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 a b s t r a c t

When writing high-performance code for numerical computations in a scripting language such as 
MATLAB, it is crucial to vectorize operations within large for-loops. However, this vectorization 
process often obscures the original mathematical structure, making the code less readable. This 
issue is particularly pronounced in finite element method (FEM) implementations, despite the in-
herently structured nature of FEM. A practical remedy is to decouple the vectorization layer from 
the mathematical logic of the code. This can be effectively achieved by building on top of already-
vectorized basic linear algebra subprograms. Over the past 15 years, this idea has been applied in 
a series of works, resulting in fast, structured, and maintainable code. In this paper, we present a 
vectorized basic linear algebra package and introduce a formalism based on multilinear algebra 
to define and explain its functions. We also incorporate MATLAB’s recently introduced page-wise 
functions to enhance expressiveness. We provide examples such as computing normal vectors, 
volumes, and finite element assembly to demonstrate the clarity and efficiency of the approach. 
The resulting codes closely follow mathematical abstraction, facilitate reuse and extension, and 
support rapid development and prototyping by scientists, engineers, and students.

1.  Introduction

MATLAB [1] is a popular computing platform with a library of built-in functions and toolboxes provided by Mathworks Inc. 
(https://mathworks.com/), to solve scientific and engineering problems in both academia and industry. It is a scripting language that 
can be used to write structured, readable, or understandable code. However, because the language is interpreted and not compiled, 
MATLAB codes containing for loops become extremely slow compared to compiled languages such as C, C++, FORTRAN, etc. It is 
particularly evident in a finite element calculation, since a finite element implementation is heavily based on loops over its nodes, 
edges, and elements; cf. [2], making any large-scale simulation with finite elements practically useless even on a supercomputer. 
MATLAB provides functionalities that allow basic arithmetic operations in a loop to be executed in a precompiled fashion, also known 
as vectorization or array operation [1]. During the last 15 years, several finite element codes have been developed in MATLAB using 

∗ Corresponding author.
 E-mail addresses: alexmos@kma.zcu.cz (A. Moskovka), talal.rahman@hvl.no (T. Rahman), jan.valdman@utia.cas.cz (J. Valdman), 
jon.e.vatne@bi.no (J. Eivind Vatne).

https://doi.org/10.1016/j.amc.2025.129778
Received 5 July 2024; Received in revised form 12 June 2025; Accepted 6 October 2025

Applied Mathematics and Computation 513 (2026) 129778 

0096-3003/© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/amc
https://www.elsevier.com/locate/amc
https://orcid.org/0000-0003-0091-151X

$C^1$


$H^1, H(\operatorname {div}), H(\operatorname {curl}), H^2$


$U,V,W,\ldots $


$u\in U,\,v\in V,\dots $


$U$


$V$


\begin {equation}\Hom (U,V) =\{\text {linear transformations }U\rightarrow V\}. \label {Xeqn1-1}\end {equation}


$U$


\begin {equation}\label {ChooseElement} \Hom (\RR , U)\simeq U, \phi \mapsto \phi (1).\end {equation}


$U$


\begin {equation}\label {defDual} U\dual = \Hom (U,\RR ).\end {equation}


\begin {equation}\label {doubleDual} U\rightarrow U\dual \dual ,\,u \mapsto \eval _u, \eval _u(\phi )=\phi (u).\end {equation}


$U$


$U$


$\phi \in \Hom (U,V)$


$\phi ^T\in \Hom (V\dual , U\dual )$


\begin {equation}\label {transpose} \phi ^T(f)(u) =f(\phi (u)).\end {equation}


$\phi ^T$


$f$


$V$


$\RR $


$\phi $


$U$


$\RR $


$U=V$


$\Id _U\in \Hom (U,U)$


$\Id _U(u)=u$


$f_1,\dots ,f_n$


$U$


\begin {equation}U=<f_1,\dots ,f_n>. \label {Xeqn6-6}\end {equation}


$\mathbb {R}^n$


$e_1,\dots ,e_n$


$U$


\begin {equation}U\rightarrow \mathbb {R}^n,\,\,\sum a_if_i\mapsto \sum a_ie_i. \label {Xeqn7-7}\end {equation}


$U^\vee $


\begin {equation}U^\vee =<f^1,\dots ,f^n> \quad \text {where}\quad f^j\left (\sum a_if_i\right )= a_j, \label {Xeqn8-8}\end {equation}


\begin {equation}U\rightarrow U^\vee ,\,\,\sum a_if_i\rightarrow \sum a_if^i. \label {Xeqn9-9}\end {equation}


$U$


$U$


$U^\vee $


$U=<f_1,\dots ,f_n>$


$V=<g_1\dots ,g_m>$


$m\times n$


$T$


\begin {equation}\label {eq:transformationMatrix} \big (T(f_1)|T(f_2)|\dots |T(f_n)\big ).\end {equation}


$U$


$V$


$\sum a_if_i$


$(a_i)$


$T$


$\big (T(f_1)|T(f_2)|\dots |T(f_n)\big )(a_i)$


$U$


$V$


\begin {equation}U\otimes V=\{\text {linear combinations of }u\otimes v\}/ \text {bilinear relations}. \label {Xeqn11-11}\end {equation}


\begin {equation}\label {swap} U\otimes V \simeq V\otimes U,u\otimes v\mapsto v\otimes u\end {equation}


\begin {equation}\label {squeeze} \RR \otimes V \simeq V,r\otimes v \mapsto rv.\end {equation}


$U=<f_1,\dots ,f_n>$


$V=<g_1\dots ,g_m>$


\begin {equation}U\otimes V = <f_i\otimes g_j>,\,i\in \{1,\dots , n\}, j\in \{1,\dots , m\}. \label {Xeqn14-14}\end {equation}


$U\otimes V$


$n\times m$


\begin {equation}\label {eq:tensorMatrix} \sum _{i,j} a_{ij}f_i\otimes g_j\mapsto \left (a_{ij}\right )_{ij}\end {equation}


$1\times m$


$m$


\begin {equation}\label {composition} \Hom (U,V)\otimes \Hom (V,W)\rightarrow \Hom (U,W),\,\phi \otimes \psi \mapsto \psi \circ \phi .\end {equation}


$\phi _i\in \Hom (U_i,V_i),\,i=1,2$


$\phi _1\otimes \phi _2\in \Hom (U_1\otimes U_2,V_1\otimes V_2)$


\begin {equation*}(\phi _1\otimes \phi _2)(u_1\otimes u_2) = \phi (u_1)\otimes \phi (u_2).\end {equation*}


\begin {equation}\label {adjunction} \Hom (U\otimes V, W)\simeq \Hom (U,\Hom (V,W)),\,\phi \mapsto \psi , \psi (u)(v) = \phi (u\otimes v).\end {equation}


$\phi $


$\psi $


$\psi (u)$


$W=\RR $


\begin {equation}\label {eq:dualAdjunction} (U\otimes V)\dual \simeq \Hom (U,V\dual ).\end {equation}


\begin {equation}\label {tensorHomInterchange} U\otimes V\dual \simeq \Hom (V,U),\,u\otimes \phi \mapsto \psi ,\psi (v) = \phi (v)u.\end {equation}


$V=U$


\begin {equation}U\otimes U\dual \simeq \Hom (U,U). \label {Xeqn20-20}\end {equation}


$U\otimes U\dual $


$\Id _U$


$U\otimes U$


$\RR $


$<-,->\in \Hom (U\otimes U,\RR )$


$U\rightarrow U\dual $


\begin {equation}\label {eq:bilinearGivesMap} (U\otimes U)^\vee \simeq \Hom (U,U\dual ).\end {equation}


$<-,->$


$u\in U$


$<u,->\in U\dual $


$U\simeq U^\vee $


$\mathbb {R}^n$


$\mathbb {R}^n$


$U$


$\Delta \in \Hom (U, U\otimes U)$


$u\mapsto u\otimes u$


$U\otimes U$


$U\otimes U$


$n\times n$


$U=<f_1,\dots ,f_n>$


\begin {equation}\label {eq:DiagonalVector} \pi \in \Hom (U\otimes U,U),f_i\otimes f_i \mapsto f_i, f_i\otimes f_j\mapsto 0 \text { if } i\neq j\end {equation}


$\pi $


\begin {equation}\ten {A} = U\otimes V\otimes W. \label {Xeqn23-23}\end {equation}


$\ten {A}$


$U\otimes \Hom (V,W)$


$W$


$W=\RR ^n$


$W$


$1_n\in \Hom (\RR ,\RR ^n)$


$1$


$(1,1,\dots ,1)^T$


$U$


\begin {equation}\label {eq:copy} \operatorname {copy}=\Id \otimes 1_n: U\simeq U\otimes \RR \rightarrow U\otimes \RR ^n.\end {equation}


$n$


$U$


$U\simeq \RR ^m$


$\RR ^n\rightarrow \RR $


$\RR ^\vee $


\begin {equation}\label {eq:last} \operatorname {last}=\Id \otimes (0\, 0 \,\dots \,0\, 1): U\otimes \RR ^n \rightarrow U\otimes \RR \simeq U.\end {equation}


$\ten {A},\ten {B}$


\begin {equation}\ten {A} = \Hom (V,U)\otimes W_1,\quad \ten {B} =\Hom (U,X)\otimes W_2. \label {Xeqn26-26}\end {equation}


\begin {equation}\label {eq:pagewisemultGeneral} \ten {A}\otimes \ten {B}\rightarrow \Hom (U,X)\otimes W_1\otimes W_2\end {equation}


$W=W_1=W_2$


$W$


$\pi $


\begin {equation}\label {layeredMultiplication} \Hom (V,U)\otimes W\otimes \Hom (U,X)\otimes W\rightarrow \Hom (V,X)\otimes W.\end {equation}


$W$


$\ten {A}$


$\ten {B}$


\begin {align}\label {layeredTransposeHom} &\Hom (U,V)\otimes W \rightarrow \Hom (V\dual , U\dual )\otimes W\\ \label {layeredTransposeTen} &U\otimes V \otimes W\rightarrow V\otimes U\otimes W\end {align}


$W$


$U\otimes W$


$U$


$W$


$W$


\begin {equation}\label {layeredScalarMultiplication} \Id _U\otimes \pi : U\otimes W\otimes W\rightarrow U\otimes W.\end {equation}


$\pi $


$U$


\begin {equation}(U\otimes U)^\vee \otimes W\simeq \Hom (U,U\dual )\otimes W. \label {eq:layeredBilin}\end {equation}


\begin {equation*}\Hom (\RR ,U)\otimes \Hom (U,U\dual )\otimes \Hom (U\dual ,\RR )\otimes W\rightarrow \RR \otimes W \simeq W.\end {equation*}


$U$


\begin {equation}U\otimes U\dual \simeq U\dual \otimes U\simeq \Hom (U,\RR )\otimes \Hom (\RR ,U)\rightarrow \Hom (U,U). \label {Xeqn33-33}\end {equation}


$U$


$U\dual $


$U$


$\Hom (U,U)$


$U\otimes U$


$\pi $


$U\otimes U\rightarrow U$


$a=(a_1,\dots ,a_n)^T$


$b=(b_1,\dots ,b_n)^T$


$(a_1b_1,\dots ,a_nb_n)^T$


\begin {equation}a\otimes b\mapsto a\otimes b^T =\begin {pmatrix}a_1\\ \vdots \\a_n\end {pmatrix}\otimes \begin {pmatrix}b_1&\dots &b_n\end {pmatrix}\mapsto \begin {pmatrix}a_1b_1&\dots & a_1b_n\\\vdots & \ddots & \vdots \\a_nb_1&\dots & a_nb_n\end {pmatrix} \label {Xeqn34-34}\end {equation}


