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Abstract

This note proves the asymptotic uniform linearity of a weighted empirical
process of residual signed ranks and a class of linear residual signed rank
statistics with bounded scores in nonlinear parametric regression models
when covariates are random and independent of the errors. This result is
used to derive limiting distributions of a class of signed rank estimators of
the underlying regression parameters in these models. The latter result is
applied to the errors in variables linear regression model to show that these
estimators are robust against large measurement error in the sense that the
asymptotic relative efficiency of a class of signed rank estimators against the
bias corrected least square estimator tends to infinity as the measurement
error variance tends to infinity (in some cases monotonically), when covari-
ates and regression and measurement errors have Gaussian distributions.
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1 Introduction

Hodges and Lehmann (1963) proposed classes of estimators of the one and
two sample location parameters based on signed ranks and ordinary ranks
of the residuals, respectively. Some members of these classes of estimators
are asymptotically more efficient than the classical estimators based on the
sample means at several error distributions, while at the same time they
are robust against outliers. Jureckova (1969, 1971) developed analogs of
the estimators based on ranks for the regression parameter vector in linear
regression models with non-random covariates. A class of rank estimators for
a class of nonlinear parametric regression models, where the covariates are
random and independent of the regression errors, were developed in Koul
(1996). In this note we derive analogous results for a class of signed rank
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estimators defined as minimizers of the Euclidean norm of the given class of
linear residual signed rank statistics.

A crucial result needed for deriving the asymptotic distributions of these
estimators is the so called asymptotic uniform linearity (AUL) of the defin-
ing linear signed rank statistics of the residuals. In this note we derive such
a result for a weighted empirical process of residual signed ranks and a
class of linear residual signed rank statistics in a class of nonlinear para-
metric regression models, where random covariates are independent of the
regression errors. In the case of linear regression model with non-random
covariates, the AUL of a class of linear residual signed rank statistics was
established in Koul (1969, 2002) for bounded scores and by van Eeden (1972)
for general square integrable scores.

These results are in turn used to derive the asymptotic distributions
of a class of signed rank estimators of the regression parameter vector in a
linear errors in variables regression model. We show that the asymptotic rel-
ative efficiency of this class of estimators, relative to the bias corrected least
squares estimator, when covariates and errors are Gaussian, tends to infinity
as the measurement error variance tends to infinity, monotonically in some
cases. This is a desirable property to have from a practical point of view.
One may say that these estimators are robust against large measurement
error variance.

When there is no measurement error in covariates, several properties of
signed rank estimators or their variants have been studied in the literature.
Hettmansperger and McKean (1998) study their robustness against gross
errors in linear regression models. Abebe et al. (2012) proves consistency of
some variants of these estimators in some nonlinear regression models while
Abebe and Bindele (2016) use them in variable selection in linear regression.
Bindele (2014) derives the asymptotic distributions of a class of signed rank
estimators in a class of nonlinear regression models when covariates are
observable, independent of the regression errors that are dependent r.v.’s
and satisfy some mixing conditions. Bindele (2015) study these estimator
for nonlinear regression with responses missing at random while Bindele
and Nguelifack (2019) investigate some generalized signed-rank estimator in
regression models with non-ignorable missing responses. An application in
big data set up of some extensions of these estimators is discussed in Bindele
et al. (2022). Jureckova et al. (2016) derives asymptotic distributions of a
class of R estimators, the estimators based on ordinary ranks, in errors in
variables linear regression models where responses also have measurement
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error while Koul (2022) discusses an R estimator of the regression parameter
vector in the errors in variables linear regression model.

Some notation For any two stochastic processes Why;(u,t), j = 1,2,0
u < 1,t € R? and any sequence 0 < a,, — 00, by Wy1(u,t) = Wya(u,t)
Up (a;l) is meant that

+ IA

sup  ap| Wt (u, t) — Waa(u, t)| = 0,(1), V0 < b < .
0<u<1,[|¢]|<b

For any positive integer m, N;,(v,C) denotes the m-dimensional normal
distribution with the mean vector v and the covariance matrix C', N' = N.

2 Nonlinear Parametric Regression Model

This section introduces the nonlinear parametric regression model of inter-
est. It also contains the proof of the AUL of a weighted empirical process of
residual signed ranks and of a class of linear residual signed rank statistics
for such a model.

To proceed further, let p, ¢ be known positive integers, @ C R? and v be
a known function from @ x R to R such that v(1J, z) is measurable in z € RP,
for every ¥ € ©. Let (Y, Z) be a random vector, where Y is 1-dimensional
response variable and Z is p-dimensional random vector of covariates. In the
nonlinear parametric regression model of interest here, these entities obey
the following relation for some 6 € O :

Y =~(6,Z)+e, wherethe random error eisindependentofZ.  (2.1)

Let Y;, Z;,e;, 1 < i < n be iid copies of Y, Z, e of the model Eq. 2.1.

