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Abstract
Let D(u) be the Dirichlet energy of a map u belonging to the Sobolev space H1

u0(�; R
2) and

let A be a subclass of H1
u0(�; R

2) whose members are subject to the constraint det∇u = g
a.e. for a given g, together with some boundary data u0. We develop a technique that, when
applicable, enables us to characterize the global minimizer of D(u) in A as the unique
global minimizer of the associated functional F(u) := D(u) + ∫

�
f (x) det∇u(x) dx in the

free class H1
u0(�; R

2). A key ingredient is the mean coercivity of F on H1
0 (�; R

2), which
condition holds provided the ‘pressure’ f ∈ L∞(�) is ‘tuned’ according to the procedure
set out in [1]. The explicit examples to which our technique applies can be interpreted as
solving the sort of constrained minimization problem that typically arises in incompressible
nonlinear elasticity theory.

Mathematics Subject Classification Primary 49J40 · 65K10

1 Introduction

The chief purpose of this paper is to give a new viewpoint on the classical problem of
finding global minimizers of constrained variational problems that are typically encountered
in incompressible nonlinear elasticity theory. The novelty of our technique is that in the cases
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where it applies, it delivers a unique global energy minimizer in a constrained class by first
solving an explicit PDE that is set in an unconstrained (or free) class. Established techniques
for treating such variational problems can, in the right circumstances, produce similar PDE as
necessary conditions, but without an associated uniqueness principle that makes it possible
to distinguish between stationary points and true minimizers.

To be more specific, our approach puts to use the recent results in [1] treating the mean
coercivity of functionals of the form

F(ϕ) :=
∫

�

|∇ϕ|2 + f (x) det∇ϕ dx (1.1)

defined for ϕ in H1
0 (�; R

2) and where f is a given function in L∞(�). When F is mean
coercive on H1

0 (�; R
2), i.e. when there is a constant γ > 0 such that

F(ϕ) ≥ γ

∫

�

|∇ϕ|2 dx ∀ϕ ∈ H1
0 (�; R

2), (1.2)

it becomes possible to minimize F over the general class

H1
u0(�; R

2) := {u ∈ H1(�; R
2) : u = u0 on ∂�}

and so obtain a unique solution u to the associated Euler-Lagrange equation
∫

�

(2∇u + f (x) cof ∇u) · ∇ψ = 0 ∀ψ ∈ H1
0 (�; R

2). (1.3)

This is precisely the type of equation we would expect to have to solve in order to minimize
the Dirichlet energy

D(u) :=
∫

�

|∇u|2 dx (1.4)

in the constrained class

Ag := {u ∈ H1
u0(�; R

2) : det∇u = g a.e.} (1.5)

provided the given function g is such that Ag is nonempty. In this case, the function f is a
Lagrange multiplier corresponding to the constraint det∇u = g a.e., while in the continuum
mechanics literature f could be interpreted as a (hydrostatic) pressure.

Thus the main result of this paper is the following:

Theorem 1.1 Let F given by (1.1) be mean coercive in the sense of (1.2), and let D(u) be
the Dirichlet energy of u, as defined by (1.4). Let u minimize F in H1

u0(�; R
2). Then u is the

unique minimizer of D in the constrained class Ag, where g := det∇u.

The process that leads to a proof of Theorem 1.1 can be summarised as follows:

1. Relying on the results of [1], choose a pressure f in (1.1) so that the functional F is mean
coercive in the sense of (1.2), and take u0 ∈ H1(�; R

2);
2. Minimize F in the ‘free’ class H1

u0(�; R
2) and let u be a minimizer. Note that u solves

the weak Euler-Lagrange equation a(u, ψ) = 0 for all test functionsψ , where the Euler-
Lagrange operator is defined in (2.5) below;

3. Define g := det∇u and let the constrained class of admissible maps Ag be given by

Ag = {u ∈ H1
u0(�; R

2) : det∇u = g a.e. in �}; (1.6)
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4. Employ the identity

F(v) = F(u) + a(u, v − u) + F(v − u) u, v ∈ H1
u0(�; R

n), (1.7)

which, because u solves the Euler-Lagrange equations and by imposing the conditions
that det∇u = det∇v = g a.e., simplifies to

D(v) = D(u) + F(v − u) v ∈ Ag, (1.8)

and note that by mean coercivity, F(v − u) > 0 for any v, u ∈ Ag such that v �= u. It
follows that u is the unique global minimizer of the Dirichlet energy in Ag .

See Proposition 2.1 for (1.7) and Lemma 2.2 for (1.8).
In the general case of the constrained variational problem of minimizing the stored energy

functional

E(u) :=
∫

�

W (∇u) dx (1.9)

in a class typified byAg , the established approach is first to determine by the Direct Method
of the Calculus of Variations that a minimizer of E in Ag exists and then to derive a version
of (1.3), namely

∫

�

(DW (∇u) + λ(x) cof ∇u) · ∇ψ = 0 ∀ψ ∈ C∞
0 (�, R

n) (1.10)

for a suitableλ andwhere n is typically 2 or 3. One of the clearest expositions of this technique
can be found in [11], where minimizers of an energy like (1.9) in a subclass of the isochoric
maps u obeying det∇u = 1 a.e. are shown to obey (1.10). The heart of the argument is to
assume that the global minimizer y∗ of E in the constrained class is sufficiently regular and
invertible that the problem can be formulated in the deformed configuration y∗(�). See also
[10, 19]. In the same spirit, and again in subclasses of isochoric maps, equations of the type
(1.10) are derived in [2, Section 4] for continuous and injective local minimizers satisfying
suitable regularity conditions which include the assumption that (∇u)−T ∈ Ls

loc(�; R
n×n)

for s ≥ 3 and n = 2, 3. The resulting hydrostatic pressure λ then belongs to L
s
2
loc(�). See

also [17, 18] for further results in this direction. In the setting of nonlinear elasticity, by
contrast, it is well known that stationarity conditions such as the Euler-Lagrange equations
(corresponding to taking λ = 0 in (1.10)) may not hold, which makes all the more striking
the results of [9], for example, whose approach to that problem exploits solutions they are
able generate to prescribed Jacobian inequalities, as well as certain structural assumptions
about the stored-energy function W .

In practice, the choice of the pressure f in the functional F(u) dictates the possible
solutions of the Euler-Lagrange equation which, in turn, control the permissible boundary
conditions u0|∂�. We study in Sections 3.1, 3.2, 3.3 and 3.4 solutions of the Euler-Lagrange
equation for four main types of pressure function f , and calculate in each case global energy
minimizers of classes of constrained minimization problems as formulated in Steps 1.-4.
above. In Section 3.1, for example, we prove that for suitable constants ζ and ξ the map

u(x) :=
{

ζ x x ∈ B(0, ρ)(
ξ + 1−ξ

|x |2
)
x x ∈ B(0, 1) \ B(0, ρ)

is the unique global minimizer of the Dirichlet energy in the class

{v ∈ H1
id(B(0, 1); R

2) : det∇v = g a.e.}
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where g(x) := ζ 2 if x ∈ B(0, ρ) and g(x) := ξ2 − (1 − ξ)2|x |−4 otherwise. Here, B(0, ρ)

stands as usual for the ball in R
2 centered at 0 and of radius ρ.

One of the features of the functional F in the 2 × 2 case is that its integrand W (x, A) :=
|A|2 + f (x) det A for A ∈ R

2×2 does not, for general f , satisfy a pointwise ellipticity
condition of Legendre-Hadamard type

D2W (x, A)[a ⊗ b, a ⊗ b] ≥ ν|a|2|b|2 A, a ⊗ b ∈ R
2, x ∈ �. (1.11)

Using Hadamard’s pointwise inequality |A|2 ≥ 2| det A| for all A ∈ R
2×2, it is straightfor-

ward to see that such a condition holds only if || f − ( f )�||∞ < 2, where ( f )� denotes
the mean value of f over �. Nevertheless, even when (1.11) fails it is still possible to show
that the mean coercivity of F is sufficient to improve the regularity of H1 solutions of the
associated Euler-Lagrange equation to C0,α for some α > 0. See Proposition 2.4 for details
and its preamble for a discussion of this result in relation to those of Morrey [20, Theorem
4.3.1] and Giaquinta and Giusti [13]. Thus when, for example, we take f (x) = Mχω(x),
where χω is the characteristic function of the fixed subdomain ω ⊂ � and where the scalar
M obeys |M | < 4, the solution to the Euler-Lagrange equation (1.3) is Hölder continuous,
despite the evident discontinuity in f . In fact, in this and other such cases, the Euler-Lagrange
equation splits into a ‘bulk part’, leading to the conclusion that the solution u is harmonic
away from ∂ω, and a surface part, where certain jump conditions relating the normal and
tangential derivatives of u along ∂ω should hold. See Proposition 3.2 for this interpretation
and the assumptions we make to derive it.

The connection between energy minimization and uniqueness is studied in [14]. In par-
ticular, for suitable, radially symmetric g, [14, Theorem B] demonstrates that solutions to
the equation det∇u = g a.e. subject to u(x) = x for x ∈ ∂B automatically minimize
||∇u||L2p(B) provided λ(g) ≤ 1. (See [14] for the notation.) Since g can be chosen a priori,
this is a stronger result than ours in the case that the domain is a ball and when g is radially
symmetric and bounded uniformly away from 0 a.e.. The example we discuss in Section 3.1
happens to be precisely of the type just described, and we calculate in that section the rel-
evant λ(g) which, interestingly, obeys λ(g) > 1, showing that λ(g) ≤ 1 is not necessary
for uniqueness. One of the things we do not try to do in this paper is to solve a ‘standalone’
prescribed Jacobian equation with given data, for which a substantial literature already exists:
see [5] for an overview, and [14], [15], and [16] for recent progress. Rather, we choose in
advance a Lagrange multiplier (or pressure) that leads to a functional like F defined in (1.1),
and then the data g in det∇u = g emerges as the Jacobian of the minimizer of F . In this
paper, a typical g turns out to be L∞(�), and the associated u belongs to C0,β for some
β > 0, which, at least in the case of the example given in Section 3.1, is consistent with
[24, Theorem 2]. In order to apply the direct method to F , we rely on coercivity results for
non-homogeneous integrands [1]. For coercivity in the context of homogeneous integrands,
see [3], [4] and the references therein, for example.