$\pi $


$U$


$\pi $


$a$


$b$


$\Hom _\CC (U,U)$


$\CC $


\begin {equation}\det :\Hom (U,U)\rightarrow \RR . \label {Xeqn35-35}\end {equation}


$U\otimes U$


$\Hom (U,U)\otimes W$


$W$


\begin {equation}\label {layeredDeterminant} \det {}_W:\Hom (U,U)\otimes W\rightarrow W.\end {equation}


\begin {equation}GL_U = \det {}^{-1}(\RR \setminus 0) \subset \Hom (U,U) \label {Xeqn37-37}\end {equation}


$U$


$\Hom (U,U)\otimes W$


$W$


$\det {}_W^{-1}(W^\ast )$


$W^\ast \subset W$


\begin {equation}\label {layeredInverse} \operatorname {inverse}_W : \det {}_W^{-1}(W^\ast )\rightarrow \det {}_W^{-1}(W^\ast ).\end {equation}


$n$


$v$


$n\cdot v=0$


$n^Tv=0$


$A$


$Av$


$n$


$X$


$Xn$


\begin {align*}&(Xn)\cdot (Av) = 0 \Longleftrightarrow \\ &(Xn)^TAv = 0 \Longleftrightarrow \\ &n^TX^TAv=0\end {align*}


\begin {equation}\label {eq:transformNormal} X = (A^{-1})^T\end {equation}


\begin {equation*}n^TX^TAv=n^T((A^{-1})^T)^TAv =n^TA^{-1}Av= n^Tv=0\end {equation*}


$(A^{-1})^T$


\begin {equation*}\begin {aligned} &\text {amtam(amx,ama)}\\ &\text {avtam(avx,ama) }\\ &\text {avtav(ava,avb)}\\ &\text {astam(asx,ama)} \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\text {amsm(ama,smx)}\\ &\text {amsv(ama,svx)}\\ &\text {smamt(smx,ama)}\\ &\text {svamt(svx,ama)} \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\text {aminv(ama)}\\ &\text {amt(ama)} \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\text {amdet(ama)} \end {aligned}\end {equation*}


\begin {equation*}\begin {aligned} &\text {avtamav(ava,ama,avb)} \end {aligned}\end {equation*}


$3 \times 3 \times n$


$n$


$k\times m$


$W =\RR ^n$


$U = \RR ^k \otimes \RR ^m$


\begin {equation}\Id _{\RR ^k \otimes \RR ^m}\otimes \pi :\RR ^k \otimes \RR ^m\otimes \RR ^n\otimes \RR ^n\rightarrow \RR ^k \otimes \RR ^m\otimes \RR ^n. \label {Xeqn40-40}\end {equation}


\begin {equation*}\begin {aligned} &\text {pagemtimes(amx,`transpose',ama,`none')} \end {aligned}\end {equation*}


$K$


$P1$


\begin {equation*}\begin {aligned} &\text {\texttt {assemblies\_3D\_comparison.m}}\\ &\text {\texttt {assemblies\_3D\_comparison.py}} \end {aligned}\end {equation*}


${dim}=3$


$\Omega $


$\mathcal {T}$


$\mathcal {N}$


$\Omega $


$r=1$


\begin {equation*}\coords \quad \text {of size } \; dim \times d \times \nt \end {equation*}


$dim$


$d$


${dim} +1$


$\nt $


$3 \times 4 \times \nt $


\begin {equation*}\vecs \quad \text {of size } \; {dim} \times (d - 1) \times \nt \end {equation*}


\begin {equation*}\coords \quad \text {of size } \; {dim} \times {dim} \times \nfb \end {equation*}


\begin {equation*}\vecs \quad \text {of size } \; {dim} \times ({dim} - 1) \times \nfb ,\end {equation*}


$\nfb $


$\operatorname {last}$


\begin {equation}\Id \otimes \operatorname {last}\otimes \Id :\RR ^{{dim}}\otimes \RR ^d\otimes \RR ^{\nt }\rightarrow \RR ^{{dim}}\otimes \RR \otimes \RR ^{\nt } \label {Xeqn41-41}\end {equation}


$\operatorname {copy}$


\begin {equation}\Id \otimes \operatorname {copy}\otimes \Id :\RR ^{{dim}}\otimes \RR \otimes \RR ^{\nt }\rightarrow \RR ^{{dim}}\otimes \RR ^d\otimes \RR ^{\nt } \label {Xeqn42-42}\end {equation}


\begin {equation}(\Id -\operatorname {copy}\circ \operatorname {last})(coords3D), \label {Xeqn43-43}\end {equation}


$\RR ^{{dim}}\otimes \RR ^d\otimes \RR ^{\nt }$


$d=4$


\begin {equation}\Id \otimes \begin {pmatrix} 1&0 &0& 0\\0& 1& 0& 0\\ 0& 0& 1& 0 \end {pmatrix} \otimes \Id \label {Xeqn44-44}\end {equation}


$\RR ^{{dim}}\otimes \RR ^{d-1}\otimes \RR ^{\nt }$


\begin {equation*}N_1^0 = (0,0,0), \qquad N_2^0 = (1,0,0), \qquad N_3^0 = (0,1,0), \qquad N_4^0 = (0,0,1)\end {equation*}


\begin {equation*}\textbf {normalsRef}= \begin {pmatrix} -1 &0 &0&1 \\ 0 & -1 &0&1 \\ 0& 0& -1 &1 \end {pmatrix}.\end {equation*}


\begin {equation*}N_1 = (12, 6, -1)/8, \quad N_2 = (12, -4, 7)/8, \quad N_3 = (16, 6, 7)/8, \quad N_4 = (7, 6, 7)/8,\end {equation*}


\begin {equation}\label {example:one_element} \frac {1}{8} \begin {pmatrix} 5 &5 &9 \\ 0 & -10 &0 \\ -1&0& 0 \end {pmatrix}.\end {equation}


$6$


$-15/64$


\begin {equation}\textbf {normals3D}= \textbf {(vectors3D)}^{-T}\cdot \textbf {normalsRef} \label {Xeqn46-46}\end {equation}


\begin {equation*}\textbf {normals3D}= \begin {pmatrix} 0 & 0 & -8/9 & 8/9 \\ 0 & 4/5 & -4/9 & -16/45 \\ 1 & 0 & -5/9 & -4/9 \end {pmatrix}.\end {equation*}


$\frac {4}{3}\pi \approx 4.188790$


$\Omega \subset \R ^3$


$\rho : \Omega \rightarrow \RR $


\begin {align*}m = \int _{\Omega } \rho (\x ) \, \dxdydz \quad , \qquad M_i = \int _{\Omega } x_i \, \rho (\x ) \, \dxdydz \quad , \qquad M_{ij} = \int _{\Omega } x_i \, x_j \, \rho (\x ) \, \dxdydz \end {align*}


$\Omega $


$i, j \in \{1, 2, 3 \}$


\begin {equation*}x^c_1 = M_1/m, \qquad x^c_2 = M_2/m, \qquad x^c_3 = M_3/m,\end {equation*}


\begin {equation}\label {I1} I_1 = \int _{\Omega } \rho (\x ) (x_2^2 + x_3^2) \, \dxdydz = M_{22} + M_{33}\end {equation}


\begin {align*}x_1 = (R + r \cos v)\cos u, \quad x_2 = r \sin v \quad , \quad x_3 = (R + r \cos v)\sin u\end {align*}


$R = 1, r \in (0, 1/4), u,v \in (0,2\pi )$


\begin {equation*}\rho (\x ) = x^2 + y^2,\end {equation*}


$I_{1} = 2645 \, \pi ^2 / 131,072 \approx 0.199166.$


$I_1$


$\Omega $


$\partial \Omega $


\begin {equation*}F(\x ) = \big (F_1(\x ),F_2(\x ),F_3(\x )\big ), \quad \x \in \partial \Omega ,\end {equation*}


\begin {equation}\label {surf_int} \int _{\partial \Omega } F(\x ) \cdot \overrightarrow {n} \dS .\end {equation}


\begin {equation}\int _{\partial \Omega } F(\x ) \cdot \overrightarrow {n} \dS = \int _{\Omega } \nabla \cdot F(\x ) \, \dxdydz , \label {Xeqn49-49}\end {equation}


\begin {equation*}\nabla \cdot F(\x ) = \left (x_1^2 + x_2^2\right ) \, \left (x_2^2 + x_3^2\right ) = \rho (\x ) \, \left (x_2^2 + x_3^2\right )\end {equation*}


\begin {equation}\label {vector_field} F(\x ) = \left (x_1^3 \, (x_2^2 + x_3^2)/3 , \, x_2^5/5, \, x_2^2 \, x_3^3/3\right ).\end {equation}


$F(\x )$


$I_1$


$I_1$


$I_1$


$I_1$


$\ksi =(\xi _1,\xi _2,\xi _3)$


$\x = (x_1,x_2,x_3)$


$\{\varphi _i\}$


$\x _i = (x_{1,i},x_{2,i},x_{3,i})$


$\varphi _i$


$\{ \varphi _i \}$


\begin {equation*}\ksi ^1=(0,0), \quad \ksi ^2=(1,0), \quad \ksi ^3=(0,1).\end {equation*}


$\ksi ^4, \dots , \ksi ^6$


\begin {equation*}\ksi ^1=(0,0,0), \quad \ksi ^2=(1,0,0), \quad \ksi ^3=(0,1,0), \quad \ksi ^4=(0,0,1)\end {equation*}


$\ksi ^5, \dots , \ksi ^{10}$


$\{ \varphi _i \}$


$\varphi _i(\ksi ^j)=\delta _i^j,$


$\delta $


\begin {equation*}\RR ^{dim}\otimes \RR ^{nlb}\otimes \RR ^{nip},\end {equation*}


\begin {equation*}\RR ^{dim}\otimes \RR ^{nlb}\otimes \RR ^{ne}.\end {equation*}


$W_1=\RR ^{nip},\, W_2=\RR ^{ne}$


$W=\RR ^{nip}\otimes \RR ^{ne}$


\begin {equation*}\RR ^{dim}\otimes \RR ^{nlb}\otimes \RR ^{nip}\otimes \RR ^{ne}.\end {equation*}


$K$


$M$


$\nabla $


$c_K, c_M: \Omega \rightarrow \R $


$c_K = c_M = 1$


\begin {equation}\label {errors} \eK = \big |\tilde {v}^T K \tilde {v} - \IK \big |, \qquad \eM = \big |\tilde {v}^T M \tilde {v} - \IM \big | \, .\end {equation}


$K, M$


\begin {equation}\label {IKIM} \IK := \int _{\Omega }c_K(\x ) \, |\nabla \vx |^2 \, \dxdydz , \qquad \IM := \int _{\Omega }c_M(\x ) \, v^2(\x ) \, \dxdydz \end {equation}


$v=\vx $


$\IK \approx \tilde {v}^T K \tilde {v}, \IM \approx \tilde {v}^T M \tilde {v}$


$\tilde {v}$


$\vx $


\begin {equation*}\cK (\x ) = \cM (\x ) = e^{(x_1 + x_2)}, \, \quad \vx = \sin (x_1) \sin (x_2)\end {equation*}


$\IK \approx 14.5610739535, \, \IM \approx 0.7021036382.$


\begin {equation*}\cKx = \cMx = e^{(x_1 + x_2 + x_3)}, \quad \vx = \cos (x_1) \cos (x_2) \cos (x_3),\end {equation*}


