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Abstract

Probabilistic graphical models, particularly Bayesian networks, provide a flexi-
ble framework for representing dependencies among random variables and have been
widely applied in domains such as medicine, biology, and educational testing. Our
work focuses on BN2A networks - a specialized bipartite Bayesian network architec-
ture, where the first layer consists of hidden variables and the second layer consists
of observed variables. In BN2A models all variables are assumed to be binary. The
variables in the second layer depend on the variables in the first layer and this de-
pendence is characterized by conditional probability tables representing Noisy-AND
models. In this work, we propose an Expectation-Maximization (EM) algorithm for
learning the structure of BN2A models, that is, for learning the relationship be-
tween hidden variables and observed variables. To validate our structural learning
algorithm, we designed two experiments using educational assessment data. For the
first experiment, we used synthetic data generated from a BN2A model that we
previously defined, while for the second experiment we used a well-known real-world
dataset in the field of Cognitive Diagnostic Models, the Fraction Subtraction dataset.
Our proposed algorithm has interesting potential use cases. One key application is
to generate a reasonably accurate BN2A structure model for educational diagnosis,
particularly in scenarios where no prior model exists. Depending on the required
level of accuracy, the estimated model can be used directly to analyze skill profiles
or serve as an initial framework for test designers, who can further refine it before
implementation.

1 Introduction

Bayesian networks are a popular framework for modeling probabilistic relationships be-
tween random variables and have been used successfully in educational tests (Almond
et al. (2015), Vomlel (2004)). There is interest in a particular type of Bayesian networks
we have called BN2A, which are characterized as bipartite networks, where the first layer
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consists of hidden variables (which commonly represent skills) and the second layer con-
sists of observed variables (which represent questions in a test). In BN2A models all
variables are assumed to be binary. The variables in the second layer depend on the
variables in the first layer and this dependence is characterized by conditional probabil-
ity tables (CPTs) representing a Noisy-AND model. In Fig. 1 we give an example of a
directed bipartite graph that can define the structure of a BN2A model.
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Figure 1: BN2A model with three hidden variables and 12 observed variables.

This paper is structured as follows. In Section 2 we formally introduce the BN2A
model and present their corresponding CPTs, leaky Noisy-AND. In Section 3 we present
an algorithm for learning the structure of the BN2A models while in Section 4, we illus-
trate how this algorithm works conducting two experiments. For the first experiment,
we used synthetic data generated from a BN2A model that we previously defined, while
for the second experiment we used a well-known real-world dataset in the field of Cogni-
tive Diagnostic Models, the Fraction Subtraction dataset (Tatsuoka, 2002). Finally, we
summarise the contribution of this paper and discuss our future work in Section 5.

2 BN2A model

Let X denote the vector (X,...,Xg) of K hidden variables, and similarly let Y denote
the vector (Y7,...,Ys) of L observed dependent variables. The hidden variables are also
called attributes or skills in the context of cognitive diagnostic models (CDMs), and
observed dependent variables are usually called items or questions in the same context.
All variables are assumed to be binary, taking states from {0,1}. The state space of the
multidimensional variable X is denoted X and is equal to the Cartesian product of the
state spaces of Xi, k=1,..., K:

X = > Xe={0,1}F . (1)

177



Structural Learning of BN2A models

Similarly, the state space of multidimensional variable Y is denoted Y and is equal to the
Cartesian product of state spaces of Y, £ =1,...,L:

Y = xi,Y,={0,1}F . (2)

The basic building blocks of a BN2A model are conditional probability tables (CPTs)
specified in the form of a Noisy-AND model. Let Y; be an observed dependent variable
and pa(Yy) be the subset of indexes of related variables from X. They are referred to as
the parents of Yj.