The paper is organised as follows. In Section 2 the functional F given by (1.1) is studied
under the assumption that it is mean coercive, and the properties of solutions to the asso-
ciated Euler-Lagrange equations are derived, including Proposition 2.4, which guarantees
the Hölder continuity mentioned above. The important decomposition (1.7) is derived in
Proposition 2.1, and a result that is the blueprint for solving the Euler-Lagrange equations
appearing throughout the paper is established in Proposition 3.2. Subsections 3.1 and 3.2
focus on two cases in which the pressure f is of the form f = Mχω and ω is either a disk
or a sector. Later parts of Section 3 focus on the constrained variational problems generated
by taking f to be of two further forms: see Section 3.3 for a setting in which the global
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minimizer turns out to be piecewise affine, and Section 3.4 for a setting in which minimizers
can be generated only if the parameters appearing in the pressure f are carefully selected.

We denote by J the 2 × 2 matrix representing a rotation by π/2 radians anticlockwise,
i.e. in terms of the canonical basis vectors e1 and e2 in R

2, J = e2 ⊗ e1 − e1 ⊗ e2. Other
than that, all notation is either standard or else is defined when first used.

2 Minimizing the functional F under mean coercivity conditions

The subsection title refers to the variational problem of minimizing the energy F defined by

F(u) :=
∫

�

|∇u|2 + f (x) det∇u dx (2.1)

in the class of admissible maps

H1
u0(�; R

2) = {u ∈ H1(�; R
2) : u|∂� = u0}, (2.2)

where u0 is the trace of a fixed function in H1(�; R
2). Here, f is a fixed function in L∞(�),

which we may sometimes refer to as a ‘pressure’, chosen so that F is mean coercive, by
which we mean that there is γ > 0 such that

F(ϕ) ≥ γ

∫

�

|∇ϕ|2 dx ∀ϕ ∈ H1
0 (�; R

2). (2.3)

Conditions on f ensuring that (2.3) holds can be found in [1], to which point we will return
later. By a straightforward density argument, we remark that the space H1

0 (�; R
2) appearing

in (2.3) can be replaced with the set of smooth, compactly supported test functions on �.
The connection betweenmean coercivity and the existence of minimizers of F is recorded

in the following result.

Proposition 2.1 Let u, v ∈ H1
u0(�; R

2) and let F be given by (2.1). Then

F(v) = F(u) + a(u, v − u) + F(v − u) (2.4)

where a(u, ϕ) represents the bilinear operator

a(u, ϕ) :=
∫

�

2∇u · ∇ϕ + f (x) cof ∇u · ∇ϕ dx . (2.5)

If F is mean coercive then it has a unique minimizer u ∈ H1
u0(�; R

2) obeying the Euler-
Lagrange equation

a(u, ϕ) = 0 ∀ϕ ∈ H1
0 (�; R

2). (2.6)

Proof Writing v = u + ϕ, expanding the determinant

det(∇u + ∇ϕ) = det∇u + cof ∇u · ∇ϕ + det∇ϕ

and substituting in F(u + ϕ) yields the decomposition (2.4). When F is mean coercive, the
direct method of the Calculus of Variations yields a minimizer u, say, in H1

u0(�; R
2), and by

taking suitable variations, it must be that u obeys (2.5). The uniqueness follows by applying
(2.4) and (2.3) to deduce that for any other candidate minimizer v, say,

F(v) ≥ F(u) + γ

∫

�

|∇ϕ|2 dx

123
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and, by exchanging u and v,

F(u) ≥ F(v) + γ

∫

�

|∇ϕ|2 dx .

These are consistent only if ϕ = 0 a.e., which gives v = u a.e.. �

We remark that the decomposition (2.4) shows that if there is just one test function ϕ such

that F(ϕ) < 0 then F(u + kϕ) → −∞ as k → ∞, and there is no infimum, let alone a
minimizer. Hence if there is a finite infimum, it is necessary that

F(ϕ) ≥ 0 ∀ϕ ∈ H1
0 (�; R

2). (2.7)

Mean coercivity is therefore a natural strengthening of this necessary condition. Moreover,
since it follows easily from (2.7) that

min{F(ϕ) : ϕ ∈ H1
0 (�; R

2)} = 0,

wededuce that if F is in additionmean coercive then the uniqueminimizer of F on H1
0 (�; R

2)

is u = 0. Note that if (2.7) holds then F : H1
u0(�; R

2) → R defined in (2.1) is convex. We
refer to [3] for other applications of convex integral functionals defined bypossibly nonconvex
integrands.

The next result, which is needed in the course of the proof of Theorem 2.3, makes plain
the connection between D and F , which is that F behaves as an excess functional.

Lemma 2.2 Let Ag be given by (1.6) and let u, v ∈ Ag. Then

D(v) = D(u) + a(u, v − u) + F(v − u), (2.8)

where

a(u, ϕ) :=
∫

�

2∇u · ∇ϕ + f cof ∇u · ∇ϕ dx .

Proof From Proposition 2.1, for any u, v ∈ Ag

F(v) = F(u) + a(u, v − u) + F(v − u). (2.9)

Since u, v ∈ Ag , it follows that
∫

�

f det∇u dx =
∫

�

f det∇v dx,

and hence that
F(v) − F(u) = D(v) − D(u).

Substituting this into (2.9) gives (2.8). �

Our main result, as stated in the Introduction, is the following.

Theorem 2.3 Let F be given by (2.1) and letD(u) be the Dirichlet energy for u, as defined by
(1.4). Assume that F obeys the mean coercivity condition that there exists γ > 0 depending
only the function f and the domain � such that

F(ϕ) ≥ γ

∫

�

|∇ϕ|2 dx ∀ϕ ∈ H1
0 (�; R

2). (2.10)

Then there is a the unique minimizer of D in the class Ag, where g := det∇u.

123
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Proof By Propositon 2.1, there exists a unique minimizer u of F H1
u0 and (2.6) holds. Hence,

a(u, v − u) = 0

for any v in H1
u0(�; R

2). Further, since u is assumed to belong to Ag , Lemma 2.2 gives for
any v ∈ Ag

D(v) = D(u) + F(ϕ) (2.11)

where ϕ := v − u belongs to H1
0 (�; R

2). Finally, by mean coercivity (2.10), we see that
D(v) ≥ D(u) for all v in Ag , with equality if and only if v = u a.e.. �


We now study the Euler-Lagrange equation (2.6) for general f in L∞(�) under the
assumption that f can be chosen so that F is mean coercive, i.e. that (2.3) holds. This is
a weaker assumption than ellipticity, as can be seen by considering the particular example
of f = Mχω where ω ⊂ �: the system (2.6) is elliptic only when |M | < 2, whereas, by
[1, Proposition 3.4] it is mean coercive only when |M | < 4. Fortunately, classical regularity
theory is readily adapted in order to exploit the mean coercivity condition (2.3). Indeed, the
conclusion of Proposition 2.4 below echoes that of Giaquinta and Giusti [13], in which an
improvement in the regularity of aminimizer of certain nondifferentiable functionals is shown
to be possible, and also that of the well-known result of Morrey [20, Theorem 4.3.1], but, in
our case, without any pointwise growth assumptions on the integrand. Specifically, we show
that weak solutions to the Euler-Lagrange equation belong to the space W 1,p

loc (�; R
2) for

some p > 2, and hence are, by Sobolev embedding, automatically locally Hölder continuous
in�. In the following, we use the notation (u)S := −

∫
S u(y) dy whenever S ⊂ � ismeasurable

and non-null.

Proposition 2.4 Let u ∈ H1
u0(�; R

2) be a weak solution of the Euler-Lagrange equation
∫

�

2∇u · ∇ϕ + f cof ∇u · ∇ϕ dx = 0 ϕ ∈ W 1,2
0 (�, R

2) (2.12)

and assume that F is mean coercive in the sense of (2.3). Then there is p > 2 such that u
belongs to W 1,p

loc (�; R
2).

Proof Let x0 be any interior point of � and let R0 > 0 be such that B(x0, 2R) ⊂ � for all
R ∈ (0, R0). Fix R ∈ (0, R0) and let η be a smooth cut-off function with the properties that
η(x) = 1 for x ∈ B(x0, R), spt η ⊂ B(x0, 2R) and |∇η| ≤ c/R for some constant c. Let λ

be a constant vector in R
2. Choosing ϕ = η2(u − λ) in (2.12) gives

0 =
∫

�

η2|∇u|2 + η2 f det∇u dx+

+
∫

�

2η(u − λ) ⊗ ∇η · ∇u + f η(u − λ) ⊗ ∇η · cof ∇u dx . (2.13)

Now,

F(η(u − λ)) =
∫

�

η2|∇u|2 + 2η(u − λ) ⊗ ∇η · ∇u + |u − λ|2|∇η|2 dx+

+
∫

�

η2 f det∇u + f η(u − λ) ⊗ ∇η · cof ∇u dx, (2.14)

123
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which by applying (2.13) leads to

F(η(u − λ)) =
∫

�

|u − λ|2|∇η|2 dx . (2.15)

Since η(u − λ) belongs to W 1,2
0 (�, R

2), we can apply (2.3) to the left-hand side of the last
equation, which gives, for some γ > 0,

γ

∫

�

η2|∇u|2 + 2η(u − λ) ⊗ ∇η · ∇u + |u − λ|2|∇η|2 dx ≤
∫

�

|u − λ|2|∇η|2 dx .