$\IK \approx 19.2286024907, \, \IM \approx 0.6823216700.$


$e_K, e_M$


$h$


$\cK = \cM = 1$


$\cK = \cM = 1$


$P1$


\begin {equation}\label {BVP} \begin {split} &-\nabla \cdot {\big (\cKx \, \nabla \ux \big )} + \cMx \, \ux = \fx \qquad \, \mbox {in} \:\: \Omega , \\ &\ux = \uDx \quad \,\,\, \mbox {on} \:\: \Gamma _D \subset \partial \Omega , \\ &\frac {\partial \uL }{\partial n}(\x ) = 0 \qquad \;\;\, \mbox {on} \:\: \Gamma _N \subset \partial \Omega \, \\ \end {split}\end {equation}


$\Omega $


$(0,\,0.25) \times (0,\,0.25)$


$(0,\,0.25) \times (0.25,\,1)$


$(0.25,\,1) \times (0,\,0.25)$


$\nt = 112$


$\nn =257$


$\Gamma _D$


$\Gamma _N = \partial \Omega \setminus \Gamma _D$


\begin {equation}\label {ux} u(\x ) = \cos (4 \pi \, x_1) \, \cos (4 \pi \, x_2)\end {equation}


\begin {equation*}c_K(\x ) = 1 + x_1^2 - x_2, \quad c_M(\x ) = 1 - x_1 + x_2^2,\end {equation*}


\begin {equation}\begin {split} f(\x ) =& 8 \pi x_1 \sin (4 \pi x_1) \cos (4 \pi x_2) + \cos (4 \pi x_1) \big ( -4 \pi \sin (4 \pi x_2) + \big (1 -x_1 + 32 \pi ^2 (1 +x_1^2 -x_2) + x_2^2\big ) \cos (4 \pi x_2) \big ) \end {split} \label {Xeqn57-56}\end {equation}


$\uDx = \cos (4 \pi x_1), \; x_1 \in [0,0.25], \; x_2 = 1.$


$\unumx $


$\uvec $


\begin {equation}\label {linear_system} (K + M) \, \uvec = b\end {equation}


$b$


\begin {equation}\label {bi} b_i = \int _{\Omega } f(\x ) \, \Phi _i(\x ) \, \dxdydz , \qquad i \in \{1, \hdots , \nn \} \, .\end {equation}


$\uvec $


$b = M_0 \, \fvec $


$M_0$


$\cMx = 1$


$\fvec $


$f(\x )$


$f(\x )$


$nlb$


\begin {equation}\label {fphi} \int _{T_k} f(\x ) \, \varphi _j(\x ) \, \dxdydz , \qquad k \in \{1,\hdots ,\nt \}, \quad j \in \{1,\hdots ,nlb\},\end {equation}


$b_i$


\begin {equation}J(v) = \int _{\Omega } \left ( \frac {1}{2} \cKx |\nabla \vx |^2 + \frac {1}{2} \cMx \, v^2(\x ) \, - \fx \, \vx \right ) \dxdydz \label {Xeqn61-60}\end {equation}


$\vx $


$\vx = \uDx \mbox { on } \Gamma _D \subset \partial \Omega $


$J(v)$


$v(\x ) = u(\x )$


$u(\x )$


\begin {equation*}J(u) = \Ja (u) + \Jb (u) + \Jc (u) \approx -14.90302171.\end {equation*}


$K, M$


$b$


\begin {equation}\label {J_comps} J_1(u) \approx \frac {1}{2} \uvec ^T K \uvec , \qquad J_2(u) \approx \frac {1}{2} \uvec ^T M \uvec , \qquad J_3(u) \approx -b^T \uvec \, .\end {equation}


$T_k$


$k \in \{1, \hdots , \nt \}$


\begin {equation*}\begin {split} \Jak (u) &= \frac {1}{2} \int _{T_k} \cKx \ |\nabla \ux |^2 \, \dxdydz , \\ \Jbk (u) &= \frac {1}{2} \int _{T_k} \cMx \, u^2(\x ) \, \dxdydz , \\ \Jck (u) &= - \int _{T_k} \fx \, \ux \, \dxdydz , \end {split}\end {equation*}


$J_i(u) = \sum _{k=1}^{\nt } J_{i,k}(u), i \in \{ 1, 2, 3 \}.$


\begin {equation}\label {Jk_comps} \Jak (u) \, \approx \, \frac {1}{2} \, \uveck ^T \, \Kk \, \uveck , \quad \; \Jbk (u) \, \approx \, \frac {1}{2} \, \uveck ^T \, \Mk \, \uveck , \quad \; \Jck (u) \, \approx \, -\bk ^T \, \uveck \, .\end {equation}


$T_k, \; k \in \{1, \hdots , \nt \}$


$\Kk $


$\Mk $


$k$


$\bk $


$\uveck $


$b$


$\uvec $


$k$


$\Ja $


$\Jb $


$\Jc $
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Fig. 1. Assembly procedure from Rahman and Valdman [20]. Local FEM matrices are stored as slices of a 3D array and generated simultaneously.

vectorization to speed up calculations; cf. [7,9]. Vectorized FE codes show a tremendous improvement in the performance of their 
time to compute compared to their non-vectorized version. However, in a straightforward vectorized version, as the mathematics 
becomes interleaved with the array operations, the code quickly loses its structure and readability, making it hard to use it in a 
classroom or in real applications to further develop or extend. To retain readability and structure, one needs to think in a whole 
new way, one of which is the separation of vectorization from the mathematics of the problem, an idea which was first introduced 
for the implementation of finite elements in the numerical simulation of the Electro-Rheological Fluid [12,13] around 2005, and 
documented in [19] in 2003. In this idea, the vectorization was done by extending the element-wise operations into matrix-wise or 
page-wise operations.

In their 2013 work, Rahman and Valdman [20] developed an efficient and flexible assembly procedure for finite element stiffness 
and mass matrices for nodal elements in both 2D and 3D. Their method leverages vectorized operations by storing local element 
matrices as slices of an array of matrices (see Fig. 1 for illustration), e.g. as a 3D array, making it possible to perform vectorized 
operations on or with the element matrices. 

This resulted in a faster and more scalable algorithm that led to a significant speed-up of the original codes (cf. [2]). The same 
idea of vectorization was also used in the assembly of edge elements by Anjam and Valdman in [3] and 𝐶1 elements by Valdman 
[22]. The ability to simultaneously create FEM matrices for problems formulated in Sobolev spaces 𝐻1,𝐻(div),𝐻(curl),𝐻2 resulted in 
additional MATLAB related computations, including a posteriori functional estimates [3,5] generalized eigenvalue problems [18] and 
models in the continuum mechanics of solids [8,11]. The idea of original vectorization offers more features that were only partially 
explored. An example is [15] that attempted simple iterative solvers for solutions of the Laplace equation, completely avoiding the 
setup of stiffness and mass matrices.

The objective of this work is to develop a mathematical framework for the library, a vectorized basic linear algebra library. 
The framework aims to formally define the functions within the library and to provide a clear understanding of their underlying 
constructions, thereby enabling the development of more efficient and maintainable code. Relevant background material from linear 
and multilinear algebra is included, with the selection guided by the specific functions implemented in the library, some of which 
correspond to MATLAB ’s page-wise functions introduced in R2020b and later, and by the applications we have considered. In 
particular, tensors play a central role (see, e.g., [4,10]). The library comprises a collection of page-wise vectorized implementations 
of Basic Linear Algebra Subprograms (BLAS). The design makes it possible to decouple vectorization from the mathematical method 
or algorithm, such as those arising in finite element (FE) or geometry computations, thereby enhancing code readability, modularity, 
and reusability. While preparing examples for this paper, we observed that working at a higher level of abstraction, beyond the BLAS 
level, where vectorization is implicit, facilitates the development of clearer and more systematically structured code. We provide 
several examples in detail. From geometry, these include computations of normal vectors and of volume. From FEM, which sereves 
as our primary motivation, we provide examples for different kinds of elements.

In all cases, the code is strongly linked to a linear algebra formulation. The process of writing code for solving a problem has been 
interleaved with formulating the problem and the steps of solving it in linear algebra. In most cases, we have left this implicit, but 
we want to emphasize that this is an iterative process: From partly vectorized or unvectorized code, understanding linear algebra 
leads to improved code, which then leads to a cleaner linear algebra formulation, and so on. We explain this in detail in two cases. In 
Remark 3, the steps of linear algebra leading to the final fully vectorized code are written. In Remark 4, there are pointers to further 
vectorization of the code based on the linear algebra formulation. It is important to note that this is not an idle theoretical exercise, 
but actually leads to cleaner, more readable, and reusable code.

All computational times reported in this paper were obtained on a Lenovo ThinkPad T14 Gen 4 with AMD Ryzen 7 PRO processor 
and 32 GB RAM, running MATLAB R2024a. The complete package, including source codes, can be downloaded at https://www.
mathworks.com/matlabcentral/fileexchange/130824.

It additionally contains a user manual with more technical description of the most important functions together with short example 
scripts demonstrating their usage. We note that the library itself is written in MATLAB MATLAB , so it is possible to modify it if desired.

2.  Background from linear algebra

The present goal is to introduce the necessary tools of linear algebra to understand Matlab vectorization. We will make both 
natural and coordinate-dependent constructions. When we describe the main functions of the library in Section 2.4, we refer to the 
linear algebra construction underlying the functions. Later, we will give examples of how to see the connection between on the one 

Applied Mathematics and Computation 513 (2026) 129778 

2 

https://www.mathworks.com/matlabcentral/fileexchange/130824
https://www.mathworks.com/matlabcentral/fileexchange/130824


A. Moskovka, T. Rahman, J. Valdman et al.

hand the code using the library, and on the other hand the linear algebra; see, for instance, Remarks 3 and 4. We make this connection 
explicit only in select cases, though this reasoning permeates all our constructions.

Let 𝑈, 𝑉 ,𝑊 ,… be real vector spaces which we usually assume to be finite dimensional. Let 𝑢 ∈ 𝑈, 𝑣 ∈ 𝑉 ,… denote arbitrary 
vectors in the given vector spaces. As a general reference for linear algebra, we suggest [21]. See e.g. [14] for a general exposition 
of tensor products, their connections with homomorphism spaces and much more. Some of our constructions are usually formulated 
in a more general setting, as in [14], but we have freely made the simplifications that are possible since we work only with vector 
spaces.

2.1.  Homomorphism spaces and tensor products

The linear space of the transformations from 𝑈 to 𝑉  is

Hom(𝑈, 𝑉 ) = {linear transformations 𝑈 → 𝑉 }. (1)

For any vector space 𝑈 , we have an isomorphism

Hom(ℝ, 𝑈 ) ≃ 𝑈,𝜙 ↦ 𝜙(1). (2)

The dual space of 𝑈 is

𝑈∨ = Hom(𝑈,ℝ). (3)

There is a natural map

𝑈 → 𝑈∨∨, 𝑢 ↦ eval𝑢, eval𝑢(𝜙) = 𝜙(𝑢). (4)

This map is an isomorphism if and only if 𝑈 is finite-dimensional.  When considering infinite dimensional vector spaces (e.g. in 
functional analysis), one typically considers only a subset of linear maps satisfying some extra property. As an example, in the theory 
of Banach spaces the continuous dual space is the subset of the full dual space that contains linear maps that are also continuous. 
This type of restriction allows for (4) to define an isomorphism from the space 𝑈 to the continuous dual of the continuous dual space. 
We will not need this extra generality.  The adjoint linear transformation to 𝜙 ∈ Hom(𝑈, 𝑉 ) is the map 𝜙𝑇 ∈ Hom(𝑉 ∨, 𝑈∨) given by

𝜙𝑇 (𝑓 )(𝑢) = 𝑓 (𝜙(𝑢)). (5)

In words: 𝜙𝑇  sends a map 𝑓 from 𝑉  to ℝ to its precomposition with 𝜙, thus giving a map from 𝑈 to ℝ.
When 𝑈 = 𝑉  there is a special identity map Id𝑈 ∈ Hom(𝑈,𝑈 ) defined by Id𝑈 (𝑢) = 𝑢.