Definition 1 (Noisy-AND model).
A conditional probability table P(Y;|Xpq(y,)) represents a Noisy-AND model if

go- ] (@) ifye=1

i€pa(Ye)

T—qeo- J] (@)™ ifye=0.
i€pa(Ye)

P(Ye = ye|Xpa(vi) = Xpa(vi)) (3)

Note that if 2; = 1 then (gr;)*~®) = 1 and if x; = 0 then (go;)*~*?) = g;. The
interpretation is that if X; = 1, then this variable definitely enters the AND relation
with the value 1. If X; = 0, then there is still a probability g,; that it enters the
AND relation with value 1. The model also contains an auxiliary parent Xy which is
always 0 and thus enters the AND relation with probability ¢, for the value 1. This
probability is traditionally called leak probability and allows non-zero probability of Y, =
0 even if all parents of Y; have value 1. In CDM, this model is known as the Reduced
Reparametrized Unified Model (RRUM) (Hartz and Roussos, 2008) and it is a special
case of the Generalized Noisy Inputs, Deterministic AND (GNIDA) gate model (de la
Torre, 2011).

The prior probability of the hidden skill for k =1,..., K is defined as

P(Xp=a) = (pr)™(1—pp)t) | (4)

which means that if xx = 1 then it is py and if z; = 0 then it equals 1 — pg.

Now we are ready to define a special class of Bayesian network models with hidden
variables, called BN2A model.

Definition 2 (BN2A model).

A BN2A model is a pair (G, P), where G is a directed bipartite graph with its nodes divided
into two layers. The nodes of the first layer correspond to the hidden variables X1, ..., Xk
and the nodes of the second layer correspond to the observed variables Y1, ...,Yy. All edges
are directed from a node of the first layer to a node of the second layer. The symbol P
refers to the joint probability distribution over the variables corresponding to the nodes of
the graph G. The probability distribution is parameterized by a vector of model parameters

(p,q):

(P,a) = ((pe)keqr,... k1> (@er)eeqn,.... L} kef0}upa(vy)) (5)
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The bipartite graph G of a BN2A model can also be specified by an incidence matrix,
in the context of CDM, traditionally denoted by Q. A Q-matrix is an L x K binary matrix,
with entries Qg x € {0, 1} that indicate whether or not the £ observed dependent variable
is linked to the k** hidden variable:

1 if Xj € pa(Ye)
0 otherwise.

Qi - {

3 Structural learning

As previously mentioned, our primary focus lies in applying BN2A models to educational
testing. In practice, education experts often possess test outcome data but lack a pre-
defined cognitive model structure. This creates a fundamental need for computational
tools that can automatically learn the underlying model structure from available data —
particularly important since BN2A models can not only effectively represent the relation-
ship between latent skills and observed responses, but are also inherently interpretable
for educational applications.

In this section we propose a method for learning the structure of a BN2A model from
data D where states of variables Y are observed but variables X are hidden, i.e., their
states are unobserved. The algorithm is basically a version of the structural EM algorithm
proposed by Friedman (1998).

We further assume that the number K of hidden variables is known.! Clearly, a naive
approach of evaluating all possible BN2A structures would quickly become intractable for
larger values of K and L.

Recall that L denotes the dimension of the vector of observed variables Y = (Y3,...,Y7)
and K denotes the dimension of the vector of hidden variables X = (X3,..., Xk). Let
for all x € X the function N(x) denote the number of occurrences of vector x in data D.
Similarly, let for all (x,y) € X x Y the function N(x,y) denote the estimated number?
of occurrences of vector (x,y) in completed data C consisting of values of (X,Y).

3.1 Algorithm

The structure learning algorithm is presented in Algorithm 1. This algorithm requires a
dataset D consisting of n data vectors with values of Y and the dimension K of X as its
input. In general, the algorithm alternates between two major steps - the E-step and the
M-step as described below.

LGenerally, one can consider K also as a free parameter and from best models of different K values
select one that maximizes an evaluation criteria, which in our study is BIC.