Hence there are constants c1, c2, c3 and θ depending only on γ and f such that

γ

∫

B(x0,R)

|∇u|2 dx ≤ c1

∫

B(x0,2R)\B(x0,R)

|u − λ|2|∇η|2 dx+

+ c2

∫

B(x0,2R)\B(x0,R)

|u − λ||∇η||∇u| dx

≤ c3
R2

∫

B(x0,2R)\B(x0,R)

|u − λ|2 dx + θ

∫

B(x0,2R)\B(x0,R)

|∇u|2 dx .

where, without loss of generality, 4θ < γ .
Replacing the domain of integration on the right-hand side by B(x0, 2R), dividing through

by πR2, taking λ = (u)B(x0,2R) and applying the Sobolev-Poincaré inequality in the form

∫

B(x0,2R)

|u − (u)B(x0,2R)|q dx ≤ C

(∫

B(x0,2R)

|∇u| nq
n+q

) n+q
n

with n = q = 2 leads eventually to

−
∫

B(x0,R)

|∇u|2 dx ≤ C̃

(

−
∫

B(x0,2R)

|∇u|
)2

+ 4θ

γ
−
∫

B(x0,2R)

|∇u|2 dx . (2.16)

Since θ ′ := 4θ
γ

< 1, (2.16) is a reverse Hölder inequality and, by applying [12, Proposition
1.1, Chapter V] with q = 2 and g = |∇u|, we deduce that there is ε > 0 such that
∇u ∈ L p

loc(�) for any p ∈ [2, 2 + ε). It follows from this and Sobolev embedding that

u ∈ W 1,p
loc (�, R

2), as claimed. �

A second interesting feature of the Euler-Lagrange equations (2.6) is that, thanks to Propo-

sition 2.4 and properties of null Lagrangians, the ‘cofactor part’ of a(u, ϕ) reduces to a
‘surface’ integral over the jump set J f of f when f is a piecewise constant function and
provided u is regular enough. We illustrate this in Propositions 3.2, 3.8 and 3.11. We infer, in
particular, that for a piecewise constant pressure f , the Euler-Lagrange equations split into
‘bulk’ and ‘surface’ parts, the bulk being � \ J f .

Remark 2.5 The problem of minimizing F in H1
u0(�; R

2) admits a physical interpretation
in terms of the stored energy of a nonlinearly elastic material that is, in parts, subject to an
applied dead-load pressure. The associated PDE (2.6) gives information both in the ‘bulk’
(via harmonicity on � \ ∂ω) and on the ‘surface’ ∂ω (via jump conditions.) Furthering the
connection with nonlinear elasticity, we may rewrite F in terms of the Cauchy-Green stress
tensorC := ∇uT∇u and note that in our case we have existence and uniqueness of equilibria
under conditions that are not covered by the general results of [22].

123



New applications of Hadamard-in-the-mean inequalities… Page 9 of 33   259 

We conclude this section by pointing out that, at least for the functions g constructed in
this paper, the classes Ag contain infinitely many elements. The idea is to perturb u solving
det∇u = g in a region where u (and hence g) happens to be smooth in such a way that the
perturbation ũ, say, continues to obey det∇ũ = g a.e. in �. Let us assume that B0 is an open
ball in � on which u is smooth and, without loss of generality, g|B0 > 0. Then u(B0) is
open, and we infer from the remark following [7, Theorem 7] that there are infinitely many
ψ : u(B0) → u(B0) such that det∇ψ(z) = 1 for z in u(B0) andψ(z) = z for x ∈ ∂(u(B0)).
Take any such ψ and let ũ : � → R

2 be given by

ũ(x) =
{

ψ(u(x)) x ∈ B0

u(x) otherwise.

It is now elementary to check that ũ belongs toAg , and hence that the classes likeAg defined
in Propositions 3.3, 3.5, 3.9 and 3.16 are all infinite.

3 The role of F in constrained variational problems

In this section we study in detail four settings, each being defined by a particular type of
pressure function f , in which Theorem 2.3 yields explicit minimizers of the Dirichlet energy
under the constraint det∇u = G a.e.. In each case, the pattern is to establish the mean
coercivity of the corresponding functional F and to derive a form of the corresponding
Euler-Lagrange equations that we then solve explicitly. Doing so yields both the solution and
the determinant constraint function G.

We begin with the simplest type of pressure functional f = Mχω, where ω � � and the
parameter M are both fixed. We assume for simplicity that ω has a Lipschitz boundary.

Lemma 3.1 The functional

F(ϕ) =
∫

�

|∇ϕ|2 + Mχω det∇ϕ dx

is mean coercive on H1
0 (�; R

2) if |M | < 4.

Proof Let |M | < 4 and write

F(ϕ) = ε

∫

�

|∇ϕ|2 dx + (1 − ε)

∫

�

|∇ϕ|2 + M

1 − ε
χω det∇ϕ dx,

where, by [1, Proposition 3.4], the integral functional with prefactor 1− ε is nonnegative on
H1
0 (�; R

2) if and only if | M
1−ε

| ≤ 4. Given that |M | < 4, this condition is easily satisfied by
choosing ε > 0 sufficiently small. Hence F is mean coercive. �


Proposition 3.2 Let the functional F be given by (2.1) with f = Mχω, and assume that
u ∈ H1

u0(�; R
2) solves the Euler-Lagrange equation (2.6) for F. Then

(i) u is harmonic in each of ω and � \ ω, and
(ii) as long as these quantities exist

2∂νu|ω + 2∂−νu|�\ω − MJ∂τu = 0 H1 − a.e.on ∂ω \ ∂�, (3.1)

where the local normal ν and tangent τ are defined H1−almost everywhere.
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Proof By a density argument, we may assume that u solves a(u, ϕ) = 0 for all ϕ ∈
C∞
c (�; R

2). Using Piola’s identity div cof ∇u = 0, we see that
∫

ω

cof ∇u · ∇ϕ dx =
∫

∂ω

ϕ · cof ∇u ν dH1,

and since cof A = J T AJ for any 2 × 2 matrix A and Jν = τ in local coordinates on ∂ω,
we can write cof ∇u ν = −J∂τu. Hence the second term in a(u, ϕ) obeys

∫

�

f (x) cof ∇u · ∇ϕ dx = −M
∫

∂ω

ϕ · J∂τu dH1, (3.2)

and the Euler-Lagrange equation reads
∫

�

∇u · ∇ϕ dx − M
∫

∂ω

ϕ · J∂τu dH1 = 0 ϕ ∈ C∞
c (�, R

2). (3.3)

By choosing test functions ϕ first with support only inω, and then with support only in�\ω,
the surface term involving ∂τu vanishes, and it follows byWeyl’s lemma and standard theory
that u is harmonic in each of ω and its complement in �. Hence part (i) of the proposition.

To prove (ii), use the harmonicity of u in ω and then in � \ ω to rewrite, for a general test
function ϕ,

∫

�

∇u · ∇ϕ dx =
∫

ω

div (∇uTϕ) dx +
∫

�\ω
div (∇uTϕ) dx

=
∫

∂ω

ϕ · ∂νu|ω dH1 +
∫

∂ω

ϕ · ∂−νu|�\ω dH1,

and combine with (3.2) to obtain
∫

∂ω

(
2∂νu|ω + 2∂−νu|�\ω − MJ∂τu

) · ϕ dH1 = 0.

Since ϕ|∂ω is free other than on that part of ∂ω which meets ∂�, (ii) follows. �

Using Proposition 3.2, it is possible to construct explicit solutions to the Euler-Lagrange
equations (2.6) in two illustrative cases that we now describe. By applying Theorem 2.3,
we are then able to deduce that these solutions are automatically global minimizers of the
Dirichlet energy in suitable classes Ag . The results are summarised in Propositions 3.3
and 3.5.

3.1 The case that! is a subdisk of the the unit ball inR
2.

Let � = B(0, 1) and, for a fixed ρ ∈ (0, 1), let ω = B(0, ρ), and suppose that the boundary
condition imposed on ∂� is u0(x) = x . See Figure 1.

Then, by applying Proposition 3.2, we calculate that the function

u(x) :=
{

ζ x x ∈ ω(
ξ + 1−ξ

|x |2
)
x x ∈ � \ ω

(3.4)

obeys conditions (i) and (ii) of Proposition 3.2 provided

ζ := 4

4 + M − Mρ2 , ξ := 4 + M

4 + M − Mρ2 .
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Fig. 1 Illustration of the disk-disk problem for ρ = 0.5

In the course of the calculation above we made use of Proposition 2.4 to require that
the solution is, in particular, continuous across ∂ω. In order to satisfy the mean coercivity
hypothesis of Proposition 2.4, it is sufficient to assume that |M | < 4, according to Lemma
3.1. We remark that the solution u given by (3.4) is valid for all M > 0, not just those that
through an application of Lemma 3.1 render F mean coercive. Presumably, in these ‘large
M’ cases u is a continuous stationary point of F but is not a minimizer. We summarise the
discussion above in the following proposition.

Proposition 3.3 Let u be given by (3.4) and let g = det∇u be given by 3.5. Then for any M
such that |M | < 4, u is the unique global minimizer of the Dirichlet energy in the class

{v ∈ H1
id(B; R

2) : det∇v = g a.e.}.
Example (3.4) illustrates a number of points, inlcuding that:

(a) the solution u is not C1, and nor could it be since it would then necessarily be har-
monic throughout�, and hence, in view of the boundary conditions, equal to the identity
throughout the domain, in clear violation of condition (ii) of Proposition 3.2, and

(b) the Jacobian det∇u is radial, discontinuous and obeys

g(x) := det∇u(x) =
{

ζ 2 x ∈ ω

ξ2 − (1 − ξ)2|x |−4 x ∈ � \ ω.

In relation to point (b), two further remarks are possible. The first is that, according to
[14, Theorem B], since g(x) = g̃(|x |) is radial, we can expect solutions U to the equation
det∇U = g that minimize the Dirichlet energy to be unique if

λ[g̃] := esssup
r∈[0,1]

g̃(r)
−
∫
Br (0)

g̃(|x |) dx
obeys λ[g̃] ≤ 1. A direct calculation of λ[g̃] =: l(ρ, M) using a suitable computer package
reveals that l(ρ, M) is independent of ρ ∈ (0, 1), that M �→ l(ρ, M) is increasing in M , and

1 = l(ρ, 0+) ≤ l(ρ, M) ≤ l(ρ, 4−) = 3.