2.1.1.  Basis
As we aim towards numerics, it is sensible to express vectors in terms of numbers. This is typically achieved by choosing a basis 

for each vector space we consider. A choice of basis determines several isomorphisms (again, keep in mind that our vector spaces are 
finite dimensional). First some notation. If the vectors 𝑓1,… , 𝑓𝑛 form a basis for the vector space 𝑈 , we write

𝑈 =< 𝑓1,… , 𝑓𝑛 > . (6)

Let the standard basis for ℝ𝑛 be 𝑒1,… , 𝑒𝑛. Then a choice of basis for 𝑈 determines an isomorphism

𝑈 → ℝ𝑛,
∑

𝑎𝑖𝑓𝑖 ↦
∑

𝑎𝑖𝑒𝑖. (7)

It also determines a basis for the dual space 𝑈∨, namely

𝑈∨ =< 𝑓 1,… , 𝑓 𝑛 > where 𝑓 𝑗
(

∑

𝑎𝑖𝑓𝑖
)

= 𝑎𝑗 , (8)

and an isomorphism

𝑈 → 𝑈∨,
∑

𝑎𝑖𝑓𝑖 →
∑

𝑎𝑖𝑓
𝑖. (9)

Note that if we let 𝑈 be an infinite dimensional vector space, 𝑈 and 𝑈∨ are not isomorphic.
The space of transformations from 𝑈 =< 𝑓1,… , 𝑓𝑛 > to 𝑉 =< 𝑔1 … , 𝑔𝑚 > is isomorphic with the space of matrices of size 𝑚 × 𝑛. If 

𝑇  is a linear transformation, it is identified with the matrix
(

𝑇 (𝑓1)|𝑇 (𝑓2)|… |𝑇 (𝑓𝑛)
)

. (10)

Here the columns are the images of the basis vectors in 𝑈 expressed in the basis for 𝑉 . If we express ∑ 𝑎𝑖𝑓𝑖 as a column vector (𝑎𝑖), 
the image of this vector under 𝑇  is given by the matrix product (𝑇 (𝑓1)|𝑇 (𝑓2)|… |𝑇 (𝑓𝑛)

)

(𝑎𝑖). Also, the adjoint from (5) corresponds to 
matrix transposition.
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2.1.2.  Tensor products
The tensor product of two vector spaces 𝑈 and 𝑉  is

𝑈 ⊗ 𝑉 = {linear combinations of 𝑢 ⊗ 𝑣}∕bilinear relations. (11)

We have isomorphisms
𝑈 ⊗ 𝑉 ≃ 𝑉 ⊗ 𝑈, 𝑢 ⊗ 𝑣 ↦ 𝑣 ⊗ 𝑢 (12)

and

ℝ⊗ 𝑉 ≃ 𝑉 , 𝑟 ⊗ 𝑣 ↦ 𝑟𝑣. (13)

Choosing bases 𝑈 =< 𝑓1,… , 𝑓𝑛 > and 𝑉 =< 𝑔1 … , 𝑔𝑚 > determines the basis
𝑈 ⊗ 𝑉 =< 𝑓𝑖 ⊗ 𝑔𝑗 >, 𝑖 ∈ {1,… , 𝑛}, 𝑗 ∈ {1,… , 𝑚}. (14)

As a consequence, 𝑈 ⊗ 𝑉  is isomorphic to the space of matrices of size 𝑛 × 𝑚, where
∑

𝑖,𝑗
𝑎𝑖𝑗𝑓𝑖 ⊗ 𝑔𝑗 ↦

(

𝑎𝑖𝑗
)

𝑖𝑗 (15)

The map (12) corresponds to matrix transposition, and the map (13) to considering a matrix of size 1 × 𝑚 as a vector of size 𝑚, as in 
the MATLAB command squeeze.

2.1.3.  Connections between tensors and homomorphisms
Composition of linear transformations is a bilinear operation, so that there is a natural map

Hom(𝑈, 𝑉 )⊗ Hom(𝑉 ,𝑊 ) → Hom(𝑈,𝑊 ), 𝜙 ⊗ 𝜓 ↦ 𝜓◦𝜙. (16)

Given two maps 𝜙𝑖 ∈ Hom(𝑈𝑖, 𝑉𝑖), 𝑖 = 1, 2, we can form the tensor product map 𝜙1 ⊗𝜙2 ∈ Hom(𝑈1 ⊗𝑈2, 𝑉1 ⊗ 𝑉2) by defining
(𝜙1 ⊗𝜙2)(𝑢1 ⊗ 𝑢2) = 𝜙(𝑢1)⊗𝜙(𝑢2).

A case we will use repeatedly is when one of the two maps is the identity map.
An important connection between tensors and homomorphisms is adjunction:

Hom(𝑈 ⊗ 𝑉 ,𝑊 ) ≃ Hom(𝑈,Hom(𝑉 ,𝑊 )), 𝜙 ↦ 𝜓,𝜓(𝑢)(𝑣) = 𝜙(𝑢 ⊗ 𝑣). (17)

Here 𝜙 is a function of two variables, whereas 𝜓 is a function of one variable,whose value 𝜓(𝑢) is again a function of one variable. In 
the special case 𝑊 = ℝ, combining (3) and (17) gives

(𝑈 ⊗ 𝑉 )∨ ≃ Hom(𝑈, 𝑉 ∨). (18)

The following map gives an isomorphism (again, remember that we have assumed finite dimension):
𝑈 ⊗ 𝑉 ∨ ≃ Hom(𝑉 ,𝑈 ), 𝑢 ⊗ 𝜙 ↦ 𝜓,𝜓(𝑣) = 𝜙(𝑣)𝑢. (19)

In particular, since any finite dimensional vector space is isomorphic to a dual space, this allows any question about tensor products 
to be formulated using homomorphisms, and vice versa. The matrix representations in (10) and (15) are compatible under these 
reformulations. In the special case 𝑉 = 𝑈 , we find that

𝑈 ⊗ 𝑈∨ ≃ Hom(𝑈,𝑈 ). (20)

The element in 𝑈 ⊗ 𝑈∨ that corresponds to Id𝑈  under this isomorphism is called the trace element. Its matrix representation is the 
identity matrix.

2.1.4.  Bilinear forms
A linear map from 𝑈 ⊗ 𝑈 to ℝ is called a bilinear form. It is customary to write this as < −,− >∈ Hom(𝑈 ⊗ 𝑈,ℝ), especially if it 

is non-degenerate. It is seldom problematic that this notation looks similar to a vector space with a basis of two vectors. Any bilinear 
form induces a map 𝑈 → 𝑈∨ under the map we get from (18):

(𝑈 ⊗ 𝑈 )∨ ≃ Hom(𝑈,𝑈∨). (21)

Concretely, given < −,− >, the element 𝑢 ∈ 𝑈 is mapped to the function < 𝑢,− >∈ 𝑈∨. This gives an isomorphism 𝑈 ≃ 𝑈∨ precisely 
when the bilinear form is non-degenerate. Even though there is much more to be said about this, we will not need anything except 
simple special cases. In particular, if the bilinear form is the standard inner product on ℝ𝑛, and the standard basis is used to identify 
ℝ𝑛 with its dual space, the isomorphism we get from (21) is the identity map.

2.1.5.  Diagonals
For any vector space 𝑈 , there is a map Δ ∈ Hom(𝑈,𝑈 ⊗ 𝑈 ) given by 𝑢 ↦ 𝑢 ⊗ 𝑢. The image of this map can be thought of as a 

diagonal in 𝑈 ⊗ 𝑈 . If we identify 𝑈 ⊗ 𝑈 with the space of 𝑛 × 𝑛 matrices, the image is exactly the set of diagonal matrices. With a 
choice of basis 𝑈 =< 𝑓1,… , 𝑓𝑛 >, we can also consider this map

𝜋 ∈ Hom(𝑈 ⊗ 𝑈,𝑈 ), 𝑓𝑖 ⊗ 𝑓𝑖 ↦ 𝑓𝑖, 𝑓𝑖 ⊗ 𝑓𝑗 ↦ 0 if 𝑖 ≠ 𝑗 (22)

In the matrix representation of a tensor product, 𝜋 picks out the diagonal as a vector.
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2.1.6.  Higher tensors
Since tensor products and homomorphism spaces of vector spaces again are vector spaces, everything we have talked about can 

be iterated to cover more than two factors. For the applications we have in mind, we will usually need three factors, but sometimes 
more. We will keep in mind the straight-forward generalization, but focus on triple tensor products like

 = 𝑈 ⊗ 𝑉 ⊗𝑊 . (23)

By choosing bases for each factor, we can get a basis for the triple (or higher) tensor product by triples (or higher) of basis elements. 
This allows for representing an element in  by its three-dimensional array of coefficients. In the special case where one of the spaces 
is one-dimensional, we can use Eq. (13) to remove the one-dimensional space, and thus reduce the dimension of the array. In MATLAB 
this is handled by the squeeze-command.

In many cases, we will consider operations that are composed from simpler maps only acting on two of the three factors, with the 
identity map used in the third factor. We will also freely move between tensor formulations and homomorphism space formulations, 
and mix these in spaces like 𝑈 ⊗ Hom(𝑉 ,𝑊 ), which is also represented by a three-dimensional array.

2.2.  Indexing and page-wise operations

We will consider a number of maps, used in the implementation, in their abstract setting. A common feature in many of these 
examples is that we want to consider one tensor factor 𝑊  as a method for indexing, and then perform ordinary matrix operations on 
the other factors. When using array representations, we can think of this as performing operations on layers of the array. Not much 
is lost if the reader wishes to think about 𝑊 = ℝ𝑛, but we will sometimes need a different interpretation of 𝑊 .

2.2.1.  Copying a vector space
Consider the map 1𝑛 ∈ Hom(ℝ,ℝ𝑛) that sends 1 to the vector (1, 1,… , 1)𝑇 . For any vector space 𝑈 , we get a map:

copy = Id⊗1𝑛 ∶ 𝑈 ≃ 𝑈 ⊗ℝ → 𝑈 ⊗ℝ𝑛. (24)

We can think of this as giving 𝑛 copies of an element in 𝑈 . E.g. if 𝑈 ≃ ℝ𝑚 consists of column vectors, each column vector is sent to 
the matrix all of whose columns are equal to the original vector.

Similarly, we can extract the part corresponding to a given index by tensoring with the map ℝ𝑛 → ℝ that is given by the dual 
basis element in ℝ∨. For instance, the last part can be extracted by

last = Id⊗(0 0 … 01) ∶ 𝑈 ⊗ℝ𝑛 → 𝑈 ⊗ℝ ≃ 𝑈. (25)

2.2.2.  Page-wise matrix multiplication
We will consider vector spaces , where

 = Hom(𝑉 ,𝑈 )⊗𝑊1,  = Hom(𝑈,𝑋)⊗𝑊2. (26)

Using (12) and (16) we get a map
⊗  → Hom(𝑈,𝑋)⊗𝑊1 ⊗𝑊2 (27)

If the case where 𝑊 = 𝑊1 = 𝑊2 and have a choice of basis for 𝑊 , we can then apply the map 𝜋 defined in 22 to get a map
Hom(𝑉 ,𝑈 )⊗𝑊 ⊗ Hom(𝑈,𝑋)⊗𝑊 → Hom(𝑉 ,𝑋)⊗𝑊 . (28)

We will think about this as a page-wise matrix multiplication: For a fixed basis element of 𝑊 , the corresponding map is just ordinary 
matrix multiplication, which is then extended linearly. This interpretation is exactly what happens when we represent  and  as 
three-dimensional arrays in MATLAB and use the command pagemtimes.