2The number of occurrences is computed as their expected number. Therefore, the numerical values
are non-negative real numbers, i.e., they need not (and typically they are not) natural numbers. This
does not cause any problems in subsequent computations.
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Input : D — dataset consisting of n data vectors with values of Y

K — the dimension of X

Q' — initial Q matrix, e.g. the unit L x K matrix

(p,q) — initial parameter values, e.g. GDINA(D, Q’, K, “RRUM”)
Output: Q — the Q-matrix of BN2A

p — prior probabilities of the hidden variables

q — parameters of the Noisy-AND models

Set Q as the zero L x K matrix;
while Q # Q' do
if Q is not the zero L x K matrixz then
| Q@+ Q;
end
E-step
for x € {0,1}¥ do
P(x) = [Ty (pi)™ - (L=pi)' =" ;
for (e {1,...,L} do
pa(Yy)={ke{l,...,K}: Q'[¢,k] = 1};
R ={0}Upa(Yy) ;
P(Yy = 11x) = [Leplqei)' "
P(Y; =0]x) =1 - [[icp(qe)' ™
end
end
M-step
p= (%ﬂcl), ey
for ¢ € {1,...,L} do
M ={1,...,L}\ {£};
N(Xv yZ) = ZyM N(X, y)a
BIC* = —oc;
for RC{1,...,K} do
for (xg,ye) € {0,1}1F+1 do
S={1,...,K}\ R;
N(xRr,ye) = > s N(X,90)
end
qe,r = argmaxy LL(Q');
BIC = LL(ae,r) — 5™ - (|R| + 1);
if BIC > BIC* then
BIC* = BIC,
Qe = q¢,R;
for ke {1,...,K} do
‘ Q¢ k] + I(k € R) ;
end
end
end

N(ﬂ%)).

)

end

end

Algorithm 1: Learning th%tructure of BN2A.
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E-step

In the E-step it is assumed a model structure specified by a matrix Q is known. In the first
iteration we assume the structure is a complete graph represented by an all-ones matrix
Q. For the given Q the parameters of Noisy-AND models of all CPTs are learned using
an R library called GDINA (Ma and de la Torre, 2020) for the particular RRUM model,
which is equivalent to the BN2A model. These parameters are then used to estimate
values of hidden variables. In this way a complete data set C is created.

M-step

The complete data C represent the input of the M-step. In this step a BN2A model
that best describes the data is learned. As the model quality criteria the well-known BIC
criterion is used. It is the log-likelihood penalized by a penalty proportional to the number
of model parameters. The important observation is that the learning algorithm finds the
best parent set and optimal parameters independently for each variable Yy, { =1,..., L,
which still guarantees the global optimality. This does not hold for general Bayesian
networks since the independent learning may result in directed cycles that are forbidden.
But for models with their structure defined by a bipartite graph the global optimality
is guaranteed since bipartite graphs cannot contain directed cycles. For each considered
parent set the parameters of the Noisy-AND model maximizing the log-likelihood for the
given data are learned using a gradient method and its BIC is computed. Then, the
parent set with the maximum BIC is selected, and based on it, the corresponding row of
the matrix Q is formed, which serves as input for the E-step. An important observation is
that the log-likelihood of Noisy-AND is a nicely shaped function with a unique maximum.
This follows from the concavity of the log-likelihood of the Noisy-AND function:

LL(q) = Y N(xg,Ye=1)-log[[(qe:)' ™™
XR €T
+ ZN(XR, Yy =0)-log (1 - H(%,i)lwi> : (6)

The concavity can be proven similarly as in (Vomlel et al., 2023, Lemma 1).

4 Experiments

To show how Algorithm 1 works, we conducted two experiments. For the first experiment,
we used synthetic data generated from a BN2A model representing a test consisting of
12 items measuring three skills, while for the second experiment we used a well-known
real-world dataset in the field of Cognitive Diagnostic Models, the Fraction Subtraction
dataset (Tatsuoka, 2002).
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4.1 A BN2A model with K =3 and L =12

For the first experiment, we used the structure shown in Figure 1 which presents de-
pendencies of 12 questions on three proposed skills. In this model, note that that six
questions require only one skill, while the others questions require two skills to be an-
swered correctly.

As in any knowledge domain, some skills are easy to master and others are difficult;
thus, tests typically require skills of varying mastery prevalence in the population. In our
experiment, the simulated proportion of skill mastery (prior probabilities of mastering the
skills) was set as p; = 0.8, pa = 0.6, and ps = 0.4. The leak parameters g o represent the
probability of answering question £ correctly when the student masters all required skills.
These parameters were selected to range from 0.6 to 0.9. The failure parameters gp  act
as penalty factors for lacking the k-th skill when answering question ¢. These parameters
were randomly chosen in the range of 0.1 to 0.4 to have a realistic model. With the
structure in Figure 1 and the above parameters, we randomly generated a dataset D of
size n = 10* —a feasible sample size for large-scale standardized tests.