About v, we assume the following: There exists a vector 4 of functions
from © x RP to R? such that for every 9 € ©, 4(¥, z) is measurable in z and
the following conditions hold:

n' Py (0 + 0V Z0) — 70, Zi) — nTPER(0, Zi)| = 0p(1), VO < b < oo,

1<i<n, |t <b

(2.2)
B[40, 2)|* < oo. (23)
E|[%(6 +n" %, 2) — 40, 2)||” = o(1), VteRY. (2.4)
n'PE|4(0 +n"'?t, Z) - 4(0, Z)|| = O(1), VteR (2.5)
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Throughout this paper, for any vector z, ’ denotes its transpose.

As an example, consider the model where v(0,z) = 0; + 02¢%%, 6, €
R,05 > 0,63 > 0, z > 0. This type of model is used when relating the
concentration of a substance Y to elapsed time Z. In this case all of the above
conditions are satisfied with ¢ = 3,p = 1 and ¥(0, 2) = (1,e%%, 02e%%)
provided E (Z2 2(05+0)2 ) < 00, for some § > 0. Other examples of interest
can be found in Seber and Wild (1989).

For the sake of brevity, let 0, denote the vector of ¢ 0’s and

e(t) =Y —y(0+n""?t,2), yut)=y0+n""?t2), di (t) =i (t) = 7i(0q),
e =i —di(t), () :=30+n"? 2, v =7(0,), =%i(0q), 1<i<m,
To:=E(4(0,2)3(0,2)),  Dyt):=n""2>" [3(t) - %L teR’.

i

We also assume the following: For every a > 0, 3§ > 0 and N, < oo such
that V||s|| <b,

P( Hltsu&én —1/2 Z |7:(8) — i (s)]| < a) >1—a, ¥Yn>N, (2.6)

In this note the index of the summation varies from 1 to m, unless
specified otherwise. Note that e¢; = Y; — v, 1 < i < n are iid copies of
e=Y —7(0,Z) and for each t € R? and n > 1, e(t), e;r,1 < i < n are
iid r.v.’s.

For the later use we note the following facts. By Eqgs. 2.2 and 2.3,

sup ‘dz(t)‘ < sup }di(t)—n_l/zt’%‘%—bn_l/ max H%H—op(l)

1<i<n,|t]|<b 1<i<n, ||t <b lsisn
(2.7)
f’ﬁpbz |di(t)] < |di(t) = n 72|+ 0072 4] = 0p(n'?).
t]|< i 7
(2.8)
By Egs. 2.3, 2.4 and 2.5, for every fixed t € RY,
max 0 2@ < max 0TV = 4l + max 2T 2l = 0p(1), D50l = Op(1).
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Hence, by the compactness of the ball {t € RY; ||¢|| < b} and Eq. 2.6,

sup O] = 0,(1), sup [Dy(0)] = Op(1). VO <b< o
1<<n,||t]|<b lItll<o

(2.9)

Next, define, for y € R, t € RY,

Sy(y,t) =07 A(OI(Y; <y +(h) = Z% (er <y+di(t)).

Let K denote the distribution function (d.f.) of e and assume the follow-
ing:

K has uniformly continuous density x on R,k > 0 a.e. (2.10)

Upon taking fn; (6 +n"1/2t) = ~;(t), hi(0 +n"1/2t) = 4(t) and X; = Y;

n (1.8) of Lemma 1.1 of Koul (1996), we obtain the following lemma:
Lemma 2.1 Suppose the model Eq. 2.1 and the assumptions Fqs. 2.2-2.6
and 2.10 hold. Then, for every 0 < b < oo,

sup  ||n'/?(Sy(y,t) — S5 (y,0)) — Lot k(y) — Do (K (y)|| = 0p(1).  (2.11)

yER, [t <b

AUL of weighted empirical process of residual signed ranks From
now on assume additionally that the d.f. K is symmetric about the origin so
that K(0) = 1/2 and (6, Z) is the conditional median of Y, given Z. Let
sgn(y) == I(y > 0) — I(y < 0). Define

R, ._Z (lej — d; ()] < |es — da(2)]), si(t) = sgn(e; — di(t)),

23 (1) 12% I(Rj, < nu)si(t), i) =" DI (les = di(t)] < @),
J(m) = P(le] <z)=2K(z) -1, x2>0; w(u) = H(K_l(u))—/{(OL 0<u<l,
= ’IZ% I(le; — di()| < T (w))si(t),  te€RY

For any function L(u,t) of u,t, L(u) will stand for L(u,0,). The following
lemma gives the AUL of the weighted empirical process of residual signed
ranks Z:F (u,t).
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Lemma 2.2 Suppose the mnonlinear regression model FEq. 2.1 and the
assumptions Fqs. 2.2-2.6, 2.10 hold and K is symmetric about 0. Then,

sup |n1/2 (Z;r(u, t) — ST (u) — 2ot w(u) — Dy(t)| = 0p(1), VO<b<oo.
0<u<1,[[¢|<b
(2.12)

Proof Fix a 0 < b < co. Recall that for any d.f. G,

G(G™ " (u)) V0 <wu<1, withequality holding if G is continuous.  (2.13)

>
G ' (G(z)) <z, VzeR, withequality holding if G is strictly increasing.
Let

Vi(u 12% I(Jei = di(t)] < Tt (w)) si(8).