2.2.3.  Page-wise matrix transpose
This has two flavors, one with homomorphisms and one with tensors:

Hom(𝑈, 𝑉 )⊗𝑊 → Hom(𝑉 ∨, 𝑈∨)⊗𝑊 (29)

𝑈 ⊗ 𝑉 ⊗𝑊 → 𝑉 ⊗ 𝑈 ⊗𝑊 (30)

By choosing bases and representing these structures by three-dimensional arrays in MATLAB , this is the same as applying the 
command pagetranspose.

2.2.4.  Page-wise scalar multiplication
As before, we consider 𝑊  primarily to be a an indexing space with a fixed basis. In a space 𝑈 ⊗𝑊 , we want to perform scalar 
multiplication by some number in each copy of 𝑈 indexed by a basis element in 𝑊 . The collection of these scalars can be thought of 
as a vector in 𝑊 , so the scalar multiplication is then really the map

Id𝑈 ⊗𝜋 ∶ 𝑈 ⊗𝑊 ⊗𝑊 → 𝑈 ⊗𝑊 . (31)

Here 𝜋 is the map from (22). Whether the elements in 𝑈 are represented as vectors, matrices or higher tensors is immaterial here.
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2.2.5.  Page-wise bilinear form evaluation
The page-wise version of the map (21) induced from a bilinear form is a map like

(𝑈 ⊗ 𝑈 )∨ ⊗𝑊 ≃ Hom(𝑈,𝑈∨)⊗𝑊 . (32)

Page-wise evaluation of such a bilinear form means that we consider a map with two vector-matrix multiplications, which we can 
think of as

Hom(ℝ, 𝑈 )⊗ Hom(𝑈,𝑈∨)⊗ Hom(𝑈∨,ℝ)⊗𝑊 → ℝ⊗𝑊 ≃ 𝑊 .

2.2.6.  Hadamard or element-wise operations
For any vector space 𝑈 we can consider the map

𝑈 ⊗ 𝑈∨ ≃ 𝑈∨ ⊗𝑈 ≃ Hom(𝑈,ℝ)⊗ Hom(ℝ, 𝑈 ) → Hom(𝑈,𝑈 ). (33)

If we have chosen a basis for 𝑈 , we can identify 𝑈∨ and 𝑈 , and also Hom(𝑈,𝑈 ) with 𝑈 ⊗ 𝑈 . We can then compose the above map 
with 𝜋 to get a map 𝑈 ⊗ 𝑈 → 𝑈 . If two vectors are expressed in the basis as 𝑎 = (𝑎1,… , 𝑎𝑛)𝑇  and 𝑏 = (𝑏1,… , 𝑏𝑛)𝑇 , the image of this 
pair of vectors is expressed as (𝑎1𝑏1,… , 𝑎𝑛𝑏𝑛)𝑇 . The reason that we introduce the decomposition above is that it shows naturally the 
connection with matrix multiplication:

𝑎 ⊗ 𝑏 ↦ 𝑎 ⊗ 𝑏𝑇 =
⎛

⎜

⎜

⎝

𝑎1
⋮
𝑎𝑛

⎞

⎟

⎟

⎠

⊗
(

𝑏1 … 𝑏𝑛
)

↦
⎛

⎜

⎜

⎝

𝑎1𝑏1 … 𝑎1𝑏𝑛
⋮ ⋱ ⋮

𝑎𝑛𝑏1 … 𝑎𝑛𝑏𝑛

⎞

⎟

⎟

⎠

(34)

Finally, the map 𝜋 extracts the vector of diagonal elements. Again, whether the elements in 𝑈 are represented as vectors, matrices or 
higher tensors is immaterial here, and also (after composing with 𝜋) the choice of order of 𝑎 and 𝑏 is immaterial.

2.3.  Determinants and inverses

We could present this theory in the framework of multilinear algebra and alternating forms, but for the applications we have in 
mind, a more down-to-earth approach will suffice. The cost is, though, that the linearity properties are less obvious.

There are several equivalent ways to define determinants. The quickest is maybe to define, for a linear transformation in 
Homℂ(𝑈,𝑈 ) over ℂ, the determinant as the product of the eigenvalues (with algebraic multiplicities). Then we know that if the 
space is real, the determinantis a real number, even though it can have complex eigenvalues. We will think of the determinant as a 
map

det ∶ Hom(𝑈,𝑈 ) → ℝ. (35)

With a choice of basis, this can be computed as ordinary for matrices, and therefore can also be though of as a map from e.g. 𝑈 ⊗ 𝑈
to the real numbers.

2.3.1.  Page-wise determinants
If we consider the space Hom(𝑈,𝑈 )⊗𝑊 , where 𝑊  has a chosen basis, we can compute the determinant for each page and think 

of the determinant as a map

det 𝑊 ∶ Hom(𝑈,𝑈 )⊗𝑊 → 𝑊 . (36)

2.3.2.  Inverses and page-wise inverses
The subset

𝐺𝐿𝑈 = det −1(ℝ ⧵ 0) ⊂ Hom(𝑈,𝑈 ) (37)

is a group under composition, the general linear group of 𝑈 . The inverse is the ordinary inverse of a matrix if we have a choice of 
basis. In the space Hom(𝑈,𝑈 )⊗𝑊 , where 𝑊  has a chosen basis, we can also compute inverses page by page in the subset where 
the determinant is non-zero in each coordinate. This subset is the inverse image det −1𝑊 (𝑊 ∗) of the set 𝑊 ∗ ⊂ 𝑊  of elements which are 
non-zero in each coordinate under the map (36). This yields a map (of sets that can be represented as three-dimensional arrays)

inverse𝑊 ∶ det −1𝑊 (𝑊 ∗) → det −1𝑊 (𝑊 ∗). (38)

In MATLAB , this map is given by the command pageinv.
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2.3.3.  Transforming normal vectors
Consider a normal vector 𝑛 to a boundary component of a polyhedral domain, and let 𝑣 be any vector in (or parallel to) that 

boundary component, i.e. 𝑛 ⋅ 𝑣 = 0, or as a matrix product, 𝑛𝑇 𝑣 = 0. Let 𝐴 be an invertible matrix transforming the domain to another 
domain, so that the vector 𝐴𝑣 lies in the corresponding boundary component of the new domain. We want to transform 𝑛 by a matrix 
𝑋 so that 𝑋𝑛 is again a normal vector. So we want:

(𝑋𝑛) ⋅ (𝐴𝑣) = 0 ⟺

(𝑋𝑛)𝑇𝐴𝑣 = 0 ⟺

𝑛𝑇𝑋𝑇𝐴𝑣 = 0

We see that setting
𝑋 = (𝐴−1)𝑇 (39)

works:

𝑛𝑇𝑋𝑇𝐴𝑣 = 𝑛𝑇 ((𝐴−1)𝑇 )𝑇𝐴𝑣 = 𝑛𝑇𝐴−1𝐴𝑣 = 𝑛𝑇 𝑣 = 0

To conclude, the normal vector is multiplied by (𝐴−1)𝑇  in order to get the new normal vector. This can of course also be computed 
page-wise.

2.4.  The library functions in the algebra framework

The vectorized functions of the previous section are implemented in a dedicated library. The multiplication is realized by the 
following functions: 

amtam(amx,ama)

avtam(avx,ama) 
avtav(ava,avb)

astam(asx,ama)

where:

‘am’ stands for ‘array of matrices’,
‘av’ for ‘array of vectors’,
‘as’ for ‘array of scalars’,
‘t’ for the ‘transpose operator’.

Additionally, multiplications of arrays of vectors or matrices with a single object (matrix of vector) are needed. We have the following 
functions: 

amsm(ama,smx)

amsv(ama,svx)

smamt(smx,ama)

svamt(svx,ama)

where:

‘sm’ stands for ‘single matrix’,
‘sv’ for ‘single vector’.

This is implemented as creating copies of single objects and utilizing the functions above. All these operations follow from similar 
linear algebra constructions, i.e. by composing (24), (28) and (30) for suitable spaces. Formally, we also need to permute factors 
before applying these maps, i.e. by (repeatedly) using (12). Page-wise transpose and page-wise inverse are implemented by functions:

aminv(ama)

amt(ama)

identical to MATLAB functions pageinv, pagemtranspose. See also (38) and (30), respectively. A page-wise determinant, as in (36), 
is implemented as

amdet(ama)

Finally, a page-wise evaluation of a bilinear form, see (32), is implemented as
avtamav(ava,ama,avb)
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Fig. 2. Illustration of the two input arrays of matrices for the amtam function. Here both arrays are of size 3 × 3 × 𝑛.

Remark 1. For example, the function amtam(amx,ama) implements the page-wise product of the page-wise transpose of an array of 
matrices amx and of an array of matrices ama (see Fig. 2 and Code 1 for illustration). For each of these functions, we have a direct link 
to the underlying linear algebra operations described earlier. When making these connections explicit, we will always have chosen 
bases for the vector spaces considered, so there is now no reason to distinguish between a space and its dual, and transposes can be 
omitted.

Another function astam(asx,ama) implements page-wise scalar multiplication as in (31). We can think of the two inputs as scalars 
and matrices indexed in the same way. If there are 𝑛 indices and the matrices have size 𝑘 × 𝑚, this means that in (31) we used 𝑊 = ℝ𝑛, 
𝑈 = ℝ𝑘 ⊗ℝ𝑚, astam is the map

Idℝ𝑘⊗ℝ𝑚 ⊗𝜋 ∶ ℝ𝑘 ⊗ℝ𝑚 ⊗ℝ𝑛 ⊗ℝ𝑛 → ℝ𝑘 ⊗ℝ𝑚 ⊗ℝ𝑛. (40)

Here the first three tensor factors on the left correspond to ama and the fourth to asx. All the other functions in the library can be 
considered in a similar manner.

2.4.1.  Historical development of the library
The original MATLAB library was developed by Talal Rahman in 2003 in [19] and later used in finite element assemblies [3,20]. 

Some original library functions were optimized due to the implicit(also called arithmetic or broadcasting) expansion feature in 
R2016b. The additional speedup was achieved due to new page-wise functions in R2020b.

For the convenience of the user, we provide three versions of MATLAB libraries containing the above-described functions:

1. The original library ‘library_vectorization’ from 2003.
2. The updated library ‘library_vectorization_implicitExpansion’ contains the same functions using the implicit expansion intro-
duced in R2016b.

3. The newest library ‘library_vectorization_pageOperations’ incorporates MATLAB functions ‘pagemtimes’, ‘pagetranspose’ and 
‘pageinv’ introduced in R2020b.

For example, the previously mentioned function amtam(amx,ama) in Remark 1 reads

Code 1: Implementation of amtam using arithmetic expansion from R2016b, which helps reduce nesting from the original 2003 
code.

This functionality can also be achieved by a new function
pagemtimes(amx,‘transpose’,ama,‘none’)

from R2020b. However, many of the library functions do not have similar counterparts built in MATLAB. These functions are crucial 
for e.g. finite element computations.
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Table 1 
3D assembly of the stiffness matrix 𝐾 using 𝑃 1 tetrahedral elements 
on a unit 3D cube. Recomputed from [20] using three MATLAB 
libraries introduced in Section 2.4.1 and compared to Python.