Before running the algorithm, we randomly created ten initial vectors in the parameter
space. For each, we computed the log-likelihood of the complete model (unit Q-matrix)
using the GDINA library (Ma and de la Torre, 2020), and initialized the algorithm using
the parameter vector corresponding to the highest log-likelihood value. This helps avoid
getting stuck in a local maximum. Once we execute Algorithm 1 using the dataset D
and the proposed number of latent variables (K = 3), the model structure was correctly
learned in the first iteration, and was completed in the second iteration, confirming that
the structure was the same in both iterations.

The algorithm learned the correct structure but with a different labeling of the hidden
variables. To facilitate the comparison of the results we have permuted the columns of
the learned model. Table 1 compares the prior probabilities for each skill, while Table 2
compares the leak and failure parameters for each test question. In Table 2, a dash (-)
indicates that there is no relationship between the question and the corresponding skill.
In general, it can be seen that, for the learned model, the prior probabilities and the leak
and failure parameters are close to the original model.

J4! D2 D3 D1 D2 D3
0.800 | 0.600 | 0.400 0.7943 | 0.5954 | 0.4028

Table 1: Comparison of prior probabilities for skill mastery: original values (left) and
learned values (right).

4.2 Tatsuoka’s fraction subtraction dataset

The fraction subtraction test (Tatsuoka and Tatsuoka, 1987) was designed as a diagnostic
tool to detect common error patterns and maladaptive solution strategies in fraction
arithmetic. A detailed presentation of the test questions appears in Table 3.
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L quo qe,1 qe,2 qe,3 14 qe,0 qe,1 qe,2 qe,3

1 | 0.900 | 0.400 - - 1 | 0.8936 | 0.3707 - -

2 | 0.800 | 0.200 | 0.100 - 2 | 0.7885 | 0.1942 | 0.1079 -

3 | 0.700 | 0.100 - 0.300 3 | 0.6836 | 0.0725 - 0.3059
4 | 0.600 - 0.200 | 0.100 4 | 0.5990 - 0.1897 | 0.0895
5 | 0.700 - 0.200 - 5 | 0.6916 - 0.2097 -

6 | 0.800 - - 0.300 6 | 0.7867 - - 0.2965
7 | 0.950 | 0.300 - - 7 1 0.9473 | 0.2889 - -

8 | 0.850 | 0.400 | 0.200 - 8 | 0.8522 | 0.4057 | 0.2092 -

9 | 0.750 | 0.300 - 0.200 9 | 0.7363 | 0.2969 - 0.1917
10 | 0.650 - 0.200 | 0.400 10 | 0.6378 - 0.1905 | 0.3929
11 | 0.750 - 0.100 - 11 | 0.7438 - 0.1070 -

12 | 0.850 - - 0.200 12 | 0.8457 - - 0.2016

Table 2: Comparison of leak and failure parameters: original values (left) and learned
values (right).

The fraction subtraction dataset has become a benchmark in cognitive diagnostic
modeling research, serving as a foundational testbed for over three decades. This seminal
dataset has been extensively used to develop, validate, and compare diagnostic classifica-
tion models due to its well-documented cognitive structure and pedagogical relevance. Its
popularity stems from the clear mapping between mathematical skills and item responses,
making it an ideal case study for educational testing research. The dataset’s widespread
adoption across numerous studies (e.g., de la Torre and Douglas (2004), DeCarlo (2011),
Culpepper (2019)) establishes it as a gold standard for evaluating new methodological
approaches in cognitive diagnosis.

The dataset contains binary response patterns from N = 536 middle school students on
J = 20 test questions. The data matrix (536 x 20) represents each student’s performance,
where rows correspond to individual students and columns represent test questions. A
value of 1 indicates a correct response, while 0 denotes an incorrect response.

