41),

a=20+r1, (3.49)
B=1—20, (3.50)
vy =-5 (3.51)
§ = —a. (3.52)

According to Proposition 3.12(b), non-smooth solutions to (3.42) exist provided:

(a) A = 0 where, in this case, A = a2,32 + 42— ,32);
(b) p # 0, where p = g% + 4(8 + a);

() a #0,8 #0, and

d B+a#0.

Hence, from (a), we set

2B
Q= (3.53)
VB*+4
and we find that (b)-(d) are satisfied as long as B # 0 and © # 0.
The recipe of Proposition 3.12 now ensures that solutions to (3.42) are, up to the addition
of a function that is harmonic everywhere in Q as described in Proposition 3.12(a), and still
in complex notation, weighted sums of the ‘building block’ functions

—Zﬁ;z(z” +7) =2Q+ VB2 +H(E" 7" z€ 0
j}%(z" +2) =28+ VB M~ z€ O

— 2
up(z) = 4§+4(Zn +7") — 4B <1 + ﬁ22+4) (" —7") z € 03 (3.54)
—2/32(2" +z7") —4p (1 + \/;TM) " —7") z € Qu,
where 7 is an odd natural number. ]

We remark that by setting z = Re'?, we have
7"+ 7" = 2R" cos(nh)
7" — 7" = 2R" sin(nb)i,
and so R2-valued ‘building block’ functions are, in plane polar coordinates (R, ),
R"Dje(nd) (R,0) € O
R"Dje(nf) (R,0) € Qo

R"D3e(nf) (R,0) € O3
R"Dgse(nd) (R, 0) € Qa,

un(R, 0) =

where e(n0) = (cos(nb), sin(nd))” and Dy, ..., D4 are the diagonal matrices given by

D; = diag (—452, —4BQ2+ /4 + ,32>,
2

D, = diag <;% —4B(2+ /4 + ﬁ2>,
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82

2
8B+ —— ).
VBt4 ﬁ( +\/4+ﬂ2>>
. 2
D4 = dlag <—4/32, —8,3 (1 + 4_|_132>>

As a particular example, note that when n = 1, the solutions u, are just piecewise affine
functions given in Cartesian coordinates by

urx1, x2) = Dy (2) if(ﬁi) € QO

fork =1,...,4. Since rank(Dy4+1 — Dy) = 1 fork =1, ..., 4, it follows immediately that
Hadamard’s rank-one condition holds, as expected.

Having established conditions under which solutions to (3.42) exist, we now tune ¢ and 7 in
order that F is mean coercive. The first step is to rewrite F (¢) slightly when ¢ € C°(Q; R?).
Letp € C°(Q; ]Rz) and note that, since det Vg is a null Lagrangian, it holds that

D3 = diag <

/ det Vo dx = 0.
0

In particular, we can subtract o |, 0 det Vo dx from F(¢) without changing its value, which
leads to the equivalent form

F(@:/ [Vp|* — (t +20) det Vo xo, + (r — 20) det Vo g, dx (3.59)
0
=/ AVe|* =20 det Vo (xg, +XQ3)dx+/ (1 =)Vl +tdet Vo (x5 — x0,) dx.
0 0

_r (o Ao

Here, A € (0, 1) will be chosen shortly and in accordance with the following lemma.

Lemma 3.14 Both of the functionals F), ((p, ) and Fi_;, ((p, ) defined
in (3.55) are nonnegative on C>°(Q; R2) provided L, o and T obey

LA LY (3.56)
2 NG

Moreover, if (3.56) is strengthened to
lo| Izl
— <Ai<l——. (3.57)
2 NG

then F is mean coercive.

Proof Firstly, write

55 20
F (o [ 5 127]) = A/Q IVol? — 5 det Vo (xo, + x0,) dx

and let ¢ = 27” Let w, C Q be any sequence of subsets with the properties that (i) w, is
homeomorphic to an open ball in R2, (ii) Q1 VU Q3 C w, for all n, and (iii) x», — X0,U0;
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as n — oo. For example, the sets
Wy = {x e Q: dist(x, Q1 UQ3) < %}
fulfill (i)-(iii). Then, by [1, Proposition 3.4], for each n € N the functional
F.(p) = /Q |V(p|2 —cdet Vo x,, dx

is nonnegative on C°(Q; R?) if and only if |c| < 4. By letting n — 0o and noting that, by
dominated convergence,