 MATLAB library
 original  impexp  page Python

 level  K size  K [s]  K [s]  K [s]  K [s]
 0  64  4.9e-03  4.5e-03  3.5e-03  1.0e-03
 1  343  1.3e-03  1.5e-03  8.7e-04  2.1e-03
 2  2197  1.2e-02  8.2e-03  6.5e-03  1.4e-02
 3  15,625  1.2e-01  8.3e-02  4.8e-02  9.5e-02
 4  117,649  1.0e+00  7.3e-01  4.5e-01  7.4e-01
 5  912,673  9.4e+00  7.1e+00  5.2e+00  5.9e+00

Fig. 3. Example of uniformly refined tetrahedral meshes of a sphere domain.

Remark 2. The use of the newest library for existing codes can shorten evaluation times. As an example, Table 1 provides compu-
tational times of the stiffness matrix assemblies for the uniform refinements of a 3D unit cube using P1 tetrahedral elements. Times 
are recomputed from Table 1 of [20] by the scripts

assemblies_3D_comparison.m

assemblies_3D_comparison.py

for all three vectorization libraries in MATLAB and compared to the vectorized assembly in Python. 

3.  Prototype codes and performance comparison

We assume a three-dimensional (𝑑𝑖𝑚 = 3) domain Ω approximated by its triangulation   into closed tetrahedral elements in the 
sense of Ciarlet [6]. Elements are geometrically specified by their nodes (or vertices) belonging to the set of nodes  . The nodes are 
also clustered into elements edges and faces. Imported meshes are provided by their own functions or created by a Partial Differential 
Equation Toolbox of MATLAB . As an example, we consider a sequence of tetrahedral meshes corresponding to the discretization of 
the spherical domain Ω of radius 𝑟 = 1, see Fig. 3. Using the script

for a particular nonnegative integer level, nodes coordinates and tetrahedral elements matrices ‘coords’ and ‘elems’ are extracted. 
The number of nodes and elements is obtained by

Geometrical properties of spherical meshes are given in the second and third column of Table 2. A short example script
example_mesh_sphere.m
generating the meshes above is included in the package.

3.1.  Structures ‘coords3D’  and ‘vectors3D’

Thefirst step is an assembly of two 3D arrays. An object
‘coords3D’ of size 𝑑𝑖𝑚 × 𝑑 × | |
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Table 2 
Volume evaluation of a 3D sphere domain.
 mesh level  number of elements  number of nodes  time [s]  volume  error
 1  384  125  7.24e-03  3.932819  2.56e-01
 2  3072  729  1.38e-03  4.123099  6.57e-02
 3  24,576  4913  5.96e-03  4.172259  1.65e-02
 4  196,608  35,937  6.97e-02  4.184651  4.14e-03
 5  1,572,864  274,625  5.59e-01  4.187755  1.04e-03
 6  12,582,912  2,146,689  4.24e+00  4.188531  2.59e-04

Fig. 4. A triangulation with two elements (left) together with the corrresponding vectors (right) related to the “create_coords3D” function.

contains the nodes coordinates of every element. Here,𝑑𝑖𝑚 denotes the spatial dimension (2 or 3), 𝑑 is the number of nodes of a single 
element, which for triangular/tetrahedral elements is equal to 𝑑𝑖𝑚 + 1, and | | denotes the number of elements. Therefore, the object 
‘coords3D’ for 3D tetrahedra is of size 3 × 4 × | |, see Fig. 4. The second object

‘vectors3D’ of size 𝑑𝑖𝑚 × (𝑑 − 1) × | |

stores for every element three vectors pointing from its last node to the first three ones. Both objects are generated by the function
“create_coords3D”.

Alternatively, it can also be used for storing nodes’ coordinates of the boundary edges/faces, which are necessary for evaluation 
of a curve/surface integral of the first kind over the domain boundary. In this case, we obtain

‘coords3D’ of size 𝑑𝑖𝑚 × 𝑑𝑖𝑚 × |𝑏|

and

‘vectors3D’ of size 𝑑𝑖𝑚 × (𝑑𝑖𝑚 − 1) × |𝑏|,

where |𝑏| denotes the number of boundary faces. An example script

example_coords3D.m
generating ‘coords3D’ and ‘vectors3D’ structures for both elements and the boundary faces of the mesh from Fig. 4 is included in 
the package.
Remark 3. The assembly construction of ‘coords3D’  from the matrices ‘elems’ and ‘coords’ does not really have a linear algebra 
interpretation, as the matrix ‘elems’ consists of indices. On the other hand, the operation producing ‘vectors3D’  from ‘coords3D’
has a useful linear algebra formulation. First extract the last coordinate by using the map last from (25):

Id⊗ last⊗ Id ∶ ℝ𝑑𝑖𝑚 ⊗ℝ𝑑 ⊗ℝ| | → ℝ𝑑𝑖𝑚 ⊗ℝ⊗ℝ| | (41)

Then make copies of this using the map copy from (24):
Id⊗ copy⊗ Id ∶ ℝ𝑑𝑖𝑚 ⊗ℝ⊗ℝ| | → ℝ𝑑𝑖𝑚 ⊗ℝ𝑑 ⊗ℝ| | (42)

If we now compute
(Id − copy ◦ last)(𝑐𝑜𝑜𝑟𝑑𝑠3𝐷), (43)

we will get an element in ℝ𝑑𝑖𝑚 ⊗ℝ𝑑 ⊗ℝ| | where the last index in the second factor consists only of zeroes (i.e. last coordinate minus 
last coordinate). Finally, we extract everything but this last coordinate by the map (for 𝑑 = 4)

Id⊗
⎛

⎜

⎜

⎝

1 0 0 0
0 1 0 0
0 0 1 0

⎞

⎟

⎟

⎠

⊗ Id (44)

to retain only the interesting part as an element ‘vectors3D’  in ℝ𝑑𝑖𝑚 ⊗ℝ𝑑−1 ⊗ℝ| |.
When formulating the construction in this way, writing fully vectorized code is completely straightforward.
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Fig. 5. The reference tetrahedron (left) and the tetrahedron of Example 1 (right) displayed with their normals.

3.2.  Volumes and normals evaluation

A reference tetrahedron is defined by four nodes (see the left part of Fig. 5),

𝑁0
1 = (0, 0, 0), 𝑁0

2 = (1, 0, 0), 𝑁0
3 = (0, 1, 0), 𝑁0

4 = (0, 0, 1)

and shown in the left part of Fig. 5. It has four faces with outer normals that can be stored as columns of a matrix

normalsRef =
⎛

⎜

⎜

⎝

−1 0 0 1
0 −1 0 1
0 0 −1 1

⎞

⎟

⎟

⎠

.

Example 1. For a tetrahedron with nodes (see the right part of Fig. 5)
𝑁1 = (12, 6,−1)∕8, 𝑁2 = (12,−4, 7)∕8, 𝑁3 = (16, 6, 7)∕8, 𝑁4 = (7, 6, 7)∕8,

the structure ‘vectors3D’  is represented by the matrix

1
8

⎛

⎜

⎜

⎝

5 5 9
0 −10 0
−1 0 0

⎞

⎟

⎟

⎠

. (45)

Its determinant divided by 6 is equal to −15∕64, and the absolute value of this number corresponds to the tetrahedron volume. To 
compute normals of the tetrahedron (cf. (39)), the formula

normals3D = (vectors3D)−𝑇 ⋅ normalsRef (46)

is appliedand yields

normals3D =
⎛

⎜

⎜

⎝

0 0 −8∕9 8∕9
0 4∕5 −4∕9 −16∕45
1 0 −5∕9 −4∕9

⎞

⎟

⎟

⎠

.

It should be noted that columns of normals3D are not normalized! 
A script

example_normals_three_meshes.m
demonstrates the assembly of normals of three 3D meshes with higher number of elements, see Fig. 6. Table 2 provides the evaluation 
times for calculating the volume of a unit sphere only. We observe a quadratic convergence to the exact volume 43𝜋 ≈ 4.188790 with 
respect to the size of the mesh. Note that the last column “time to evaluate” also includes the times for the mesh generation. The 
table can be generated by the script

evaluates normals for all faces of the same sphere domain for different levels of mesh refinement. Table 3 provides the corre-
sponding computational times.
There is an option to compute either normals to all faces (including internal element faces) or only the normals of the boundary faces.
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Fig. 6. Examples of 3D meshes and underlying outer normals.

Table 3 
Normals evaluation of a 3D sphere domain.
 mesh level  number of elements  number of nodes  number of all faces  number of boundary faces  time [s]
 1  384  125  864  192  2.84e-03
 2  3072  729  6528  768  1.11e-03
 3  24,576  4913  50,688  3072  8.23e-03
 4  196,608  35,937  399,360  12,288  8.09e-02
 5  1,572,864  274,625  3,170,304  49,152  5.64e-01
 6  12,582,912  2,146,689  25,264,128  196,608  4.70e+00

3.3.  Volume integrals

Provided a domain Ω ⊂ ℝ3 and a mass density function 𝜌 ∶ Ω → ℝ, it is practical to compute integrals 

𝑚 = ∫Ω
𝜌(𝐱) d𝐱 , 𝑀𝑖 = ∫Ω

𝑥𝑖 𝜌(𝐱) d𝐱 , 𝑀𝑖𝑗 = ∫Ω
𝑥𝑖 𝑥𝑗 𝜌(𝐱) d𝐱

denoting the total mass of Ω and the first and second moments of area, 𝑖, 𝑗 ∈ {1, 2, 3}. The moments are used for the computation of 
the mass center coordinates

𝑥𝑐1 =𝑀1∕𝑚, 𝑥𝑐2 =𝑀2∕𝑚, 𝑥𝑐3 =𝑀3∕𝑚,

or the moments of inertia to express the rotational energy of a domain. A benchmark
benchmark3_volume_integral.m
performs several evaluations of the moment of inertia around the x-axis

𝐼1 = ∫Ω
𝜌(𝐱)(𝑥22 + 𝑥

2
3) d𝐱 =𝑀22 +𝑀33 (47)

for a torus domain shown in Fig. 7. Assuming that the domain is given by 
𝑥1 = (𝑅 + 𝑟 cos 𝑣) cos 𝑢, 𝑥2 = 𝑟 sin 𝑣 , 𝑥3 = (𝑅 + 𝑟 cos 𝑣) sin 𝑢

for parameters 𝑅 = 1, 𝑟 ∈ (0, 1∕4), 𝑢, 𝑣 ∈ (0, 2𝜋) and the mass density by
𝜌(𝐱) = 𝑥2 + 𝑦2,

one can evaluate 𝐼1 = 2645 𝜋2∕131, 072 ≈ 0.199166. Table 4 provides evaluation times for different mesh refinement levels using 
the third-order Gauss quadrature.

3.4.  Surface integrals

Given a domain Ω with a piecewise smooth boundary 𝜕Ω and a vector field
𝐹 (𝐱) =

(

𝐹1(𝐱), 𝐹2(𝐱), 𝐹3(𝐱)
)

, 𝐱 ∈ 𝜕Ω,

one can use boundary normals from Section 3.2 to evaluate

∫𝜕Ω
𝐹 (𝐱) ⋅ ⃖⃗𝑛 d𝑆. (48)

Since the divergence theorem reforms (48) by

∫𝜕Ω
𝐹 (𝐱) ⋅ ⃖⃗𝑛 d𝑆 = ∫Ω

∇ ⋅ 𝐹 (𝐱) d𝐱, (49)
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Fig. 7. A torus domain rotating around x-axis.