In particular, since for M > 0 we have l(ρ, M) > 1, our result extends the uniqueness result
that can be inferred from [14] in the case of Dirichlet energy minimizers.
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Our second observation concerning point (b) is that det∇u jumps ‘up’ as ∂ω is crossed
from inside to out by an amount

8M

(Mρ2 − M − 4)2
, (3.5)

presumably reflecting the fact that, whenminimizing the energy F defined in (2.1), it is better
to have a smaller Jacobian in regions where the term Mχω det∇u is ‘active’ and M > 0.
By inspection, we deduce from (3.5) that the jump in det∇u across ∂ω is of size M

2 |∂τu|2,
which, as we will now see, is not a coincidence provided we make certain assumptions about
the normal and tangential derivatives of u on ∂ω. A priori, we do not even know whether the
functions ∂νu|ω, ∂νu|�\ω and ∂τu exist pointwise on the (1-dimensional) set ∂�. But for the
purposes of the following formal argument, let us assume that u obeys

2∂νu|ω + 2∂−νu|�\ω − MJ∂τu = 0 H1 − a.e. on ∂ω \ ∂� (3.6)

and also that

det∇u|ω(x) = ∂τu(x) · J∂νu|ω(x) and, (3.7)

det∇u|�\ω(x) = ∂τu(x) · J∂νu|�\ω(x), (3.8)

except possibly for anH1−null subset of ∂ω. The origin of (3.7) and (3.8) lies in the identity
det∇u = ∂τu · J∂νu, which holds a.e. with respect to 2-dimensional Lebesgue measure.
The strengthening we assume is that this holdsH1−a.e. on ∂ω. Under the circumstances just
outlined, we claim that for H1−a.e. x ∈ ∂ω it holds that

det∇u|�\ω(x) − det∇u|ω(x) = M

2
|∂τu(x)|2. (3.9)

This is easily proved: apply J to both sides of (3.6) and recall that J 2 = −1 to obtain for
H1−a.e. x in ∂ω

J∂νu|ω − J∂νu|�\ω + M

2
∂τu = 0.

Taking the inner product of both sideswith ∂τu, applying (3.7) and (3.8), and then rearranging
slightly gives (3.9).

We can further infer from point (b) that the abrupt change in the Jacobian is ‘uniformly
spread’ around the smooth set ∂ω. This is in contrast with cases in which the subdomainω has
‘sharp corners’, where numerical evidence suggests that the greatest jumps in the Jacobian
occur non-uniformly. See Section 4.1 for the latter, and the discussion following (3.11) for
an analytic example.

3.2 The case that! is a sector of the unit disk inR
2.

Let ω be the sector of the unit disk B defined by |θ | ≤ π/4 in plane polar coordinates (R, θ),
as shown in Figure 2.

Then a concrete solution to the Euler-Lagrange equation as set out in Proposition 3.2 is,
for example

u(R, θ) =
{
us(R, θ) (R, θ) in ω,

u p(R, θ) x ∈ B \ ω,
(3.10)
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Fig. 2 Illustration of the disk-sector problem. Here, B is the unit disk in R
2

where

us(R, θ) =
(

1
R2 sin(2θ)

)

and u p(R, θ) =
(
1 + M

2 R2 cos(2θ)

R2 sin(2θ)

)

. (3.11)

The form of this solution is taken from Proposition 3.4 below. We remark that since the
normal and tangential derivatives clearly exist along ∂ω, with the possible exception of the
origin, the argument leading to (3.9) is valid, and hence the jump in the Jacobian det∇u
across ∂ω is given by

M

2
|∂τu|2 = 2R2,

which, we note, is maximal as ∂B is approached. In fact, the solution in (3.10) is a par-
ticular case of the following general form of solution that applies to boundary data u0 in

H− 1
2 (∂B, R

2) such that

(a) u0 obeys the symmetry condition

u(x) = Eu0(Ex) x ∈ ∂B, (3.12)

where E is the 2 × 2 matrix

E =
(
1 0
0 −1

)

. (3.13)

(b) in terms of plane polar coordinates on ∂ω, u0 has a development of the type

u0(1, θ) =

⎧
⎪⎪⎨

⎪⎪⎩

( ∑
k≥0 A4k cos(4kθ) + A4k+2 cos((4k + 2)θ)∑
k≥0 B4k sin(4kθ) + B4k+2 sin((4k + 2)θ)

)

if (1, θ) ∈ ∂ω

( ∑
k≥0 A4k cos(4kθ) + (

A4k+2 + M
2 B4k+2

)
cos((4k + 2)θ)∑

k≥0

(
B4k + M

2 A4k
)
sin(4kθ) + B4k+2 sin((4k + 2)θ)

)

if (1, θ) ∈ ∂B \ ∂ω

When u0 satisfies conditions (a) and (b), we refer to u0 as being suitably prepared.

Proposition 3.4 Let F(u) be given by

F(u) =
∫

B
|∇u|2 + Mχω det∇u dx,

where ω is the sector defined by |θ | ≤ π
4 in plane polar coordinates and |M | < 4. Assume

that u0 is suitably prepared boundary data. Then the unique minimizer of F(u) in the class
H1
u0(B; R

2)
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obeys u(x) = Eu(Ex) for almost every x ∈ B. Moreover, in plane polar coordinates, u
has the formal representation

(
us1(R, θ)

us2(R, θ)

)

=
(∑

k≥0 A4k cos(4kθ)R4k + A4k+2 cos((4k + 2)θ)R4k+2
∑

k≥0 B4k sin(4kθ)R4k + B4k+2 sin((4k + 2)θ)R4k+2

)

, (3.14)

valid for (R, θ) corresponding to the sector ω, and
(
u p
1 (R, θ)

u p
2 (R, θ)

)

=
(∑

k≥0 A4k cos(4kθ)R4k + (
A4k+2 + M

2 B4k+2
)
cos((4k + 2)θ)R4k+2

∑
k≥0

(
B4k + M

2 A4k
)
sin(4kθ)R4k + B4k+2 sin((4k + 2)θ)R4k+2

)

(3.15)

otherwise.

Proof We identify the ball B with the set {(R, θ) : 0 ≤ R < 1, −π < θ ≤ π}. By
Lemma 3.1 and the assumption |M | < 4, F is mean coercive and hence, by Proposition 2.1,
F has a unique minimizer in H1

u0(B; R
2). Defining ū(x) := Eu(Ex) for all x ∈ B, we find

by a direct calculation that
F(u) = F(ū)

and hence, by uniqueness, that u(x) = ū(x) for almost every x ∈ B. This proves the first
part of the statement of the proposition which, in components, amounts to

(
u1(x1, x2)
u2(x1, x2)

)

=
(

u1(x1,−x2)
−u2(x1,−x2)

)

. (3.16)

Hence u1 is an even function of x2 and u2 is odd in x2. Given that u solves the Euler-Lagrange
equation derived in Proposition 3.2, it must in particular be that u is harmonic in both ω and
B \ ω. It is standard that solutions to Laplace’s equation can be expressed as superpositions
of functions of the form Rα cos(αθ) and Rα sin(αθ), and in view of the fact that u1 is even
in x2, it is clear that in each of ω and B \ ω, u1 should depend only on (sums of) functions
of the type v(R, θ;α) := Rα cos(αθ), with a similar outcome for the form of u2.

The region B \ω is cut by the line θ = −π , which, in our coordinate system, is equivalent
to θ = π . Letting (B \ ω)+ be the part of B \ ω characterized by polar angles in the interval
(π/4, π], and by identifying (B \ω)− similarly with polar angles belonging to [−π,−π/4),
we find that the function θ �→ v(R, θ;α) is smooth on B \ ω only if

lim
θ→π−

∂θv(R, θ;α)|(B\ω)+ = lim
θ→−π+

∂θv(R, θ;α)|(B\ω)− . (3.17)

Equation (3.17) then implies that α ∈ Z, and hence

u p
1 =

∞∑

j=0

C j R
j cos( jθ) (R, θ) ∈ B \ ω, (3.18)

and, similarly,

u p
2 =

∞∑

j=0

Dj R
j sin( jθ) (R, θ) ∈ B \ ω. (3.19)

By Proposition 2.4, u must be continuous in B, which in particular means that we may treat
u1(R, π/4) as a boundary condition when solving �us1 = 0 in ω. It follows that

us1 =
∞∑

j=0

A j R
j cos( jθ) (R, θ) ∈ ω,
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where, by a matching argument, it is necessary that A j = C j for all j that are not of the form
j = 4n + 2 for some nonnegative integer n. Similarly,

us2 =
∞∑

j=0

Bj R
j sin( jθ) (R, θ) ∈ ω,

where it is necessary that Bj = Dj for all j that are not of the form j = 4n for some
nonnegative integer n.

To conclude the proof of the proposition, we show that the final form of the solution,
as given by (3.14) and (3.15), flows from the hitherto unused ‘jump condition’ part of the
Euler-Lagrange equation, namely (3.1). In the current coordinates, when calculated along
the upper part of ∂ω, (3.1) becomes

2∂θu
s(R, π/4) − 2∂θu

p(R, π/4) = MRJT ∂Ru
s(R, π/4) 0 < R < 1. (3.20)

The e1 component reads

∞∑

j=0

j(C j − A j )R
j sin( jπ/4) = M

2

∞∑

j=0

j B j R
j sin( jπ/4).