The continuity of K, see Eq. 2.10, and the independence of e and Z imply
that for every ¢ € R?, the distribution of e(t) is continuous. Hence, the set of
ranks R;, 1 < i < nis a permutation of integers 1,--- ,n, for every t € R,
with probability 1. This fact and Eq. 2.13 imply that, almost surely, for all
1<i<n, 0<u<1,teRq

{\ei —di(t)] = J,;tl(u)} — {R;; > nu} — {|ei —di(t)] = J,;tl(u)}.

(2.14)
Rewrite
Z (u,t) 12% {1 — I(Rf; > nt) + [(R}, = nu)}si(t),
Vi (u, t) 12% {1 —I(les = di()| > T (W) + I (les — di(t)] = J&l(u))}&(t)
By Eq. 2.14,
n2(ZF (u,t) = VE(u, 1)) =S % {1 Rl = nu) — I(jes — ds(t)] = J;;(u))}.

Hence, by Eq. 2.9,

sup n1/2|Zj(u,t) — V,‘Y"(u,t)‘ <2n7 Y2 sup |%:(8)[| = op(1).
0<u<l,||t||<b 1<i<n,[|t]|<b
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Note that J~!(u) = K~ ((u+1)/2) >0, for all 0 < u < 1. Now, rewrite

Sf ) =n" 35 [1(0 <ei—di(t) ST w) = I(—J W) < e — di(t) < o)]

= S, (J (), t) + Sy (=T L (u),t) — 25,(0,1)
4+t Z»yi(t) [I(ei —di(t) = 0) — I(e; — di(t) = J—l(u))].

Let §7(a?,t) = Sy(z,t) + Sy(—x,t) — 25,(0,¢), x > 0. Then, by Eq. 2.9,

sup  n2[SF(u,t) =Sy (T (u), )| <2072 max ||5(t)||=0p(1).

0<u<1,||t|[<b 1<i<n,||t[|<b
(2.15)
By Egs. 2.11, 2.15, and the symmetry of K about 0, J~1(0) = 0, D,(0) =
0,
n/28% (u,t) = n'/28, (T (), t) + up(1) (2.16)

=012 [, (I W) + 8 (= T (w) — 25,(0)]

+ 2Tt [H(J-l(u)) - H(J_l(O))] + Doy (1) + up(1)
= 0128, (71 (w)) + 289 tw(uw)) + Doy (t) + up(1)
= n'/2ST(u) + 25y tw(u)) + Dy (t) + up(1).

By the symmetry of K and the independence of Z and e, E(SDYL (u)) =0
and

nE(SF(u)St(v)) = Zgmin(u,v), 0<u,v <1

i
J

Let 4;; denote the jth coordinated of +;, 1 n and S:L(u) denote

<
< g, so that Sj(u) =

<
the corresponding coordinate of S¥(u), 1 <
(S’;rl(u), e St (u)), and

(et}

Sy =n"" Z%jl(lei! < J (u))sgn(e;), 0<u<l.

For each 1 < j < ¢, apply Theorem 1.1 of Koul and Ossiander (1994) with
Nni = J(|ei|) and vn; = Jijsgn(e;). By the symmetry of K about 0 and the
independence between Z; and e;, we see that this 7,; is independent of this
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Nni, for each 1 < i < n. Also, Eq. 2.10 ensures the satisfaction of the other
assumptions of the above theorem in this case. Hence, by Theorem 1.1 of
Koul and Ossiander (1994), 711/25;r (u),0 < u <1 converges weakly in the

Skorokhod space D?[0,1] and uniform metric to B := (Bl, e ,Bq)/, where
for each 1 < j < ¢, B; is a continuous mean zero Gaussian process with
Cov(B(u), B(v)) = Zgmin(u,v), 0 < u,v < 1. Moreover, for every € > 0,
there exists a 6 > 0 and N, < oo such that

P( sup n'2|Sf(w) = Sf@)] > €¢) <e, Vn> N (2.17)

lu—v|<d
We also need the following result:

sup | Jui(x) — J(2)] = 0p(1). (2.18)
>0, [t <b

Proof of Eq. 2.18. Let Jy(z) :=n~1Y, [K(m+d())—K(—x+di(t))]
Write Jui(z) — J(2) = Jpe(x) — Jpt () + Jne(z) — J(2), © > 0, so that

sup ‘Jnt(:c) — J(x)‘ < sup {Jm(:c) — J_nt(x)| +  sup ’J_m(x) — J(:r)’
(2.19)