Table 4 
Evaluation of 𝐼1 for a 3D torus domain using volume integration.
 mesh level  number of elements  number of nodes  time [s]  value of 𝐼1  error
 0  96  64  3.33e-03  0.108588  9.06e-02
 1  576  216  8.14e-04  0.169520  2.96e-02
 2  4992  1300  1.26e-03  0.191582  7.58e-03
 3  38,400  8100  8.02e-03  0.197217  1.95e-03
 4  307,200  57,800  8.20e-02  0.198677  4.89e-04
 5  2,482,176  439,956  5.83e-01  0.199044  1.22e-04
 6  19,759,104  3,396,900  4.79e+00  0.199136  3.05e-05

Table 5 
Evaluation of 𝐼1 for a 3D torus domain using surface integration.
 mesh level  number of bnd. faces  number of bnd. nodes  time [s]  value of 𝐼1  error
 0  128  64  5.79e-03  0.108565  9.06e-02
 1  384  192  1.75e-03  0.169514  2.97e-02
 2  1664  832  3.12e-03  0.191581  7.58e-03
 3  6400  3200  7.09e-03  0.197217  1.95e-03
 4  25,600  12,800  2.08e-02  0.198677  4.89e-04
 5  103,424  51,712  7.79e-02  0.199044  1.22e-04
 6  411,648  205,824  3.10e-01  0.199136  3.05e-05

it is possible to recompute all volume integrals of Section 3.3 by surface integrals. For instance, it holds

∇ ⋅ 𝐹 (𝐱) =
(

𝑥21 + 𝑥
2
2
) (

𝑥22 + 𝑥
2
3
)

= 𝜌(𝐱)
(

𝑥22 + 𝑥
2
3
)

for a vector field

𝐹 (𝐱) =
(

𝑥31 (𝑥
2
2 + 𝑥

2
3)∕3, 𝑥

5
2∕5, 𝑥

2
2 𝑥

3
3∕3

)

. (50)

Therefore, the integral (48) of 𝐹 (𝐱) taken from (50) corresponds to the moment of inertia 𝐼1 of (47). The evaluation of 𝐼1 over the 
surface of a 3D torus is performed in benchmark benchmark4_surface_integral.m
Evaluation times are provided in Table 5.
Clearly, the numerical values of 𝐼1 as well as the corresponding errors are the same as in Table 4. The evaluation of the surface 
integral is significantly faster than that of the corresponding volume integral, about 50 times for the finest mesh level.

3.5.  Finite element method

The finite element method (FEM) is a computationaltool to solve partial differential equations numerically [6]. We can easily 
apply our vectorization concepts to the class of isoparametric elements. A reference element in local coordinates 𝛏 = (𝜉1, 𝜉2, 𝜉3) is 
transformed into a real finite element in global coordinates 𝐱 = (𝑥1, 𝑥2, 𝑥3) using shape functions {𝜑𝑖}.Then mapping between the 

Applied Mathematics and Computation 513 (2026) 129778 

13 



A. Moskovka, T. Rahman, J. Valdman et al.

global and the reference coordinate systems can be given by the following relation called the isoparametric property; 
𝑥1 =

∑

𝑖
𝜑𝑖(𝛏)𝑥1,𝑖, 𝑥2 =

∑

𝑖
𝜑𝑖(𝛏)𝑥2,𝑖, 𝑥3 =

∑

𝑖
𝜑𝑖(𝛏)𝑥3,𝑖 .

Here, 𝐱𝑖 = (𝑥1,𝑖, 𝑥2,𝑖, 𝑥3,𝑖) is the ith point on a general element in the global coordinate system corresponding to the shape function 
𝜑𝑖. The formula above is defined in three-dimensional space only but can be easily reduced to two-dimensional space as well. Con-
sequently, the same codes are going to work both in two- and three-space dimensions unless stated otherwise.

The shape functions are defined on reference elements. We consider linear (known as P1) and quadratic (known as P2) shape 
functions {𝜑𝑖} defined on a reference triangle or a reference tetrahedron. The reference triangle is given by three vertices

𝛏1 = (0, 0), 𝛏2 = (1, 0), 𝛏3 = (0, 1).

For the construction of P2 functions,additional vertices 𝛏4,… , 𝛏6 located at the midpoints of the edges are needed. The tetrahedron 
is given by four vertices

𝛏1 = (0, 0, 0), 𝛏2 = (1, 0, 0), 𝛏3 = (0, 1, 0), 𝛏4 = (0, 0, 1)

with additional vertices at the midpoints of the edges 𝛏5,… , 𝛏10 for the construction of P2 functions. All shape functions {𝜑𝑖} satisfy 
the pointwise equality 𝜑𝑖(𝛏𝑗 ) = 𝛿𝑗𝑖 , where 𝛿 denotes the Kronecker symbol. A function
shape = shapefun(point,etype)
evaluates the values of all shape functions in any number of points ‘points’ in the reference coordinates system. Similarly, afunction
dshape = shapeder(point,etype)
evaluates the values of their derivatives. An option‘etype’ specifies whether linear ‘etype=‘P1’’ or quadratic ‘etype=‘P2’’ shape 
functions are considered.

3.5.1.  Vectorized evaluation of derivatives using “phider”
Derivatives of shape functions with respect to the global coordinates are easily calculated from the derivatives with respect to the 

reference coordinates using the Jacobian matrix. It is performed in the function “phider”.

Code 2: The function ‘phider’ evaluating derivatives of shape functions on all elements. Works both in 2D and 3D.
Remark 4. The loop in Code 2 is only over the relatively low number of integration points and is therefore not so costly. However, 
in principle, we could also dispose of this loop using the linear algebra setup. Here is a brief sketch of how to do this. Start from 
‘dshape’, considered as an element in

ℝ𝑑𝑖𝑚 ⊗ℝ𝑛𝑙𝑏 ⊗ℝ𝑛𝑖𝑝,

and ‘coords3D’, considered as an element in
ℝ𝑑𝑖𝑚 ⊗ℝ𝑛𝑙𝑏 ⊗ℝ𝑛𝑒.

By permuting the tensor factors (the map from (30) used repeatedly) and applying page-wise matrix multiplication (the map from
(27) with 𝑊1 = ℝ𝑛𝑖𝑝, 𝑊2 = ℝ𝑛𝑒), we get the page-wise construction of ‘jac’. To compute ‘jacinv’ and ‘detj’, we use the page-wise 
inverse (38) and determinant (36) with 𝑊 = ℝ𝑛𝑖𝑝 ⊗ℝ𝑛𝑒. Finally, ‘dphi’ is computed from ‘dshape’ and ‘jacinv’ by permuting tensor 
factors, performing page-wise matrix multiplication, and using the diagonal map (22), also in a page-wise manner. The resulting 
‘dphi’ is then an element in

ℝ𝑑𝑖𝑚 ⊗ℝ𝑛𝑙𝑏 ⊗ℝ𝑛𝑖𝑝 ⊗ℝ𝑛𝑒.

Since the loops in the coming code listings are similar in nature, we will not make the linear algebra connection explicit.
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Table 6 
Assembly times of P1 stiffness and mass matricesfor uniform refine-
ments of a unit square domain in 2D and the corresponding errors
(53).

 level  K, M size  K [s]  M [s] 𝑒𝐾 𝑒𝑀

 7  33,025  8.49e-02  4.09e-02  7.30e-04  7.05e-05
 8  131,585  2.32e-01  1.85e-01  1.83e-04  1.76e-05
 9  525,313  8.60e-01  5.11e-01  4.56e-05  4.41e-06
 10  2,099,201  3.23e+00  1.95e+00  1.14e-05  1.10e-06
 11  8,392,705  1.37e+01  7.97e+00  2.85e-06  2.75e-07

3.5.2.  Assemblies of stiffness and mass matrices
We introduce bilinear forms in the discretization of second-order elliptic problems. Then we typically need to construct a stiffness 

matrix 𝐾 and a mass matrix 𝑀 defined as 

𝐾𝑖𝑗 = ∫Ω
𝑐𝐾 (𝐱)∇Φ𝑖 ⋅ ∇Φ𝑗 d𝐱, 𝑀𝑖𝑗 = ∫Ω

𝑐𝑀 (𝐱)Φ𝑖 Φ𝑗 d𝐱, (51)

where ∇ denotes the gradient operator and 𝑐𝐾 , 𝑐𝑀 ∶ Ω → ℝ are scalar coefficient functions. This extends the functionality of [20], 
where no coefficients (eg. 𝑐𝐾 = 𝑐𝑀 = 1) were considered.

Altogether, we have two pairs of functions:

All these functions are vectorized and the only for-loop inside each code runs over the number of integration points ‘nip’. It 
sums up the local matrices evaluated at each integration point. The local matrices are assembled in all elements at once and stored 
in an additional 3D array, which can be provided as the second output. The usage of this object is presented in Section 3.5.5. The 
performance of the above assemblies is tested by two scripts

for the triangulations of the unit square and cube domains shown in Fig. 8. The results are shown in Tables 6–9.

Fig. 8. Domains and their triangulations. The edges midpoints (black color) are important in the construction of P2 shape functions.
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Table 7 
Assembly times of P2 stiffness and mass matricesfor uniform refine-
ments of a unit square domain in 2D and the corresponding errors
(53).

 level  K, M size  K [s]  M [s] 𝑒𝐾 𝑒𝑀

 6  33,025  7.97e-02  3.46e-02  5.87e-08  8.49e-09
 7  131,585  3.31e-01  1.34e-01  3.67e-09  5.31e-10
 8  525,313  1.23e+00  5.27e-01  2.12e-10  3.32e-11
 9  2,099,201  4.90e+00  2.03e+00  8.10e-11  2.07e-12
 10  8,392,705  1.96e+01  8.08e+00  1.07e-10  1.28e-13

Table 8 
Assembly times of P1 stiffness and mass matrices  for uniform refine-
ments of a unit cube domain in 3D and the corresponding errors (53).
 level  K, M size  K [s]  M [s] 𝑒𝐾 𝑒𝑀

 3  729  1.60e-02  6.95e-03  2.70e-01  5.04e-02
 4  4913  5.90e-02  2.07e-02  6.82e-02  1.31e-02
 5  35,937  4.76e-01  1.87e-01  1.71e-02  3.30e-03
 6  274,625  3.83e+00  1.61e+00  4.28e-03  8.28e-04
 7  2,146,689  3.18e+01  1.31e+01  1.07e-03  2.07e-04

Table 9 
Assembly times of P2 stiffness and mass matrices  for uniform refine-
ments of a unit cube domain in 3D and the corresponding errors (53).
 level  K, M size  K [s]  M [s] 𝑒𝐾 𝑒𝑀

 2  729  4.29e-02  8.53e-03  6.84e-03  5.75e-03
 3  4913  5.34e-02  3.17e-02  4.00e-04  3.88e-04
 4  35,937  4.07e-01  1.51e-01  2.46e-05  2.48e-05
 5  274,625  3.37e+00  1.55e+00  1.53e-06  1.55e-06
 6  2,146,689  2.66e+01  1.20e+01  9.53e-08  9.73e-08

In addition to assemblies of 𝐾,𝑀 matrices, we also evaluate approximative values of quadratic forms

𝐼𝐾 ∶= ∫Ω
𝑐𝐾 (𝐱) |∇𝑣(𝐱)|2 d𝐱, 𝐼𝑀 ∶= ∫Ω

𝑐𝑀 (𝐱) 𝑣2(𝐱) d𝐱 (52)

for a given test function 𝑣 = 𝑣(𝐱). They are approximated as 𝐼𝐾 ≈ 𝑣̃𝑇𝐾𝑣̃, 𝐼𝑀 ≈ 𝑣̃𝑇𝑀𝑣̃, where 𝑣̃ is a vector of coefficients representing 
𝑣(𝐱) in P1 or P2 basis. The quality of such approximation is measured by absolute errors