Fn(w)—>/ IVg|> — cdet Vo (xo, + x0,) dx,
0

it follows that so too is Fj (¢) nonnegative on C2°(Q; R?) if and only if |¢| < 4. This is
equivalent to \%I <X
Next, rewrite

Ao (o ) = a0 [ el +

andletd = ﬁ According to [1, Proposition 4.6], the functional

T
Y det Vo (x5 — x0,) dx

@ / |Vol* +ddet Vo (x5 — x0,) dx
0

is nonnegative on C2°(Q; R?) if and only if |d| < V/8, which is equivalentto A < 1 — %.
Putting both inequalities involving X together yields (3.56).
Now suppose that (3.57) holds so that, in particular, |27"| < 4. Consider

— 20

F, (¢, ) = ,\/Q Vol — —- et Vo (xo, + xo;) d
20
— €

_ 2 _ 2
_AG/Q|V¢| dx + A(1 —€) (/Q|w| Py

and notice that for sufficiently small € we may assume that |27“(1 — €)] < 4 and hence that
the functional on the right is nonnegative. Using this and (3.55) we therefore have that

det Vo dx)

F(p) > yf [Vol* dx Vg € C2°(Q; R?)
(¢
where y = Xe. O

It follows from Lemma 3.14 and (3.55) that as long as
lol _,_ Il
2 - NG

then A can be chosen to lie between these values, and hence F(¢) > Oforallg € C2°(Q; R2),

But the choice of o and t is not free: one parameter is subordinated to the other through
(3.49), (3.50) and (3.53), which when combined lead to

(3.58)

% — 87262 4+ 3210 + 160* = 0. (3.59)
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3,‘ ]

2 /

10 / ]
_ Abs[d] | Abs[1]

g 0 / 2 * 242 <1

//// 160*+3201-802 1+ 1% ==0

— T==2

-3L ‘ ‘ ‘ ‘ ]
-3 -2 -1 0 1 2 3

g

Fig.5 Visualization of Proposition 3.15 in Mathematica: the set y(o, t) (in blue), two branches of 4(o, t) = 0
(in orange) and two intersection points w1, wq (in orange) with the line T = 7 (in green)

Thus, in order to conclude, we seek solutions to (3.59) such that (3.58) holds. A brief numer-
ical investigation, which we summarise in Proposition 3.15 below, reveals (at least) one
‘branch’ of solutions (o, T) which obey both (3.59) and

y(o, 1) 1= @ + E <1. (3.60)
2 J8

Proposition 3.15 Let y(o, t) be given by (3.60). Then there are infinitely many solutions
(o, T) to the equation (3.59) which also obey y(o, T) < 1.

Proof Let
h(o, ) = t* — 87%0% + 3270 + 160*

and notice that h(—%, 7) = —1672 and h(0, 7) = t*. Hence, for each t % 0 there is at
least one o = o (7) in the interval (—%, 0) such that h(o (1), T) = 0. Letting tp = 2 and
solving A (o, 79) = 0 (using, for example, Mathematica) produces two solutions, op and o7y,
say, which to 4 d.p. are

o9 ~ —0.2253 and o7 >~ —1.9470.

More precisely, og and o7 are the only real roots of the polynomial
pa(o) =14+40 — 202 + o4,
Now, since hq (0, 79) = 64(c3 — o + 1), itis easily checked that

he (00, T0) # 0,
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and hence, by the Implicit Function Theorem, for suitably small € > 0 there is a smooth
branch

B:={(c(r),1):t€(2—¢€2+¢€)} (3.61)
of solutions to (3.59) emanating from the point (o9, 79). Now we compute
y(09, 179) =~ 0.8197
to 4 d.p., and so it follows by continuity that
Yo (1), 1) <1

for all 7 sufficiently close to tp = 2. By taking € in the description of B smaller still if
necessary, we can assume that y(o(7), t) < 1if (o(7), 1) € B. ]

Finally, using Lemma 3.14 and Proposition 3.15, it follows that (3.57) holds and hence F'
is mean coercive. This enables us to prove, via Theorem 2.3, the following.