=20, [[t]|<b >0, [|lt][<b >0, [[t]|<b

Let &, = supy<;<p o<p |di(t)]- By Eq. 2.7, n'/25, = O,(1). Hence, by
Eq. 2.10

K,y = sup n'2|K (z +di(t)) — K(x) — di(t)r()]
1<i<n, ||t]| <b,z€R
d;(t)
= sup n'/? / [k(z + 2) — K(z)]dz| < n'/28, sup |/€(y) — /@(z)| = op(1).
1<i<n,||t]| <b,z€R 0 ly—z[<bn
By the symmetry of K, k(z) = k(—x), so that
Tt () — nl Z [ z+d;(t)) — K(z) — d; (t)k() (2.20)

—K(—z+di(t)) + K(—z) + di(t)/ﬂi(—.%)] ,

sup nl/Q‘jm(as) — J(z)| < 2K, = 0p(1).
z>0,|[t]|<b
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Next, to deal with the first term in the upper bound of Eq. 2.19, let

Knt(y) :==n""! Z I(ei < y+di(1)), Knt(y) :==n"" Z K(y+di(t)),
An(y,t) := Knt(y) — Knt(y),  Kn(y) == Kno(y), Dn(y):=Kn(y) —K(y), yeR

By the Glivenko-Cantelli Lemma,

sup [Dn(y)| — 0, as. (2.21)
yeR

Rewrite, Jui(z) — Jut(x) = Ap(z,t) + Ap(—z,t) — 2A,(0,t), n > 1,z
0,t € R?. With ¢, as above, —d,, < d;(t) < dy,, for all 1 < i < n,||t]| <
Hence, by the monotonicity of the indicator and d.f.’s, for all > 0,

>
b.

Kn(xz — 6n) < Kni(tz) < Kn(tz 4 6n), K(tz —0on) < Kni(f£z) < K(£z + 65).
These bounds in turn imply that for all x > 0, ||t]| < b,
[An(£2,1)] < |Dn(E@ + 6n)| + [Dn(Ex — 60)| + [K (L2 +0n) — K( L2 —dn)].

Hence, by Eqgs. 2.7 and 2.21, sup,~ i<s |An(£a,1)| < 2suUp,cg 1Dn(y)| +
2||&llocbn = 0p(1) and sup,>q |j<s | Jnt(z) — Jnt(z)| = 0p(1). Combine this
fact with Eqgs. 2.20 and 2.19 to conclude Eq. 2.18.

To proceed further we need the following fact implied by Eq. 2.18.

sup | JJ;' (u) — u| = sup1 | T Tt (w) = Jned g (w) + TntJy (u) —

0<u<l1 0<u<
(2.22)

< il;}g | Jnt(x) — (@) + n~ " = 0p(1).

Next, consider the process Vj . By Eq. 2.10, J = 2K —1 is continuous and

strictly increasing, J~'J(z) = z and VI (u,t) = ST (JJ,;' (u), u). Therefore,
by Eqgs. 2.16, 2.17, 2.22 and the uniform continuity of w on [0, 1],

n'2VE (u,t) = n' 28T (T (w) + 28gt w (T T (w)) + Dy (t) + up(1)
= n28F (u) + 2Zgt w(u) + Do (L) + uy(1).

This completes the proof of Eq. 2.12 and of Lemma 2.2 also.
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AUL of linear residual signed rank statistics We shall use the AUL
result Eq. 2.12 to derive the AUL of a class of linear residual signed rank
statistics. Let Q : {w 1 a real valued nondecreasing right continuous
function on [0, 1] having left limits such that (1) = 1} and Qg := {¢: ¢ €
Q such that ¥(u) = —(1 —u), 0 < u < 1}. For a 1) € Qg, the function
o(u) == ¢¥((u+1)/2) is a d.f. on [0,1]. The linear residual signed rank
statistic corresponding to a score function 1 is defined to be

Z : IZ% (

To proceed further, we recall the following fact. Let Uy, Us be two right
continuous functions of locally bounded variations on [0, 00). Then, for any
0<v < oo,

)Z() t € RY.