Fraction subtraction problems were constructed to include the basic skills required
for solving problems correctly, such as borrowing, converting a whole number to a simple
fraction, and getting the common denominator. Each question assesses combinations
of eight core cognitive skills. Table 4 displays the operational definitions of the eight
measured skills while Table 5 (left) shows the corresponding skill-question mapping (Q-
matrix) for the Fraction subtraction test.

Several noteworthy observations emerge from examining Tatsuoka’s proposed Q-matrix.
First, the importance of the skill X7 (Subtract numerators) becomes evident, as it is re-
quired for all test items except Yy. Second, half of the measured skills (specifically X1, X3,
X, and Xg) appear in no more than three questions each. This distribution aligns with
both the skill definitions and question requirements: for instance, while many problems
involve mixed numbers (whole numbers with fractions), only specific items like Y7, Y35
and Yi9 necessitate skill X; (Convert a whole number to a fraction) for their solution.
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No. Question No. Question
1 22 11 4;-22
2 1-3 12wy
3 2 13 3%-22
4 35 —22 14 3:-32
5 42 — 3 15 2-3
6 g2 16 42 -12
7 3—2; 17 73 -2:
8 22 18 4. —24
9 3T -2 19 4-13
10 4% -2° 20 4512

Table 3: Tatsuoka’s Fraction subtraction test

In our experiment, we tested different values of K ranging from 2 to 5. Table 5 (right)
presents the learned Q-matrix and represents the optimal question-skill relationships for
K = 5. To compare the two Q-matrices in Table 5, we computed their BIC values:
the Tatsuoka expert-defined Q-matrix yields -5,303.9, while our data-learned Q-matrix
achieves -4,635.5. This result suggests that our model, despite its lower dimensionality (5
vs. 8 skills), captures the data’s essential structure more parsimoniously.

When learning a model’s structure solely from response data, the latent variables lack
explicit definitions. However, by analyzing the test items and their associations with
learned skills (hidden variables), we can interpret these relationships. Our analysis of the
learned Q-matrix reveals two significant patterns:

Skill X, appears in all items except Yig, aligning with Tatsuoka’s definition of ”Sub-
tract numerators” as a fundamental operation in fraction subtraction. Skill X5 is asso-
ciated with 15 of the 20 test items, with 12 of these matching Tatsuoka’s original classi-
fication as ”Separate a whole number from a fraction” - indicating the learned structure
successfully recovers this semantically meaningful dimension from response patterns alone.

Examining the learned model parameters, the prior probabilities are: p; = 0.582,ps =
0.525,p3 = 0.764,p4 = 0.805, and p5; = 0.707. Notably, the highest prior probability
corresponds to X4 (that we align with ”Subtract numerators”), suggesting this is a foun-
dational skill typically mastered even before formal fraction operation instruction.

Table 6 presents the corresponding BN2A model parameters (leak and failure parame-
ters) of the learned structure. The leak parameters (gz,0) generally exceed 0.8, consistent
with theoretical expectations - these represent the probability of correct response given
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Skill  Description

X1 Convert a whole number to a fraction.

Xo Separate a whole number from a fraction.

X3 Simplify before subtracting.

X4 Find a common denominator.

Xs Borrow from whole number part.

Xe Column borrow to subtract the second numerator from the first.
X7 Subtract numerators.

Xsg Reduce answers to simplest form.

Table 4: Skills definition for the Fraction subtraction test.

mastery of required skills. The single exception (q13,0 = 0.684) aligns with failure param-
eters that strongly penalize lack of skill mastery.

Finally, the BN2A model’s failure parameters (qg 5) quantify the performance penalty
for lacking specific skills per question. These values could help educators to: (a) identify
particularly skill-sensitive items, (b) develop targeted instructional interventions, and (c)
create adaptive assessment variants.

5 Discussion

In this paper, we focused on BN2A models—Bayesian networks where conditional proba-
bility tables (CPTs) are represented by Noisy-AND models with a bipartite graph struc-
ture, and all nodes in the first layer are hidden. These models are of particular interest
due to: a) their interpretability in educational testing contexts, and b) their parameter
efficiency: the number of parameters scales proportionally to K - L, significantly fewer
than in general bipartite Bayesian networks where CPTs can grow exponentially.