𝑒𝐾 = |

|

|

𝑣̃𝑇𝐾𝑣̃ − 𝐼𝐾
|

|

|

, 𝑒𝑀 = |

|

|

𝑣̃𝑇𝑀𝑣̃ − 𝐼𝑀
|

|

|

. (53)

As a 2D benchmark, we take
𝑐𝐾 (𝐱) = 𝑐𝑀 (𝐱) = 𝑒(𝑥1+𝑥2), 𝑣(𝐱) = sin(𝑥1) sin(𝑥2)

corresponding to the values 𝐼𝐾 ≈ 14.5610739535, 𝐼𝑀 ≈ 0.7021036382. As a 3D benchmark, we consider
𝑐𝐾 (𝐱) = 𝑐𝑀 (𝐱) = 𝑒(𝑥1+𝑥2+𝑥3), 𝑣(𝐱) = cos(𝑥1) cos(𝑥2) cos(𝑥3),

providing 𝐼𝐾 ≈ 19.2286024907, 𝐼𝑀 ≈ 0.6823216700. The errors 𝑒𝐾 , 𝑒𝑀  provided in the last two columns decrease quadratically with 
respect to the mesh size ℎ for P1 elements and with the 4th order for P2 elements.
Remark 5. Assembly times of the mass and stiffness matrices for 2D P1 elements with unit density (𝑐𝐾 = 𝑐𝑀 = 1) in MATLAB 
have been compared to those in Python. Table 10 presents computational times corresponding to the same meshes used in Table 6, 
generated by the following scripts:
assemblies_2D_comparison.m
assemblies_2D_comparison.py

In this simple case, analytical expressions are used instead of Gauss quadrature for computing the element matrices. 

3.5.3.  Full FEM computation
We focus on solving the full diffusion-reaction boundary value problem

− ∇ ⋅
(

𝑐𝐾 (𝐱) ∇𝑢(𝐱)
)

+ 𝑐𝑀 (𝐱) 𝑢(𝐱) = 𝑓 (𝐱) in Ω,

𝑢(𝐱) = 𝑢𝐷(𝐱) on Γ𝐷 ⊂ 𝜕Ω,
𝜕𝑢
𝜕𝑛

(𝐱) = 0 on Γ𝑁 ⊂ 𝜕Ω

(54)
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Table 10 
2D assembly of the mass and stiffness matrices for 𝑐𝐾 = 𝑐𝑀 = 1 using 𝑃 1
triangular elements. The computational times are generated for the trian-
gulations of a unit 2D rectangle as in Table 6 and compared to Python.

 MATLAB  Python
 level  K, M size  K [s]  M [s]  K [s]  M [s]
 7  33,025  2.45e-02  1.63e-02  2.29e-02  1.75e-02
 8  131,585  1.32e-01  1.28e-01  1.02e-01  8.11e-02
 9  525,313  4.74e-01  4.32e-01  4.41e-01  3.52e-01
 10  2,099,201  1.92e+00  1.76e+00  2.04e+00  1.57e+00
 11  8,392,705  8.25e+00  7.50e+00  9.22e+00  7.69e+00

Fig. 9. The computational mesh for P2 elements (left) with | | = 112 and | | = 257 (including edges midpoints) and the solution of (54) (right).

on an L-shaped domain Ω given by the union of rectangles (0, 0.25) × (0, 0.25), (0, 0.25) × (0.25, 1), (0.25, 1) × (0, 0.25) and shown with 
its triangulation on the left part of Fig. 9.

A non-homogeneous Dirichlet boundary condition is assumed on the upper edge Γ𝐷 (red nodes) and a zero Neumann boundary 
condition on the remaining part of the domain boundary Γ𝑁 = 𝜕Ω ⧵ Γ𝐷. One can show that the function

𝑢(𝐱) = cos(4𝜋 𝑥1) cos(4𝜋 𝑥2) (55)

is the solution of (54) for coefficient functions
𝑐𝐾 (𝐱) = 1 + 𝑥21 − 𝑥2, 𝑐𝑀 (𝐱) = 1 − 𝑥1 + 𝑥22,

the right-hand side
𝑓 (𝐱) =8𝜋𝑥1 sin(4𝜋𝑥1) cos(4𝜋𝑥2) + cos(4𝜋𝑥1)

(

− 4𝜋 sin(4𝜋𝑥2) +
(

1 − 𝑥1 + 32𝜋2(1 + 𝑥21 − 𝑥2) + 𝑥
2
2
)

cos(4𝜋𝑥2)
)

(56)

and the Dirichlet boundary condition 𝑢𝐷(𝐱) = cos(4𝜋𝑥1), 𝑥1 ∈ [0, 0.25], 𝑥2 = 1.
The script

evaluates numerical solutions 𝑢ℎ(𝐱) (represented by vectors 𝑢̃ of coefficients in a finite element basis) of the boundary value 
problem (54) for different mesh refinements using P1 or P2 finite elements. An example of a P2 solution is shown on the right part 
of Fig. 9. Practically, a linear system of equations

(𝐾 +𝑀) 𝑢̃ = 𝑏 (57)

is assembled in which entries of the right-hand size vector 𝑏 are given by

𝑏𝑖 = ∫Ω
𝑓 (𝐱) Φ𝑖(𝐱) d𝐱, 𝑖 ∈ {1,… , | |} . (58)

Then it is solved for free entries of 𝑢̃, i.e., to those not corresponding to the Dirichlet boundary conditions.
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3.5.4.  Evaluation of the right-hand side vector
One can evaluate (58) by 𝑏 =𝑀0 𝑓 , where 𝑀0 is the mass matrix corresponding to 𝑐𝑀 (𝐱) = 1 and 𝑓 is a vector of coefficients 

representing the approximation of 𝑓 (𝐱) in a finite element basis. However, this approach is computationally too expensive as long 
as an additional global mass matrix has to be assembled. Instead, we calculate scalar products of 𝑓 (𝐱) and local basis functions (𝑛𝑙𝑏
denotes their number)

∫𝑇𝑘
𝑓 (𝐱)𝜑𝑗 (𝐱) d𝐱, 𝑘 ∈ {1,… , | |}, 𝑗 ∈ {1,… , 𝑛𝑙𝑏}, (59)

on each element. Consequently, any 𝑏𝑖 from (58) is given as a sum of particular contributions from (59).
Altogether, an assembly of the right-hand side is performed by the following functions:

[b,b2D] = rhs_vectorP1(elems,coords,f_fun);
[b,b2D] = rhs_vectorP2(elems,coords,f_fun);

depending on the choice of finite elements type. We note that similarly to the assemblies of stiffness and mass matrices, the two 
functions above contain the only for-loop running over the number of integration points evaluating the scalar products (59).

3.5.5.  Evaluation of (local) energies
An alternative to solving the boundary value problem (54) is to minimize a quadratic energy functional

𝐽 (𝑣) = ∫Ω

( 1
2
𝑐𝐾 (𝐱)|∇𝑣(𝐱)|2 +

1
2
𝑐𝑀 (𝐱) 𝑣2(𝐱) − 𝑓 (𝐱) 𝑣(𝐱)

)

d𝐱 (60)

among all test functions 𝑣(𝐱) satisfying the Dirichlet boundary condition 𝑣(𝐱) = 𝑢𝐷(𝐱) on Γ𝐷 ⊂ 𝜕Ω. The minimal value of the energy 
𝐽 (𝑣) is achieved for 𝑣(𝐱) = 𝑢(𝐱), where the exact solution 𝑢(𝐱) is given by (55) and reads

𝐽 (𝑢) = 𝐽1(𝑢) + 𝐽2(𝑢) + 𝐽3(𝑢) ≈ −14.90302171.

Its components (the gradient, reactive and linear parts) are calculated as

𝐽1(𝑢) =
1
2 ∫Ω

𝑐𝐾 (𝐱) |∇𝑢(𝐱)|2 d𝐱 ≈ 14.85581079,

𝐽2(𝑢) =
1
2 ∫Ω

𝑐𝑀 (𝐱) 𝑢2(𝐱) d𝐱 ≈ 0.04721091674,

𝐽3(𝑢) = −∫Ω
𝑓 (𝐱) 𝑣(𝐱) d𝐱 ≈ −29.80604342.

Using the global matrices 𝐾,𝑀 and the global vector 𝑏, the values of all three parts are approximated by
𝐽1(𝑢) ≈

1
2
𝑢̃𝑇𝐾𝑢̃, 𝐽2(𝑢) ≈

1
2
𝑢̃𝑇𝑀𝑢̃, 𝐽3(𝑢) ≈ −𝑏𝑇 𝑢̃ . (61)

For any element 𝑇𝑘, 𝑘 ∈ {1,… , | |}, we can also define the local (element-wise) contributions to the energy parts above using the 
formulas

𝐽1,𝑘(𝑢) =
1
2 ∫𝑇𝑘

𝑐𝐾 (𝐱) |∇𝑢(𝐱)|2 d𝐱,

𝐽2,𝑘(𝑢) =
1
2 ∫𝑇𝑘

𝑐𝑀 (𝐱) 𝑢2(𝐱) d𝐱,

𝐽3,𝑘(𝑢) = −∫𝑇𝑘
𝑓 (𝐱) 𝑢(𝐱) d𝐱,

and it clearly holds 𝐽𝑖(𝑢) =
∑

| |

𝑘=1 𝐽𝑖,𝑘(𝑢), 𝑖 ∈ {1, 2, 3}. Since our implementation also provides the local (element-wise) contributions 
of the stiffness and mass matrices and the right-hand side vector, it is possible (similarly to (61)) to evaluate (all at once) the 
approximations

𝐽1,𝑘(𝑢) ≈ 1
2
𝑢̃𝑇𝑘 𝐾𝑘 𝑢̃𝑘, 𝐽2,𝑘(𝑢) ≈ 1

2
𝑢̃𝑇𝑘 𝑀𝑘 𝑢̃𝑘, 𝐽3,𝑘(𝑢) ≈ −𝑏𝑇𝑘 𝑢̃𝑘 . (62)

for all elements 𝑇𝑘, 𝑘 ∈ {1,… , | |}. Here, 𝐾𝑘 and 𝑀𝑘 are the local stiffness and mass matrices on the 𝑘th element, respectively and 
𝑏𝑘 and 𝑢̃𝑘 are restrictions of 𝑏 and 𝑢̃ on the 𝑘th element, respectively. Fig. 10 depicts the approximations of energy components (62).

3.5.6.  Related projects
The P1 and P2 shape functions are the simplest of the so-called Lagrange-type shape functions. Other available implementations 

that use the vectorization library include:
• edge shape functions on triangles or tetrahedra known as Raviart-Thomas and Nedelec elements [3],
• nodal shape functions on rectangles ensuring the continuity of the first gradient along edges [22] known as Bogner–Fox–Schmitt 
element,

• nodal hierarchical-type functions on rectangles [17] allowing an arbitrary order of a polynomial shape function.
Another attempt to avoid the setup of sparse matrices and to work completely with a multidimensional array in terms of iterative 
solvers is documented in [15]. Efficient minimizations of non-linear functionals are described in [16].
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Fig. 10. Approximations of the contributions of 𝐽1, 𝐽2, 𝐽3 corresponding to the solution (55) of the problem (54) with P2 elements and the compu-
tational mesh with 7168 elements.
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