/ U () Uy (1) = Us (0)Ua (0) — Uy (0o (0) — / Uy (u )y ().
uw€(0,v] u

€(0,v]

Apply this formula with ¢4 (u) = Z (u,t), Us(u) = ¢(u), v = 1 and use the
fact that Z(0,t) = 0 to obtain that that uniformly in ¢ € Q and ||t]| < b,

+ = ' u + u = + — ' +U_ u).
Zv“”’”‘/o () Z:H (du,t) = Z (1,t) /Ozu )dip(u)

By Eq. 2.9,
| [ w21z -zt nldeti < s n P l0) = ou(0),
HtH<b wEﬂ IItHSb,lSKn
Therefore,
1
ZF (4, 1) zzj(u)—/ Z5 (u, t)dp(u) + up (n=/?) (2.23)
0

= Sj/'(l)—i—Qthw(u)—i—D.y(t)—/ [Sj,'(u)—i—Qthw(u) + D,Y(t)] do(u) + up (n_l/z)
_ [s¢(1)—/0 si(u)dgo(u)] —1—22915{0.)(1)—/0 w(u)dw(u)}+up(n—1/z).
For 1 € Q,, (2K (z) — 1) = (K (z)) and

w(1) —/O w(u)dp(u) = —k(0) —/0 [K(Jfl(u)) — K(O)]dgp(u) = —/0 H(Jfl(u))dgo(u)
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= - 1I<6 —yutl u) = — Oo/im z)—1) =— Oo/gx x
= /0 (K™ (=5))de(w) /O (x)dp (2K () — 1) /0 (x)dy (K (x)).

Let Z(¢) = [, k(z)dy(K(z)). By changing = —y and using
the symmetry of x, K about 0 and the symmetry of o about 1/2,
Jo° m(x)dy (K (2)) = fi)oo k(y)dip(K (y)), for all i € Q. Hence, 2 [[° k(x)dy

(K ()
= |7 k(z)dy(K(x)) = Z(¢). Moreover,

5”L —SJr /SJr Ydo(u / o(u) dSJr 712% K(|ei]) sgn(ei).

Because the r.v. e is symmetrically distributed around 0 and indepen-
dent of Z, E(S3(¢)) = 0 and nE(S}(¢)SS(v)') = Zgr;, where 7 :=
E(W?(K(le]) = 2f11/2 2 (u)du = fo Y%(v)dv. The last equality is obtained
by changing the variable v = 1 — v and using the assumption ¥ (v) =
—1p(1 —w) so that f11/2 V2 (u)du = f01/2 ¥?(v)dv. By the classical CLT, under
the assumption Eq. 2.3,

n25H () —p Ny (0, Zg73). (2.24)

The above derivations together then yield the following theorem describ-
ing the AUL of a class of linear residual signed rank statistics Z;L (1, 1),
uniformly in ¢ € Qg and ||t < b:

Theorem 2.1 For the nonlinear regression model FEq. 2.1 and under the
assumptions Eqs. 2.2-2.6, 2.10 and symmetry of the error d.f. K about 0,
the following holds:

sup  [|[n!/2(ZF (0, t) — 53 ()) + LgtZ(¥)|| = 0,(1), V0 <b< 0.
veQ, ||t<b

(2.25)

Consequently, by Eq. 2.2/, for every ¢ € Qg t € RY, Zj(q/},t) —D ./\/q( —

LotZ (), 2,97'1%).
This theorem does not require the existence of any moment of the regression
error e.
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3 Signed Rank Estimators

In this section we shall define a class of signed rank estimators and describe
their asymptotic distributions. Recall, p(u) = ¢ ((u+1)/2), ¥ € Q. Define,

= 11V =0, Z) <1 =10, Z)]), 1<i<n,

J
+

Ty (9) =2 Y 40, Z)o (L )sen(Y: (9, 2)), v € RY,
, n
2 ~ .
My() = ||Ty()|", 8y := arginfyee My (9).
Because of the assumed independence of Z and e and the symmetry of

e about 0, the r.v.’s Z;, |e;| and sgn(e;) are mutually independent for every
i=1,---,n, and

+

Tig

E(Ty(0)) = n~ /2 ZE(W, Z)e(H2) ) B(sen(e)) =0, (3.1)

n

Hence the corresponding signed rank estimator @p will not have any asymp-
totic bias. _

We are interested in deriving the asymptotic distribution of 9, :=
nl/? (Gw—ﬁ). But 9y, = arginf, ., M, (9+n*1/2t). If we let R} := r:9+n,1/2t,
then My (0 + n=1/%t) = ZF (1, ). Let

Qu(t) = ||8 (%) — ZotZ(W)||* = M(0) — 2T($)F'Zp S (4) + T2 () Zp ot

. -1
ty = arginf; g, Qy(t) = (ZQI(@D)) Sj(@b).
By Eq. 2.25, for every 0 < b < o0,

sup | My (0 + n71/2t) — Qu(t)] = op(1). (3.2)
YEQ,[|t][<b

In other words, the sequence of objective functions My, (Q—i—n_l/ 2t) ,n>1
of ¢ is asymptotically uniformly quadratic in ¢ over all bounded sets and
Y € Q. The sequence of the corresponding minimizers 9, will be close to
the sequence of minimizers ty of Qu(t) if we can verify that H{%H = 0,(1)
and ||ty|| = Op(1). But this claim about ¢, follows from Eq. 2.24, which
yields that t, —p N (0, 29_17'3) /Z%(%)). To establish the former condition,
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we need the following additional assumption:

For every € > 0,0 < a < oo, there exist V. and b, , such that (3.3)
P<inf||t\\>b€7aMw (9 + nil/Qt) > Oz) >1—ck¢, Vn > N..