The only possible non-zero terms on the left-hand side correspond to j of the form j = 4k+2,
since in all other cases we have A j = C j . Thus in any group of four consecutive integers
4k, . . . , 4k + 3, where k ≥ 0, it must be, by a straightforward matching argument, that
B4k+1 = B4k+3 = 0 and

C4k+2 − A4k+2 = M

2
B4k+2.

Hence D4k+1 = D4k+3 = 0 and, by studying the e2 component of (3.20), we find that
A4k+1 = A4k+3 = 0, so C4k+1 = C4k+3 = 0, and

B4k − D4k = −M

2
A4k .

Eliminating C j and Dj from (3.18) and (3.19) leads to (3.15). Finally, the symmetry of the
solution u expressed via (3.16) implies in particular that ∂θu(R, π/4) = −E∂θu(R,−π/4)
and ∂Ru(R, π/4) = E∂Ru(R,−π/4), where E is given by (3.13). Inserting this into (3.20)
gives, after some manipulation using the facts that E2 = 1 and E J E = −J ,

2∂θu
s(R,−π/4) − 2∂θu

p(R,−π/4) = MRE J E∂Ru
s(R,−π/4)

= −MRJ∂Ru
s(R,−π/4)

for 0 < R < 1. It can be checked that this is exactly (3.1) when applied to the lower part of
∂ω, and hence this is satisfied whenever (3.20) holds. The solution fits the suitably prepared
data u0 by construction. �


By applying Theorem 2.3, we therefore derive the following uniqueness result.

Proposition 3.5 Let boundary data u0 in H− 1
2 (∂B, R

2) be suitably prepared, let u ∈
H1
u0(B, R

2) be given by (3.14) and (3.15), and let g = det∇u. Then for any M such that
|M | < 4, u is the unique global minimizer of the Dirichlet energy in the class

{v ∈ H1
u0(B, R

2) : det∇v = g a.e.}.
In the following two sections we apply Theorem 2.3 to pressure functions f that reflect

rather different geometries.
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Fig. 3 Distribution of subdomains ω1, ω2, ω3 in Example 1

3.3 The pure insulation problemwith piecewise affine boundary conditions.

In this example our goal is to apply Theorem 2.3 to the pressure function

f :=
3∑

i=1

fiχωi (3.21)

in the rectangular domain � := ω1 ∪ ω2 ∪ ω3, where ω1, ω2, ω3 are specified in Figure 3.
To ensure that the mean coercivity condition (2.10) holds, restrictions on the constants

f1, f2, f3 are necessary.

Lemma 3.6 Let f be given by (3.21). Then there is c > 2 such that the functional F given
by (2.1) is mean coercive in the sense of (2.10) provided

f2 = f1 + f3
2

and (3.22)

| f1 − f3| < c. (3.23)

Proof Since for any smooth test function ϕ we have
∫
�
det∇ϕ dx = 0, subtracting

f2
∫
�
det∇ϕ dx from F(ϕ) does not change its value. Hence

F(ϕ) =
∫

�

|∇ϕ|2 + (
( f1 − f2)χω1 + ( f3 − f2)χω3

)
det∇ϕ dx,

which, thanks to (3.22), is of the special form

F(ϕ) =
∫

�

|∇ϕ|2 + (
σχω1 − σχω3

)
det∇ϕ dx (3.24)

and where σ := ( f1 − f3)/2. Now we ‘borrow’ some of the Dirichlet term in order to prove
mean coercivity, as follows:

F(ϕ) = ε

∫

�

|∇ϕ|2 dx + (1 − ε)

∫

�

|∇ϕ|2 +
(

σ

1 − ε
χω1 − σ

1 − ε
χω3

)

det∇ϕ dx
︸ ︷︷ ︸

=:K (ϕ)

(3.25)

By (3.23), σ := f1 − f2 obeys |σ | < c, and so | σ
1−ε

| < c also holds for sufficiently small ε.
Hence, provided c > 2 is chosen so that [1, Proposition 4.5] applies, the functional K (ϕ) ≥ 0
for all test functions ϕ, which, together with (3.25) gives the conclusion. �


123



New applications of Hadamard-in-the-mean inequalities… Page 17 of 33   259 

Remark 3.7 Some degree of variation on the conditions (3.22) and (3.23) is possible whilst
retaining the mean coercivity, but the case presented is the clearest we could find in the
context of what in [1] is referred to as a ‘pure insulation’ problem.

Next, let u0 be a continuous, piecewise affine function whose gradient ∇u0 obeys

∇u0(x) =
⎧
⎨

⎩

A1 if x ∈ ω1

A2 if x ∈ ω2

A3 if x ∈ ω3,

(3.26)

where A1, A2, A3 are 2 × 2 matrices to be chosen shortly. Define g : � → R by setting

g :=
3∑

i=1

det Aiχωi . (3.27)

In view of Lemma 3.6 and Theorem 2.3, in order to find a minimizer of the Dirichlet
energy D(u) on the constrained class of admissible maps Ag , it is sufficient to minimize
F(u) on the larger class H1

u0(�; R
2) whilst ensuring that the minimizer u also belongs to

Ag . Hence we begin by solving a version of (2.6) tailored to the current setting, namely

∫

�

2∇u · ∇ϕ +
(

3∑

i=1

fiχωi

)

cof ∇u · ∇ϕ dx = 0 ∀ϕ ∈ C∞
c (�, R

2). (3.28)

Proposition 3.8 Let u0 be continuous and such that its gradients are given by (3.26) and let
u ∈ H1

u0(�; R
2) solve (3.28). Let

�12 = ∂ω1 ∩ ∂ω2

and similarly for �23. Then provided the normal derivatives of u exist along �12 and �23, it
must be that

(i) u is harmonic in each subdomain ωi and
(ii) the jump conditions

( f2 − f1)J∂2u = 2∂1u|ω2 − 2∂1u|ω1 along �12 (3.29)

( f3 − f2)J∂2u = 2∂1u|ω2 − 2∂1u|ω3 along �23 (3.30)

hold. Conversely, u satisfying the conditions in (i) and (ii) must obey (3.28).

Proof Since uχωi belongs to H1(ωi ; R
2) for any i , Piola’s identity div cof ∇u = 0 shows

that cof ∇u · ∇ϕ is a null Lagrangian, and that for a general ϕ ∈ C∞
c (ωi ; R

2),
∫

ωi

cof ∇u · ∇ϕ dx =
∫

∂ωi

ϕ · cof ∇u ν dH1.

A short calculation shows that
∫

∂ω1

ϕ · cof ∇u ν dH1 =
∫

�12

ϕ · J T ∂2u dH1, (3.31)

∫

∂ω2

ϕ · cof ∇u ν dH1 =
∫

�12

ϕ · J∂2u dH1 +
∫

�23

ϕ · J T ∂2u dH1, (3.32)

∫

∂ω3

ϕ · cof ∇u ν dH1 =
∫

�23

ϕ · J∂2u dH1. (3.33)
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Returning to (3.28), using (3.31)-(3.33), and bearing in mind that f is constant on each ωi ,
we have

∫

�

2∇u · ∇ϕ +
(

3∑

i=1

fiχωi

)

cof ∇u · ∇ϕ dx

=
∫

�

2∇u · ∇ϕ dx +
∫

�12

( f2 − f1)ϕ · J∂2u dH1

+
∫

�23

( f3 − f2)ϕ · J∂2u dH1. (3.34)

Now assume that (3.28) holds. Then by taking ϕ inC∞
c (ωi ; R

2) for each i and using (3.34), it
is clear that u is harmonic in each subdomain. Hence part (i). Part (ii) is then a straightforward
application of the divergence theorem to (3.34). �


To conclude this example, we show that the matrices A1, A2 and A3 can be chosen so
that u = u0 solves (3.28). Indeed, it is obvious that u0 obeys part (i) of Proposition 3.8 and
u0 ∈ Ag where g andAg are given by (3.27) and (1.6) respectively. All that remains to verify
are (3.29) and (3.30).

To that end, let e1 and e2 be the canonical basis vectors in R
2. Firstly, since u is by

assumption continuous, Hadamard’s condition implies that we must have

A1e2 = A2e2 = A3e2.

Thus the second columns of all the Ai are equal to some ξ ∈ R
2, say. To satisfy (3.29) and

(3.30),

( f2 − f1)Jξ = 2A2e1 − 2A1e1 (3.35)

( f3 − f2)Jξ = 2A3e1 − 2A2e1 (3.36)

should hold. Let η = A2e1. Then from (3.35) and (3.36),

A1e1 = 2η − ( f2 − f1)Jξ

A3e1 = 2η + ( f3 − f2)Jξ,

and hence suitable matrices are

A1 = (2η − ( f2 − f1)Jξ) ⊗ e1 + ξ ⊗ e2 (3.37)

A2 = η ⊗ e1 + ξ ⊗ e2 (3.38)

A3 = (2η + ( f3 − f2)Jξ) ⊗ e1 + ξ ⊗ e2 (3.39)

where ξ, η ∈ R
2 are free. We summarise the results of this subsection as follows.

Proposition 3.9 Let f1, f3 and f2 := ( f1 + f3)/2 be constants such that
| f1 − f3| < c, where c is as described in the statement of Lemma 3.6. Let u0 be a

continuous, piecewise affine function whose gradient ∇u0 obeys (3.26), where the matrices
A1, A2 and A3 are given by (3.37)-(3.39). Let g = det∇u0. Then u0 is the unique global
minimizer of the Dirichlet energy D in the class

{v ∈ H1
u0(Q; R

2) : det∇v = g a.e. in �}.
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Fig. 4 Distribution of subdomains Q1, . . . , Q4 in Example 2

Remark 3.10 Notice that in this case the minmizer u = u0 behaves as if each Dirichlet energy
D(v;ωi ) := ∫

ωi
|∇v|2 dx is minimized subject to affine boundary conditions on each ∂ωi

for i = 1, 2, 3. The subtlety here is that we cannot for each v ∈ Ag and each i = 1, 2, 3
exploit the quasiconvexity

D(v;ωi ) ≥ D(ai , ωi ) ∀v ∈ H1
ai (ωi ; R

2), (3.40)

in which we employ the notation ai := u0χωi , and then simply add the inequalities. The
reason is that there is no guarantee that a typical v ∈ Ag will be affine along �12 or �23,
so we do not necessarily have inequality (3.40) for each i . This is easily seen: when the
requirement that v = ai on ∂ωi is dropped, it is possible to construct a piecewise affine map
ṽ ∈ Ag , say, such that for at least one (but not more than two) of the regions ωi

D(ai ;ωi ) > D(ṽ;ωi ).