We proposed a Structural EM algorithm for learning the structure of BN2A models.
A key advantage of this approach is that it independently identifies the optimal parent
set and parameters for each observed variable while still guaranteeing global optimality,
a property not shared by general Bayesian network learning methods.

To validate the algorithm, we conducted two experiments. On synthetic data the algo-
rithm successfully recovered the ground-truth BN2A structure and estimated parameters
with high accuracy. On Real-world data — the Fraction Subtraction dataset (a benchmark
in Cognitive Diagnostic Modeling) — the algorithm learned a simpler model (with fewer
hidden variables) without sacrificing interpretability.

Our algorithm enables practical applications, such as generating data-driven BN2A
models for educational diagnostics—especially in settings where no prior expert-defined
model exists. Depending on accuracy requirements, the learned model can directly an-
alyze skill profiles, or serve as an initial framework for test designers to refine before
deployment. As a next step, we plan to apply this method to a large-scale dataset of
mathematics test results provided by the Czech Republic’s Ministry of Education, Youth,
and Sports.
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Skill Skill

X1 X2 X3 Xy X5 X6 X7 Xs X1 X2 Xz X4 Xs
Yr 0 0 O 1 0 1 1 0 Y1 0 0 1 1 1
Y», 0 0 0 1 O O 1 0 Yo 0 0 0 1 1
Ys 0 0 O 1 O O 1 0 Y3 0 0 0 1 1
Yy, O 1 1 0 1 0 1 0 Ys 0 1 0 1 1
Ys O 1 0 1 0 O 1 1 Ys 1 1 1 1 1
Ys 0 0O O O O O 1 o0 Ys 0 0 0 1 0
Y;: 1 1 0 0O O O 1 o0 Y7 1 1 0 1 0
Ys 0 O O 0O 0 O 1 0 Ys 0 1 0 1 1
Y 0 1 0 O O O O O Yo 1 0 1 1 0
Yio O 1 0 0 1 0 1 1 Y10 0 1 0 1 1
Yii1 O 1 0 0 1 0 1 0 Y11 0 1 0 1 1
Yio 0 0 0 0 O 0 1 1 Y12 0 1 0 1 0
Yis O 1 0 1 1 0 1 0 Y13 0 1 0 1 1
Yo 0 1 0 O O O 1 0 Yia 0 1 0 1 0
Ys 1 0 0O O O O 1 0 Yis 1 1 0 1 1
Ys 0 1 0 O O O 1 O Yie 0 1 1 1 1
Yiz O 1 0 0 1 0 1 0 Yi7 1 1 0 1 0
Yig O 1 0 0 1 1 1 0 Yis 0 1 0 0 1
Yig 1 1 1 0 1 0 1 0 Y19 1 1 0 1 1
Yoo O 1 1 0 1 0 1 0 Y20 0 1 0 1 1

Table 5: Q-matrix Structures: Original Expert-defined (Tatsuoka, left) and Data-driven
Learned (K = 5, right).

4 qe,0 qe,1 qe,2 qe,3 qe,4 qe,5
1 0.919 - - 0.819 0.020 0.076
2 0.969 - - - 0.031 0.031
3 0.885 - - - 0.023 0.005
4 0.903 - 0.254 - 0.735 0.699
5 1.000 0.799 0.838 0.555 0.418 0.499
6 0.953 - - - 0.149 -

7 0.974 0.316 0.310 - 0.001 -

8 0.952 - 0.758 - 0.666 0.795
9 0.878 0.674 - 0.843 0.411 -
10 0.813 - 0.091 - 0.043 0.532
11 0.941 - 0.108 - 0.144 0.874
12 0.952 - 0.808 - 0.154 -
13 0.684 - 0.100 - 0.011 0.128
14 0.963 - 0.823 - 0.029 -
15 0977 0.572 0.427 - 0.053 0.453
16  0.992 - 0.818 0.767 0.084 0.921
17  0.948 0.812 0.067 - 0.052 -
18 0.813 - 0.214 - - 0.598
19 0.928 0.363 0.088 - 0.005 0.635
20 0.837 - 0.014 - 0.033 0.880

Table 6: Learned parameters of the BN2A model with K = 5.
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