By arguing as in the proof of Theorem 5.4.1 of Chapter 5.4 in Koul (2002),
we can verify that under Eqgs. 2.24, 3.2 and 3.3, Hnl/z(@/, —0)|| = Op(1), for
every ¢ € Q.

Summarizing, we state the following theorem giving the asymptotic dis-
tribution of 0y, :
Theorem 3.1 Suppose assumptions Eqs. 2.1, 2.2-2.6, 2.10 and 3.3 hold.
Then, for every 1 € Qy, ||n/? (0¢ — (9) ” = 0y(1) and

n'2(0y — 0) =T ()L, 028 (1) + 0p(1) —p Ny (0’ Z‘;IIZZ/))(. )
3.4

Argue as in the proof of Lemma 5.5.4 on pages 183-186 of Koul (2002)
to show that the following condition Eq. 3.5 implies Eq. 3.3.

0Ty (9+n_1/23n) is monotonic in s € R, foreveryn € R?, ||n|| = 1,n>1, a.s.
(3.5)

Least Absolute Deviation Estimator Let

T(9) :=n"1/? Z*’y(ﬁ, Zi)sgn(Y; — (9, Zy)), Oraq = arginfﬁegHT(ﬁ)Hz.

The entity é\gad is equivalent to the least absolute deviation (LAD) estimator.
Using the arguments similar to those used in the proof of Theorem 3.1, one
can verify that the following holds under the assumptions Egs. 2.1, 2.2—
2.6, 3.3 and the assumption that K has density x that is continuous in a
neighborhood of 0 and x(0) > 0:

17 aa=0) =5 T S5 (1L0)+ 04(1) = N (0,577 (467(0) )
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Remark 8.1 Linear Model. Suppose ¢ = p and h is a p-dimensional vec-
tor of real valued measurable functions defined on RP. In Eq. 2.1, take
(9, Z) = ¥'W(Z). Assume E(||h(Z)|*) < oo and that E(h(Z)h(Z)') is
positive definite. Then, n™"/2 max;<;<, [|(Z)| = 0p(1), %i(t) = % = h(Z;)
and the assumptions Eqs. 2.2-2.6 are all trivially satisfied. Here,

Rf => I(lej —n *H'h(Z))] < |e; — nfl/zt'h(Zi)D, (3.6)
7

+
Ty (0 + n*1/2t) = 1/2 Z h(Zi)go(%)sgn(ei — n*1/2t’h(Zi)),

n'/? @, — 0) := arginf, g, || Ty (0 + n*1/2t) H2

From van Eeden (1972), we deduce that 7/Ty (6 4+ n~'/?5s) is monotonic
inseR, Vn| =1, VY € Qg so that Eq. 3.5 is satisfied here and the
estimator 6y, satisfies Eq. 3.4 with L9 = L = E(h(2)h(Z)').

4 Errors in Variables Linear Regression

In this section we use the above results to derive the limiting distributions
of a class of signed rank estimators of the regression parameter in an errors
in variables (EIVs) linear regression model and discuss their asymptotic
relative efficiencies compared to the bias corrected least square estimator.

Consider the EIVs linear regression model where the response Y, unob-
servable predictor X and its observable cohort Z obey the following relations
for some 0 € RP.

Y=0X+e Z=X+U X, e U mutually independent and E(U) = 0.

The importance of this model in environmental, health and social sciences
is well illustrated in the monographs of Carroll et al. (2006), Cheng and Van
Ness (1999), Fuller (1987) and Yi (2017).

Here we shall additionally assume that E(||X||* + [|U|?*) < co and the
distributions of X and U are known. In the absence of any additional infor-
mation, for model identifiability, one often assumes that some characteris-
tics of the distribution of U are known. Here, to illustrate the robustness of
signed rank estimators against large measurement error, we assume the full
knowledge of the distributions of X and U.

Then h(z) := z — E(U|Z = z),z € RP is a known function of z,
E(||h(Z)]]?) < oo, and the above model becomes the parametric regression
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model
Y =0'hZ) +e, e=e—0'V, V:=U-E(U|Z). (4.1)

Let Y;, X;,¢;,U;, 1 < i < n beiid copies of Y, X, e, U obeying the model Eq.
4.1.
Let F denote the d.f. of € and assume the following:

F' is symmetric around 0 and has uniformly continuous density f, f > Oa.e.
(4.2)

V is independent of Z and , with H denoting the d.f. of V, (4.3)
dH(—v) = —dH(v), Vv € RP| i.e., V is symmetric around the origin.