3.4 Example 2: a point-contact pressure distribution

In this example, we take � to be the square Q := [−1, 1]2 and assume that it has been
divided into the quadrant subsquares Q1, Q2, Q3, Q4 specified in Figure 4 and 5.

We let f be a pressure function of the form

f =
4∑

i=1

fiχQi . (3.41)

In order to apply Theorem 2.3, we must show that F is mean coercive and that the Euler-
Lagrange equation (3.42) for F , which are given below, can be solved. In this case, the mean
coercivity depends on the values of the constants f1, . . . , f4 which, in turn, are entwined
with the details of the solution u. Accordingly, we postpone to Lemma 3.14 the argument
needed to prove mean coercivity and begin by seeking a solution u to the Euler-Lagrange
equation for F(u), namely

∫

Q
2∇u · ∇ϕ +

(
4∑

i=1

fiχQi

)

cof ∇u · ∇ϕ dx = 0 ϕ ∈ C∞
c (Q; R

2). (3.42)

In the following statement the sets �i j are defined in the same way as in Proposition 3.8, so
that �12 := ∂Q1 ∩ ∂Q2, and so on.

Proposition 3.11 Let u ∈ H1(Q; R
2) solve (3.42). Then provided the normal derivatives of

u exist along �12, . . . , �41, it must be that
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(i) u is harmonic in each subdomain Qi , and
(ii) the jump conditions

2∂2u|Q4 − 2∂2u|Q1 + ( f4 − f1)J∂1u = 0 along �14 (3.43)

2∂1u|Q2 − 2∂1u|Q1 + ( f1 − f2)J∂2u = 0 along �12 (3.44)

2∂2u|Q3 − 2∂2u|Q2 + ( f3 − f2)J∂1u = 0 along �23 (3.45)

2∂1u|Q3 − 2∂1u|Q4 + ( f4 − f3)J∂2u = 0 along �34. (3.46)

hold. Conversely, u satisfying the conditions in (i) and (ii) must obey (3.42).

Proof This is so similar to the proof of Proposition (3.8) that we omit it. �

The next result demonstrates, by brute force, that solutions to the system (3.42) exist. Its

proof can be found in the Appendix.

Proposition 3.12 Let f given by (3.41) and define, in complex coordinates, the function u(z)
by

u(z) =
∑

n even

an(z
n − z̄n) + u(1)(z)χQ1 + u(2)(z)χQ2 + u(3)(z)χQ3 + u(4)(z)χQ4 , (3.47)

where

u(1)(z) =
∑

n odd

λ(1)
n

(
2βγ (zn + z̄n) − p(zn − z̄n)

)
,

u(2)(z) =
∑

n odd

λ(2)
n

(
2γ δ(zn + z̄n) − p(zn − z̄n)

)
,

u(3)(z) =
∑

n odd

λ(3)
n

(
2γ δ(zn + z̄n) + (4β − 4δ)(zn − z̄n)

)
,

u(4)(z) =
∑

n odd

λ(4)
n

(
2βγ (zn + z̄n) − (4β − 4δ)(zn − z̄n)

)
.

The constants an maybe complex,whileα := f2− f1,β := f3− f2,γ := f4− f3, δ := f1− f4
and p := βγ δ + 4β − 4δ are all real. Assume that α �= 0, β �= 0, γ �= 0, δ �= 0, and p �= 0.
Then there are two possibilities according to whether the quantity

� := αβγ δ + 4(β − δ)(α + γ ) (3.48)

vanishes or not, which are:

(� �= 0) all λ
( j)
n must vanish, and the solution (3.47) to (3.42) is harmonic on all of Q provided

the sequence (an)n even is chosen so that
∑

n even an(z
n − z̄n) converges;

(� = 0) provided for each j = 1, . . . , 4, the sequences (λ
( j)
n )n odd are chosen to ensure that the

corresponding series u( j)(z) converges, any function of the form u(z) given by (3.47) is
a solution to (3.42).

Proposition 3.13 Let f be given by (3.41). Then coefficients σ and τ can be chosen so that�
defined by (3.48) obeys � = 0, p defined by (A.32) obeys p �= 0, and all other assumptions
concerning the quantities α, β, γ and δ defined in the statement of Proposition 3.12 are
satisfied. In particular, modulo the addition of a function harmonic on Q, solutions to (3.42)
can be expressed as weighted sums of the functions un(z) given by (3.54).
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Proof Using the definitions of α, β, γ, δ given in Proposition 3.12, we find that with f as in
(3.41),

α = 2σ + τ, (3.49)

β = τ − 2σ, (3.50)

γ = −β, (3.51)

δ = −α. (3.52)

According to Proposition 3.12(b), non-smooth solutions to (3.42) exist provided:

(a) � = 0 where, in this case, � = α2β2 + 4(α2 − β2);
(b) p �= 0, where p = β2α + 4(β + α);
(c) α �= 0, β �= 0, and
(d) β + α �= 0.

Hence, from (a), we set

α = 2β
√

β2 + 4
(3.53)

and we find that (b)-(d) are satisfied as long as β �= 0 and τ �= 0.
The recipe of Proposition 3.12 now ensures that solutions to (3.42) are, up to the addition

of a function that is harmonic everywhere in Q as described in Proposition 3.12(a), and still
in complex notation, weighted sums of the ‘building block’ functions

un(z) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

−2β2(zn + z̄n) − 2β(2 + √
β2 + 4)(zn − z̄n) z ∈ Q1

4β2√
β+4

(zn + z̄n) − 2β(2 + √
β2 + 4)(zn − z̄n) z ∈ Q2

4β2√
β+4

(zn + z̄n) − 4β

(

1 + 2√
β2+4

)

(zn − z̄n) z ∈ Q3

−2β2(zn + z̄n) − 4β

(

1 + 2√
β2+4

)

(zn − z̄n) z ∈ Q4,

(3.54)

where n is an odd natural number. �

We remark that by setting z = Reiθ , we have

zn + z̄n = 2Rn cos(nθ)

zn − z̄n = 2Rn sin(nθ)i,

and so R
2-valued ‘building block’ functions are, in plane polar coordinates (R, θ),

un(R, θ) =

⎧
⎪⎪⎨

⎪⎪⎩

RnD1e(nθ) (R, θ) ∈ Q1

RnD2e(nθ) (R, θ) ∈ Q2

RnD3e(nθ) (R, θ) ∈ Q3

RnD4e(nθ) (R, θ) ∈ Q4,

where e(nθ) = (cos(nθ), sin(nθ))T and D1, . . . , D4 are the diagonal matrices given by

D1 = diag

(

−4β2,−4β(2 +
√
4 + β2

)

,

D2 = diag

(
8β2

√
β+4

,−4β(2 +
√
4 + β2

)

,
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D3 = diag

(
8β2

√
β+4

,−8β

(

1 + 2
√
4 + β2

))

,

D4 = diag

(

−4β2,−8β

(

1 + 2
√
4 + β2

))

.

As a particular example, note that when n = 1, the solutions un are just piecewise affine
functions given in Cartesian coordinates by

u1(x1, x2) = Dk

(
x1
x2

)

if

(
x1
x2

)

∈ Qk

for k = 1, . . . , 4. Since rank(Dk+1 − Dk) = 1 for k = 1, . . . , 4, it follows immediately that
Hadamard’s rank-one condition holds, as expected.

Having established conditions underwhich solutions to (3.42) exist,wenow tuneσ and τ in
order that F is mean coercive. The first step is to rewrite F(ϕ) slightly when ϕ ∈ C∞

c (Q; R
2).

Let ϕ ∈ C∞
c (Q; R

2) and note that, since det∇ϕ is a null Lagrangian, it holds that
∫

Q
det∇ϕ dx = 0.

In particular, we can subtract σ
∫
Q det∇ϕ dx from F(ϕ) without changing its value, which

leads to the equivalent form

F(ϕ) =
∫

Q
|∇ϕ|2 − (τ + 2σ) det∇ϕ χQ1 + (τ − 2σ) det∇ϕ χQ3 dx (3.55)

=
∫

Q
λ|∇ϕ|2 − 2σ det∇ϕ (χQ1 + χQ3 ) dx

︸ ︷︷ ︸

=:Fλ

(

ϕ,
0 −2σ

−2σ 0

)

+
∫

Q
(1 − λ)|∇ϕ|2 + τ det∇ϕ (χQ3 − χQ1 ) dx

︸ ︷︷ ︸

F1−λ

(

ϕ,
0 −τ

τ 0

)

.

Here, λ ∈ (0, 1) will be chosen shortly and in accordance with the following lemma.

Lemma 3.14 Both of the functionals Fλ

(
ϕ, 0 −2σ

−2σ 0

)
and F1−λ

(
ϕ, 0 −τ

τ 0

)
defined

in (3.55) are nonnegative on C∞
c (Q; R

2) provided λ, σ and τ obey

|σ |
2

≤ λ ≤ 1 − |τ |√
8
. (3.56)

Moreover, if (3.56) is strengthened to

|σ |
2

< λ < 1 − |τ |√
8
. (3.57)

then F is mean coercive.

Proof Firstly, write

Fλ

(
ϕ, 0 −2σ

−2σ 0

)
= λ

∫

Q
|∇ϕ|2 − 2σ

λ
det∇ϕ (χQ1 + χQ3) dx

and let c = 2σ
λ
. Let ωn ⊂ Q be any sequence of subsets with the properties that (i) ωn is

homeomorphic to an open ball in R
2, (ii) Q1 ∪ Q3 ⊂ ωn for all n, and (iii) χωn → χQ1∪Q3
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as n → ∞. For example, the sets

ωn :=
{

x ∈ Q : dist (x, Q1 ∪ Q3) <
1

n

}

fulfill (i)-(iii). Then, by [1, Proposition 3.4], for each n ∈ N the functional

Fn(ϕ) :=
∫

Q
|∇ϕ|2 − c det∇ϕ χωn dx

is nonnegative on C∞
c (Q; R

2) if and only if |c| ≤ 4. By letting n → ∞ and noting that, by
dominated convergence,

Fn(ϕ) →
∫

Q
|∇ϕ|2 − c det∇ϕ (χQ1 + χQ3) dx,

it follows that so too is Fλ(ϕ) nonnegative on C∞
c (Q; R

2) if and only if |c| ≤ 4. This is
equivalent to |σ |

2 ≤ λ.
Next, rewrite

F1−λ

(
ϕ, 0 −τ

τ 0

)
= (1 − λ)

∫

Q
|∇ϕ|2 + τ

1 − λ
det∇ϕ (χQ3 − χQ1) dx

and let d = τ
1−λ

. According to [1, Proposition 4.6], the functional

ϕ �→
∫

Q
|∇ϕ|2 + d det∇ϕ (χQ3 − χQ1) dx

is nonnegative on C∞
c (Q; R

2) if and only if |d| ≤ √
8, which is equivalent to λ ≤ 1 − |τ |√

8
.