Proposition 3.16 Let f be given by

f =0XQ, — (T + G)XQ] + (T - O‘)XQ3 + O XQ4>»
where (o, T) belong to B as defined in (3.61). Let u be a solution of

/ 2Vu - Vo + f(x)cof Vu - Vpdx =0 ¢ € C°(Q),
Q

as provided by Proposition 3.12, and define the function g := det Vu. Then u is a global
minimizer of the Dirichlet energy D in the class

{ve HI(Q;R?) :det Vv = g a.e. in Q).

4 Numerical experiments in the planar case

The MATLAB code of [ 1] based on [21] was extended to treat the non-homogeneous Dirichlet
boundary condition ©g. A minimizer u € Hulo (22; R?) of (1.1) is approximated by the finite
element method (FEM) with the lowest order (known as P1) basis functions defined on a
regular triangulation of the domain €2. It is calculated using the trust-region method from the
MATLAB Optimization Toolbox. The weak form (4.1) is discretized as the system of linear
equations

QK1+ K>)u =0. “4.1)

Here, a vector i € R*" represents the minimizer u = (u1, up) and n denotes the number
of triangulation nodes. The stiffness matrices K1, Ko € R?**?" are constructed efficiently
using the modification of [23] and correspond to the assembly of bilinear forms

A AN
fw:wm:/ (g:;;z g:;g) : (g;; g;;;) dx, (4.2)
Q Q Xy x,

ax;  0x2 ax; 0xa
0ya 0o duy duy
. _ dx dx . [ 9x1 Ox;
/ feof Vi : Vudx = / I %5 o' )| die dus | dx- (4.3)
Q Q dxy  0x] dx; 0xp
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-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Fig.6 A disk-disk geometry (left) and the example of its adaptive mesh refinement (right)

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig.7 A disk-section geometry (left) and the example of its adaptive mesh refinement (right)

The matrix K is symmetric and is constructed of two identical stiffness matrices corre-
sponding to the discretization of the Laplace operator for the scalar variable. The matrix K»
is also symmetric and combines the products of the mixed derivatives of the basis functions
further weighted by the function f. The function f is assumed to be a piecewise constant in
smaller subdomains. If the triangulation is aligned with subdomain shapes, then the numeri-
cal quadrature of both terms in (1.1) is exact. An additional mesh adaptivity is applied using
the MATLAB Partial Differential Equation Toolbox to enhance accuracy across nonlinear
subdomain boundaries; see Figures 6, 7. A complementary code is available for download
and testing at

https://www.mathworks.com/matlabcentral/fileexchange/130564 .

4.1 Disk-disk problem
Let us compare the analytical solution u, given by (3.4), to the Euler-Lagrange equation (2.6)

with its numerically generated counterpart. For concreteness we set the parameters p = 0.5
(inner disk radius) and M = 3, from which it follows that
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detVu 1.0449 jump of detVu 0.61217

0 0.4090 0.60951

Fig. 8 Distribution of f (left), det Vu (middle), and the jump of det Vu (right) across the interface boundary.
Here, the boundary condition in force is ug(x) = x

! 3

I | 0

Fig.9 Distribution of f (left), det Vu (middle), and the jump (in modulus) of det Vu (right) across the interface
boundary. The boundary condition u( is given by (3.11) with R := 1; in particular u is not the identity map

detVu 5.9793 jump of detVu 5.9792

<

|| N

-0.0035 0.0001

¢ =0.64, & = 1.12 and det Vu(x) is an axisymmetric function satisfying

min det Vu = 0.4096, max det Vu = 1.24 “4.4)
XEQ xeQ

lim detVu — lim detVu = 1.024 —0.4096 = 0.6144. 4.5)
[x|—>p— [x|—p+

The FEM calculation using 13930 triangles and 7066 nodes shows similar values: see Figure 8
and, particularly, its colorbar limits.

4.2 Disk-sector problem

Letus compare the analytical solution u given by (3.10), (3.11) to the Euler-Lagrange equation

(2.6) with those generated using the numerical methods described above. The geometry is as

shown in Figure 9, and the free parameter M featuring in Subsection 3.2 is set equal to 3.
We find that det Vu(x) satisfies

mindet Vu = 0, max det Vu = 6 4.6)
XEQ xeQ

max ( lim detVu— lim det Vu) =6. 4.7
Re[0,1] \|0|—>m/4+ 10| >m/4—

The FEM calculation using 11316 triangles and 5765 nodes shows very similar values: see
Figure 9 and, particularly, its colorbar limits.