Note that we do not assume the finiteness of any moment of €.
Let K, x denote the d.f. and density of the e of Eq. 4.1, respectively. By
the independence of € and V' and by Eqgs. 4.2 and 4.3,

K(z) = /F(:p + 0'v)dH (v) is symmetric around 0 and x(z) = /f(:r +0'v)dH (v). (44)

The EIVs model Eq. 4.1 with the above assumptions is an example of the

linear regression model of Remark 3.1. And by Eq. 3.1, the corresponding
signed rank statistics Ty, of Eq. 3.6 satisfy E(T(6)) = 0. Hence, unlike the
R estimators studied in Koul (2022) or the least squares estimator, there is
no need to do any bias correction for defining the signed rank estimators §¢
in the above EIV’s model. Thus, Eq. 3.4 holds for this @\w with X9 = L :=
E{(Z - E(U|2))(Z - E(U|2))'}.
Example 4.1 We shall discuss an example of linear EIV regression model
where the distributions of X, e, U are such that the assumption Eq. 4.3 of
the independence between Z and V is satisfied. We shall also show that in
this case, if the regression errors are Gaussian then the asymptotic relative
efficiency (ARE) of a class of signed rank estimators relative to the bias cor-
rected least squares (BCLS) estimator tends to infinity as the measurement
error variance tends to infinity, monotonically in some cases.

Suppose p =1, X ~p N(ux,0%), U ~p N(0,0%), with ix,0% > 0 and
o7, > 0 known, and X and U are independent r.v.’s. Then pz := E(Z) = px,
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Z=X+Un~pN(ux,0% + ), Cov(Z,U) = o}, so that

(0) =02 () (" )

Let 12 := O'U / (UX + 0% ). The conditional distribution of U, given Z = z,
is N((z — pz)r?,r O'X) Hence, E(U|Z = 2) = (2 — pz)r? and h(z) =
2—E(U|Z = z) = z—r%(z—pz). For any z € R, the conditional distribution
of V=U-EU|Z =2z2) =U-~- (z— uz)r? given Z = z, is N(0,r%0%),
which does not depend on z, so that V' is independent of Z and symmetrically
distributed around zero. Hence, e = ¢ — 'V is also independent of Z. Its
density is k(z) = [ f(z + 6v)d®(v/rox), where @ is the d.f. of a N(0,1)
r.v. Moreover, because 0 < 2 < 1 and 03{ > 0,

L=oj:=FEh*(Z)=(1—-1*%(c% + o) +uz > (1 —r*)*(o% +0p) > 0.

To summarize: Suppose F satisfied Eq. 4.2 and (X, U) satisfy the above
normality assumption. Then, 0 < o7 := Eh?(Z) < oo and nt/? (Gw - 0) —D

N (0,73/(372(®))).

Now suppose further that F(y) = ®(y/o.), for some o, > 0. Let w? :=
02 4+ 6?r?0%. Then, e—s—HVNDN(Ow) ie., K(z) = (a;/w)

Take 1(u) = 2u — 1 and write 0; for the corresponding Qw Then, 7'1/) =
Jo (2u—1)2du =1/3 and Z() = 1/wy/7, 72/T(¢) = mw?/3.

Next, consider the BCLS estimator of 6 defined as follows. For any set of
bivariate r.v.’s (fhg“z) 1<i<n,let&:=n"t Z & and See :=n"1 Y. (& —
€)(¢ — ). Then, Gy = Szy/(Szz — ol), Opets — 0 = (Szy — 0Sz7 +
0ot /(827 — 02).

Theorem 2.2.1 (page 108) of Fuller (1987) applied with p = 1 yields that
nt/2 (51,615 - 9) —p N(0,02,,), where

s w(ox +of)+20%
O'bcgs = 1 .
Ox

Therefore,

~ o~ 3 0202
ARE(01, Opees) = ;%~
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Use r? = o7 /(0% +0}) torewrite o7 = (1—12)*(c% +0f)+puz = ( e

,u%) and

0T hets :{ 2‘731( . +MZ}{UX+UU+292 oy }
w? (0% +07) o ofw?
Sy +M2Z{"§<+ U 4 o200 3

(0% + of)w? 0% ofw?

Use w? = 02 + 0%{c},/(c% + 0f)}o% to rewrite

4 2 4 2/ 2 2
i T oy oplox +op)

2 2 2 2 ’ 2 252
(o +og)w o2(ZF +1) +60%0% we o T2X 402 4 0%0%
U U

Both of these expressions are increasing in 0[2]. Both tend to 0 and oo, as
012] tends to 0 and oo, monotonically and respectively. Moreover, (0% +
of) /oy — 1/0%, 00, as o}, — 0, 00, monotonically and respectively. Hence,
using the fact pz = px,

ARE(0;, Opers) = =

w2

30}%‘72(;@3 ! 71_/;_2, as GIQJLO,
T oo, as U%]TOO.

Similarly, using the fact that here 4x2(0) = 2/(nw?), we obtain that

2
27 2 02g2 | 25 as o2 |0,
ARE(0rad, Opers) = 4”2(0)%‘71%0@ - W% { o ]

T 00, as of | oo.