Putting both inequalities involving λ together yields (3.56).
Now suppose that (3.57) holds so that, in particular, | 2σ

λ
| < 4. Consider

Fλ

(
ϕ, 0 −2σ

−2σ 0

)
= λ

∫

Q
|∇ϕ|2 − 2σ

λ
det∇ϕ (χQ1 + χQ3) dx

= λε

∫

Q
|∇ϕ|2 dx + λ(1 − ε)

(∫

Q
|∇ϕ|2 − 2σ

λ(1 − ε)
det∇ϕ dx

)

and notice that for sufficiently small ε we may assume that | 2σ
λ

(1 − ε)| ≤ 4 and hence that
the functional on the right is nonnegative. Using this and (3.55) we therefore have that

F(ϕ) ≥ γ

∫

Q
|∇ϕ|2 dx ∀ϕ ∈ C∞

c (Q; R
2)

where γ = λε. �

It follows from Lemma 3.14 and (3.55) that as long as

|σ |
2

≤ 1 − |τ |√
8
, (3.58)

thenλ can be chosen to lie between these values, and hence F(ϕ) ≥ 0 for allϕ ∈ C∞
c (Q; R

2).
But the choice of σ and τ is not free: one parameter is subordinated to the other through
(3.49), (3.50) and (3.53), which when combined lead to

τ 4 − 8τ 2σ 2 + 32τσ + 16σ 4 = 0. (3.59)
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Fig. 5 Visualization of Proposition 3.15 inMathematica: the set y(σ, τ ) (in blue), two branches of h(σ, τ ) = 0
(in orange) and two intersection points ω1, ω0 (in orange) with the line τ = τ0 (in green)

Thus, in order to conclude, we seek solutions to (3.59) such that (3.58) holds. A brief numer-
ical investigation, which we summarise in Proposition 3.15 below, reveals (at least) one
‘branch’ of solutions (σ, τ ) which obey both (3.59) and

y(σ, τ ) := |σ |
2

+ |τ |√
8

≤ 1. (3.60)

Proposition 3.15 Let y(σ, τ ) be given by (3.60). Then there are infinitely many solutions
(σ, τ ) to the equation (3.59) which also obey y(σ, τ ) < 1.

Proof Let

h(σ, τ ) = τ 4 − 8τ 2σ 2 + 32τσ + 16σ 4

and notice that h(− τ
2 , τ ) = −16τ 2 and h(0, τ ) = τ 4. Hence, for each τ �= 0 there is at

least one σ = σ(τ) in the interval (− τ
2 , 0) such that h(σ (τ ), τ ) = 0. Letting τ0 = 2 and

solving h(σ, τ0) = 0 (using, for example, Mathematica) produces two solutions, σ0 and σ1,
say, which to 4 d.p. are

σ0 � −0.2253 and σ1 � −1.9470.

More precisely, σ0 and σ1 are the only real roots of the polynomial

p4(σ ) = 1 + 4σ − 2σ 2 + σ 4.

Now, since hσ (σ, τ0) = 64(σ 3 − σ + 1), it is easily checked that

hσ (σ0, τ0) �= 0,
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and hence, by the Implicit Function Theorem, for suitably small ε > 0 there is a smooth
branch

B := {(σ (τ ), τ ) : τ ∈ (2 − ε, 2 + ε)} (3.61)

of solutions to (3.59) emanating from the point (σ0, τ0). Now we compute

y(σ0, τ0) � 0.8197

to 4 d.p., and so it follows by continuity that

y(σ (τ ), τ ) < 1

for all τ sufficiently close to τ0 = 2. By taking ε in the description of B smaller still if
necessary, we can assume that y(σ (τ ), τ ) < 1 if (σ (τ ), τ ) ∈ B. �


Finally, using Lemma 3.14 and Proposition 3.15, it follows that (3.57) holds and hence F
is mean coercive. This enables us to prove, via Theorem 2.3, the following.

Proposition 3.16 Let f be given by

f = σχQ2 − (τ + σ)χQ1 + (τ − σ)χQ3 + σχQ4 ,

where (σ, τ ) belong to B as defined in (3.61). Let u be a solution of
∫

Q
2∇u · ∇ϕ + f (x) cof ∇u · ∇ϕ dx = 0 ϕ ∈ C∞

c (�),

as provided by Proposition 3.12, and define the function g := det∇u. Then u is a global
minimizer of the Dirichlet energy D in the class

{v ∈ H1
u (Q; R

2) : det∇v = g a.e. in Q}.

4 Numerical experiments in the planar case

TheMATLABcode of [1] based on [21]was extended to treat the non-homogeneousDirichlet
boundary condition u0. A minimizer u ∈ H1

u0(�; R
2) of (1.1) is approximated by the finite

element method (FEM) with the lowest order (known as P1) basis functions defined on a
regular triangulation of the domain �. It is calculated using the trust-region method from the
MATLAB Optimization Toolbox. The weak form (4.1) is discretized as the system of linear
equations

(2K1 + K2) �u = 0. (4.1)

Here, a vector �u ∈ R
2n represents the minimizer u = (u1, u2) and n denotes the number

of triangulation nodes. The stiffness matrices K1, K2 ∈ R
2n×2n are constructed efficiently

using the modification of [23] and correspond to the assembly of bilinear forms

∫

�

∇ψ : ∇u dx =
∫

�

(
∂ψ1
∂x1

∂ψ1
∂x2

∂ψ2
∂x1

∂ψ2
∂x2

)

:
(

∂u1
∂x1

∂u1
∂x2

∂u2
∂x1

∂u2
∂x2

)

dx, (4.2)

∫

�

f cof ∇ψ : ∇u dx =
∫

�

f

(
∂ψ2
∂x2

− ∂ψ2
∂x1

− ∂ψ1
∂x2

∂ψ1
∂x1

)

:
(

∂u1
∂x1

∂u1
∂x2

∂u2
∂x1

∂u2
∂x2

)

dx . (4.3)
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Fig. 6 A disk-disk geometry (left) and the example of its adaptive mesh refinement (right)
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Fig. 7 A disk-section geometry (left) and the example of its adaptive mesh refinement (right)

The matrix K1 is symmetric and is constructed of two identical stiffness matrices corre-
sponding to the discretization of the Laplace operator for the scalar variable. The matrix K2

is also symmetric and combines the products of the mixed derivatives of the basis functions
further weighted by the function f . The function f is assumed to be a piecewise constant in
smaller subdomains. If the triangulation is aligned with subdomain shapes, then the numeri-
cal quadrature of both terms in (1.1) is exact. An additional mesh adaptivity is applied using
the MATLAB Partial Differential Equation Toolbox to enhance accuracy across nonlinear
subdomain boundaries; see Figures 6, 7. A complementary code is available for download
and testing at

https://www.mathworks.com/matlabcentral/fileexchange/130564 .

4.1 Disk-disk problem

Let us compare the analytical solution u, given by (3.4), to the Euler-Lagrange equation (2.6)
with its numerically generated counterpart. For concreteness we set the parameters ρ = 0.5
(inner disk radius) and M = 3, from which it follows that
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Fig. 8 Distribution of f (left), det∇u (middle), and the jump of det∇u (right) across the interface boundary.
Here, the boundary condition in force is u0(x) = x

Fig. 9 Distribution of f (left), det∇u (middle), and the jump (inmodulus) of det∇u (right) across the interface
boundary. The boundary condition u0 is given by (3.11) with R := 1; in particular u0 is not the identity map

ζ = 0.64, ξ = 1.12 and det∇u(x) is an axisymmetric function satisfying

min
x∈�

det∇u = 0.4096, max
x∈�

det∇u = 1.24 (4.4)

lim|x |→ρ− det∇u − lim|x |→ρ+ det∇u = 1.024 − 0.4096 = 0.6144. (4.5)

The FEMcalculation using 13930 triangles and 7066 nodes shows similar values: see Figure 8
and, particularly, its colorbar limits.

4.2 Disk-sector problem

Let us compare the analytical solutionu givenby (3.10), (3.11) to theEuler-Lagrange equation
(2.6) with those generated using the numerical methods described above. The geometry is as
shown in Figure 9, and the free parameter M featuring in Subsection 3.2 is set equal to 3.

We find that det∇u(x) satisfies

min
x∈�

det∇u = 0, max
x∈�

det∇u = 6 (4.6)

max
R∈[0,1]

(

lim|θ |→π/4+ det∇u − lim|θ |→π/4− det∇u

)

= 6. (4.7)

The FEM calculation using 11316 triangles and 5765 nodes shows very similar values: see
Figure 9 and, particularly, its colorbar limits.