Our final numerical result goes beyond what we can say analytically. Specifically, in Fig-
ure 10, aspects of the numerical solution u to (2.6) are shown when the boundary condition u
obeys ug(x) = x forx € 9 B. We cannot make a direct comparison with an analytical solution
here because ug is not the suitably prepared type needed, for example, in Proposition 3.4,
and it is not clear how to render it so.
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j f det’
3 detVu 23206 jump of detVu 3.1325

&b
LN

0 -2.6913 0.0003

Fig. 10 Distribution of f (left), det Vu (middle), and the jump (in modulus) of det Vu (right) across the
interface boundary. Here, the boundary condition in force is ug(x) = x

Appendix A.Proof of Proposition 3.12

We assume that the conditions set out in (i) and (ii) of Proposition 3.11 apply. In terms of
complex coordinates, where (x1, x2) =: (x, y) is identified with z := x + iy and u(xy, x2)
is identified with u(z) := u(x, y) +iua(x, y), let 1™ be the restriction of u to the quadrant
Q. Since, foreachk =1, ...,4, u® is harmonic in Ok, a standard representation theorem
implies that

u® () = FPO @) + GH(g), (A1)

where F® and G® are functions holomorphic in Q.

Turning to (ii), we begin by converting equations (3.43)—(3.46) into complex form, and
then make use of the relationships F, y(k) =1 F,gk) and Gg,k) =i G;k), which hold at any point
in Q and which we further assume to hold in an appropriate limiting sense at points along
the coordinate axes bordering Q. For all m, n, let €,,, = f; — fu. Then (3.43) becomes

_ . _
FO W = _ g0 4 5 (Ff) + Gi”) z=x+0i el (A2)

Applying the assumption that  is continuous across I'4, so that u™ (x +0i) = u" (x +0i)
for 0 < x < 1, and by further assuming that we may differentiate this expression, we obtain
(bearing (A.1) in mind)

FO4GP =FD 16V  z=x+0i ely. (A3)

We regard the functions F M and GO as being ‘free’, and solve (A.2) and (A.3) for F)§4) and
G§4), giving, forz = x + 0i € I'a,

FO = (14 ) R0+ Stal (Ad)
6 =(1- )6 - SR, (A5)

Doing likewise with (3.44), taking care in this case to replace, when k = 1, 2, the normal
derivatives 8, F® and 3, G®) by the tangential derivatives —idy F*) and i9,G®) respec-
tively, we obtain, when z = 0 + yi € T'1, the equations

F® = (1 ezl) FO — fil Gl (A.6)

Q) _ 621) ~( (1)

¢?=(1 G$ . A7
( += + 4 (A7)
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Similarly, from (3.45), we find that

FO — (1 " %> F§2>+ %GTZ) (A.8)

& =(1-2)38 - o =
for z = x 4+ 0i € I'y3, while (3.46) yields

F = (1 _ %) FO - %@ (A.10)

o= (1) e A

ifz =0+ yi € I'4.
To solve this system, we suppose for now that F® and G® can be written as formal
power series, thus:

o
FO@) =3 al" (A.12)
=0
o
Py =) P (A.13)
n=0
for k = 1,...,4. The introduction of (A.12) and (g{A.13) allows us to relate the various

derivatives F\* and F{*’ (and similarly G and G'’) appearing in (A.4)—(A.11), and so
‘close’ the system, as follows.
Substituting (A.12) and (A.13) into (A.4) gives

o0 o0

€ €14 D
E na,(l4)x”71 = E (1 + —f)na,ﬁ”x”q + Tl(‘nb,(,l)x“1 0<x<l,
n=1

n=1

which is satisfied if

P ST e e
while (A.5) holds if
B0 = (1= D)0 - Lalh az . (a15)

Now consider (A.6) and (A.7), both of which require tangential derivatives Gg,k) for k =
1, 2. From (A.13), we have

@]
GV =Y inp:
n=1

and hence, with z = 0 + iy along I'12,

o0
G (iy) = b (iyyr-1

n=1

00 _
= Zni”bfll)y”_l.
n=1
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Hence, (A.6) gives

2 1 1 1 =n €21, () n—1
Zm’la() " Zm ( — ) allym= m”Tbn "

which is equivalent to
€ €
a® = (1 _ il)a'(ll) (— 1)n 21 (1)

Equation (A.7) leads to

%
—_

b= (14200 + el a1,
Proceeding similarly with the remaining equations leads to

a = (14 G ) a? + o

3 €32\, 2 _ €32
= (1- )b =
_ (1 643) 3) — (1) @ﬁﬁ
4 n
o :( )y .