In other words, the estimators 51, é\gad are asymptotically far more effi-
cient, compared to the BCLS estimator, against the increasing measurement
error, at the above chosen Gaussian distributions of €, X, U. One may say
that for the large samples, these signed rank estimators are robust against
the large measurement errors at the given Gaussian distributions, a highly
desirable property to have from a practical point of view.

Let Qg := = {¢ € Q1 is differentiable havmg continuous derivative 1/}
on [0, 1]}. Then, more generally, ARE(Gw,Gbcgs) — 00, as of; — 00, for all
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¥ € Q. To see this, rewrite

~ o~ o2, 02712
ARE(%,@bces) — M‘

Ty

Let ¢ denote the density of ® and 6% := 02 + #*0%. Note that w? = o2 +
Gzag(o(%/(a% + 012]) — 02,62, as 012] — 0, 00, respectively. This fact together
with the continuity of ¢, @, and the Dominated Convergence Theorem
yield that

1,0) =70 = [ o(Dav(@(5) = oz [ #C)d0()d

— 0 <Z,2 () < 00,28 ot — 0,
— 0 < Zs2 (1)) < 00,28 0f — 00.

Moreover,
2/ 2 2 2 4 2 . 2
2 2 w”(ox +oy) +20°0y 212, 2 2 2 wx, as oy — 0,
OpetsOp - — 1 (177" ) (O—X+O—U)+/U‘Z:| — 5
Ox 00, as oy — oo.

Therefore, ARE (@p, @czs) — 00, as 0 — 00.

Of course an advantage of the BCLS estimator is that its definition needs
only o7 to be known and no other knowledge of the distributions of X and
U.

It is interesting to note that the ARE(@I, @ad) is the same as in the case of
no measurement error, because ARE(Q;,Hgad) = (77w2/2a}2l)/(7rw2/3a,21) =
3/2. More generally, for any 11, 1; € Qy,

2 2 2 2
ARE(é\wm@h) = 7T1521(¢1) — 7—7521"7?( (wl)/gﬁlzai (wz),as ;TU - O’
7o, L(12) T, Ls2 (wl)/T%I(gz (12),as of; — o0,

We shall now describe the above ARE’s in the case p > 1 briefly. Let X, U
be independent random vectors with X ~p N,(ux,Zx), U ~p Np(0,Zy),
where Xx, Xy are known p X p positive definite matrices. Then, Z = X +
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U~pNy(pz,Zx + Xy), Cov(Z,U) = Ly and because pux = fiz,

oo (). (5 )

Hence, the conditional distribution of U, given Z = z, is
Np (ZU(ZX + ZU)_I(Z — ,uz), Xy — ZU(ZX + ZU)_le).

Let R:= Yy (Zx+Zy) . Then E(U|Z = z) = R(z—puz) and the conditional
distribution of V.= U — R(Z — pz), given Z, is N,(0, Xy — RXyr), which
again does not depend on Z and hence V is independent of Z. Note that
Ly —RIy=[I-Zy(Zx +Zv) ' Zy = Zx(Zx + Zy) ' Zy.

Moreover, with Z. := Z—puy, E(Z.Z!) = Lx+Xy, h(Z) = Z—-E(U|Z) =
(I-R)Z.+pzand L = E(h(Z)h(Z)) =1 —R)(Zx +Zu)I —R) +pz .
Since & ~ N (0,02), then ¢ = ¢ — 0'V ~ N(0,w?), where now w? := o2 +
0'Zx(Zx + Zy) ' Lyb. Hence, /n(0 — ) —p N (0, (7w?/3)=71).

Here the BCLS estimator is @mgs = (iz — ZU)*l}A:yz,where S, o=
WS (2 - 2)(Z - 2, Eyg = n S (Zi— Z)(Yi — ¥). By The
orem 2.2.1 (page 108) of Fuller (1987),v/n(fpes — 0) —p N(0,D), where
D=3 a+ I [Spa+ Sy iy, a=02+0'Zy0.

Suppose éj, j = 1,2 are the two estimators of a p-dimensional param-
cter § such that n'/2(0; — 6) —p N,(0,Z;),7 = 1,2. Let |Z;| denote the
determinant of L;, j = 1,2. Suppose |X;| # 0,7 = 1,2. Then ARE(ég,él) =
(|Z1]/|Z2)1/P. See, e.g., Lehmann (1999). Using this definition, from the
above facts we readily obtain the following:

- 1/
ARE(r, rs) = (3/(w?m)) P(DI/|E )7 = (3/(w*m)) 7 {|D] < |} "
Suppose Xx and Xy are diagonal matrices with all positive entries. One
can verify that as the diagonal elements of Xy tend to infinity, a — oo,

w? = 02+ 0'Lx0 >0 and ARE(0], Opess) — 00.
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