Our final numerical result goes beyond what we can say analytically. Specifically, in Fig-
ure 10, aspects of the numerical solution u to (2.6) are shownwhen the boundary condition u0
obeys u0(x) = x for x ∈ ∂B.We cannotmake a direct comparisonwith an analytical solution
here because u0 is not the suitably prepared type needed, for example, in Proposition 3.4,
and it is not clear how to render it so.
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Fig. 10 Distribution of f (left), det∇u (middle), and the jump (in modulus) of det∇u (right) across the
interface boundary. Here, the boundary condition in force is u0(x) = x

Appendix A.Proof of Proposition 3.12

We assume that the conditions set out in (i) and (ii) of Proposition 3.11 apply. In terms of
complex coordinates, where (x1, x2) =: (x, y) is identified with z := x + iy and u(x1, x2)
is identified with u(z) := u1(x, y)+ iu2(x, y), let u(k) be the restriction of u to the quadrant
Qk . Since, for each k = 1, . . . , 4, u(k) is harmonic in Qk , a standard representation theorem
implies that

u(k)(z) = F (k)(z) + G(k)(z), (A.1)

where F (k) and G(k) are functions holomorphic in Qk .
Turning to (ii), we begin by converting equations (3.43)—(3.46) into complex form, and

then make use of the relationships F (k)
y = i F (k)

x and G(k)
y = iG(k)

x , which hold at any point
in Qk and which we further assume to hold in an appropriate limiting sense at points along
the coordinate axes bordering Qk . For all m, n, let εmn = fm − fn . Then (3.43) becomes

F (4)
x − G(4)

x = F (1)
x − G(1)

x + ε14

2

(

F (1)
x + G(1)

x

)

z = x + 0i ∈ �14. (A.2)

Applying the assumption that u is continuous across �14, so that u(4)(x +0i) = u(1)(x +0i)
for 0 ≤ x ≤ 1, and by further assuming that we may differentiate this expression, we obtain
(bearing (A.1) in mind)

F (4)
x + G(4)

x = F (1)
x + G(1)

x z = x + 0i ∈ �14. (A.3)

We regard the functions F (1) and G(1) as being ‘free’, and solve (A.2) and (A.3) for F (4)
x and

G(4)
x , giving, for z = x + 0i ∈ �14,

F (4)
x =

(
1 + ε14

4

)
F (1)
x + ε14

4
G(1)

x (A.4)

G(4)
x =

(
1 − ε14

4

)
G(1)

x − ε14

4
F (1)
x . (A.5)

Doing likewise with (3.44), taking care in this case to replace, when k = 1, 2, the normal
derivatives ∂x F (k) and ∂xG(k) by the tangential derivatives −i∂y F (k) and i∂yG(k) respec-
tively, we obtain, when z = 0 + yi ∈ �12, the equations

F (2)
y =

(
1 − ε21

4

)
F (1)
y − ε21

4
G(1)

y (A.6)

G(2)
y =

(
1 + ε21

4

)
G(1)

y + ε21

4
F (1)
y . (A.7)
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Similarly, from (3.45), we find that

F (3)
x =

(
1 + ε32

4

)
F (2)
x + ε32

4
G(2)

x (A.8)

G(3)
x =

(
1 − ε32

4

)
G(2)

x − ε32

4
F (2)
x (A.9)

for z = x + 0i ∈ �23, while (3.46) yields

F (4)
y =

(
1 − ε43

4

)
F (3)
y − ε43

4
G(3)

y (A.10)

G(4)
y =

(
1 + ε43

4

)
G(3)

y + ε43

4
F (3)
y (A.11)

if z = 0 + yi ∈ �34.
To solve this system, we suppose for now that F (k) and G(k) can be written as formal

power series, thus:

F (k)(z) =
∞∑

n=0

a(k)
n zn (A.12)

G(k)(z) =
∞∑

n=0

b(k)
n zn (A.13)

for k = 1, . . . , 4. The introduction of (A.12) and (A.13) allows us to relate the various
derivatives F (k)

x and F (k)
y (and similarly G(k)

x and G(k)
y ) appearing in (A.4)—(A.11), and so

‘close’ the system, as follows.
Substituting (A.12) and (A.13) into (A.4) gives

∞∑

n=1

na(4)
n xn−1 =

∞∑

n=1

(
1 + ε14

4

)
na(1)

n xn−1 + ε14

4
nb(1)

n xn−1 0 ≤ x ≤ 1,

which is satisfied if

a(4)
n =

(
1 + ε14

4

)
a(1)
n + ε14

4
b(1)
n n ≥ 1, (A.14)

while (A.5) holds if

b(4)
n =

(
1 − ε14

4

)
b(1)
n − ε14

4
a(1)
n n ≥ 1. (A.15)

Now consider (A.6) and (A.7), both of which require tangential derivatives G(k)
y for k =

1, 2. From (A.13), we have

G(1)
y (z) =

∞∑

n=1

inb(1)
n zn−1,

and hence, with z = 0 + iy along �12,

G(1)
y (iy) =

∞∑

n=1

inb(1)
n (iy)n−1

=
∞∑

n=1

nīnb(1)
n yn−1.
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Hence, (A.6) gives

∞∑

n=1

nina(2)
n yn−1 =

∞∑

n=1

nin
(
1 − ε21

4

)
a(1)
n yn−1 − nīn

ε21

4
b(1)
n yn−1,

which is equivalent to

a(2)
n =

(
1 − ε21

4

)
a(1)
n − (−1)n

ε21

4
b(1)
n n ≥ 1. (A.16)

Equation (A.7) leads to

b(2)
n =

(
1 + ε21

4

)
b(1)
n + (−1)n

ε21

4
a(1)
n n ≥ 1. (A.17)

Proceeding similarly with the remaining equations leads to

a(3)
n =

(
1 + ε32

4

)
a(2)
n + ε32

4
b(2)
n (A.18)

b(3)
n =

(
1 − ε32

4

)
b(2)
n − ε32

4
a(2)
n (A.19)

a(4)
n =

(
1 − ε43

4

)
a(3)
n − (−1)n

ε43

4
b(3)
n (A.20)

b(4)
n =

(
1 + ε43

4

)
b(3)
n + (−1)n

ε43

4
a(3)
n . (A.21)

Let μ = e1 + e2, ν = e2 − e1, and define for all real w the matrices

A(w) := 1 + w ν ⊗ μ. (A.22)

For each n ≥ 1 and j = 1 . . . 4 define vectors v
( j)
n by

v
( j)
n : =

(
a( j)
n

b( j)
n

)

.

Then (A.14)-(A.21) can be written as

v(2)
n =

{
A(ε21/4)v

(1)
n n even

AT (ε21/4)v
(1)
n n odd,

(A.23)

v(3)
n = A(−ε32/4)v

(2)
n , (A.24)

v(4)
n =

{
A(ε43/4)v

(3)
n n even

AT (ε43/4)v
(3)
n n odd,

(A.25)

v(1)
n = A(ε14/4)v

(4)
n . (A.26)

Case (i). When n is even the system has a solution only if v
(1)
n obeys

A(ε14/4) A(ε43/4) A(−ε32/4) A(ε21/4)v
(1)
n = v(1)

n (A.27)

Since A(r) A(s) = A(r + s) for any real r , s, it follows that A(ζ )v
(1)
n = v

(1)
n with ζ =

(ε14 + ε43 − ε32 + ε21)/4 = ( f2 − f3)/2. Since f3 �= f2 by hypothesis, we may assume that
ζ �= 0 and hence, by (A.22), A(ζ )v

(1)
n = v

(1)
n only if v

(1)
n lies in the kernel of ν ⊗ μ. It then
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follows from (A.23)-(A.25) that v(4)
n = v

(3)
n = v

(2)
n = v

(1)
n for any even n, each vector being

proportional to ν. Recalling that u( j)(z) is the restriction of u solving (3.42) to Q j , we see,
for instance, that

u(1)(z) = F (1)(z) + G(1)(z)

=
∞∑

n=1

a(1)
n zn + b(1)

n z̄n

is such that its ‘even part’

u(1)
even(z) :=

∑

n even

a(1)
n zn + b(1)

n z̄n

=
∑

n even

a(1)
n (zn − z̄n)

agrees with u(2)
even(z), u

(3)
even(z) and u

(4)
even(z). Thus the even part of u, which we can write as

ueven(z) := u(1)
even(z) χ1(z) + . . . + u(4)

even(z) χ4(z) (A.28)

is harmonic on the whole domain. Here, χ1 := χQ1 , and so on.

Case (ii). When n is odd the system has a solution only if v
(1)
n obeys

A(ε14/4) A
T (ε43/4) A(−ε32/4) A

T (ε21/4)v
(1)
n = v(1)

n . (A.29)

Denoting by C the matrix appearing in the left-hand side of (A.29), and letting α = ε21,
β = ε32, γ = ε43 and δ = ε14, we find (in our case, using MapleTM) that det(C − 1) = 0
only if

αβγ δ + 4(β − δ)(α + γ ) = 0, (A.30)

which we recognize as the condition � = 0. Solving for α leads to

α = − 4γ (β − δ)

βγ δ + 4β − 4δ
(A.31)

as long as

p = βγ δ + 4β − 4δ (A.32)

obeys p �= 0. Assuming that p �= 0 and choosing α as in (A.31), the equation (C−1)v(1)
n = 0

is solved by any multiple of

v(1)
n =

(
2βγ − p
p + 2βγ

)

. (A.33)

Using (A.24) leads to

v(2)
n =

(
2γ δ − p
p + 2γ δ

)

, (A.34)

which, through (A.25), yields

v(3)
n =

(
2γ δ + 4δ − 4β
2γ δ + 4β − 4δ

)

. (A.35)
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Finally, (A.26) gives

v(4)
n =

(
2βγ + 4δ − 4β
2βγ + 4β − 4δ

)

. (A.36)

In addition to the standing assumptions that α �= 0, β �= 0, γ �= 0, δ �= 0, and p �= 0, the
only condition needed to ensure that the vectors v

( j)
n are distinct is β �= δ, which, in terms

of the original variables, amounts to f1 + f2 �= f3 + f4. In summary, using v
(1)
n defined in

(A.33), the ‘odd part’ of the solution u(1)(z) to (3.42) can now formally be written as

u(1)
odd(z) =

∑

n odd

a(1)
n zn + b(1)

n z̄n

=
∑

n odd

2βγ (zn + z̄n) − p(zn − z̄n).

Similarly, each u( j)
odd(z) for j = 2, 3, 4 can be constructed using the components of v

( j)
n as

given by (A.34)-(A.36). �
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