Let u = e; + e3, v = ex — e1, and define for all real w the matrices
Aw):=1+wvQ u.
Foreachn > 1and j = 1...4 define vectors v(] ) by
)
KV ( )
b1(1])

Then (A.14)-(A.21) can be written as

1@ — A(€21/4)Ur(11)1 n even
" AT(€21/4)U,(, ) 1 odd,

v = A(—exn/dv?,

@ — A(e43/4)v ) even
o AT (ea3/Hv$ 1 odd,
ol = Aea/4HvP.
Case (i). When 7 is even the system has a solution only if vf,l) obeys
A(e14/4) A(eq3/4) A(—e3/4) Aler /D) = vV

Since A(r) A(s) = A(r + s) for any real r, s, it follows that A()v,

(1)

)

e

(A.16)

(A.17)

(A.18)
(A.19)
(A.20)

(A21)

(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

with ¢ =

(€14 + €43 — €30+ €21)/4 = (fo — f3)/2. Since f3 # f, by hypothesis, we may assume that
¢ # 0 and hence, by (A.22), A({)v(l) = v,(ll) only if v,(,l) lies in the kernel of v ® w. It then
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follows from (A.23)-(A.25) that v,(,4? = v,(,S) = v,ﬁz) = v,gl) for any even n, each vector being
proportional to v. Recalling that u (z) is the restriction of u solving (3.42) to Q, we see,
for instance, that

uV(@)=FP@+ 6D
o N
=3 a®z 4+ 50z
n=1
is such that its ‘even part’

ug?m(z) = Z ar(zl)zn +b’(11)zn

n even

— Z Cl’gl)(Z” _Zi‘l)

n even

agrees with ug,)en (2), ug,én (z) and uéﬁin (z). Thus the even part of u#, which we can write as

Ueven(2) 1= ull () x1(2) + ...+ uld (2) xa(2) (A28)

is harmonic on the whole domain. Here, x1 := x¢,, and so on.
Case (ii). When 7 is odd the system has a solution only if v,(,l) obeys

Alera/4) AT (e43/4) A(=e32/4) AT (21 /40D = vV (A.29)

Denoting by C the matrix appearing in the left-hand side of (A.29), and letting ¢ = €31,
B = €32, ¥y = €43 and § = €14, we find (in our case, using MapleTM) that det(C — 1) =0
only if

afyd+4B -8 (a+y)=0, (A.30)
which we recognize as the condition A = 0. Solving for « leads to

QZ_M (A31)
BySs+4B8 — 48

as long as

p=PBys+4p —4s (A.32)

obeys p # 0. Assuming that p # 0 and choosing « as in (A.31), the equation (C —1) v,(ll) =0
is solved by any multiple of

28y —p
M = A
v, <p+2;8y . (A.33)
Using (A.24) leads to
2y68 —
2 _ Y p
v,” = <p +2y8> , (A.34)
which, through (A.25), yields
298+ 46 —4p
3) — 4
Un " = <2y5 +48 — 45) : (A.35)
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Finally, (A.26) gives
@) _ 2ﬂ]/ +4(S—4,3
v, _<2/3y+4ﬂ—45 . (A.36)
In addition to the standing assumptions that o # O,_ B#0,y #0,6 #0,and p # 0, the

j)

only condition needed to ensure that the vectors v,(,' are distinct is 8 # §, which, in terms

of the original variables, amounts to fi + f> # f3 + f4. In summary, using v,(ll) defined in
(A.33), the ‘odd part’ of the solution uM(z2) to (3.42) can now formally be written as

= 3 a4 b

n odd
=Y 2y +2) - p@ -2,
n odd
Similarly, each Mf){;lzj (z) for j = 2,3, 4 can be constructed using the components of v}/’ as
given by (A.34)-(A.36). 0
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