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Abstract
In the article, the rough path theory is extended to cover paths from the exponential Besov—
Orlicz space

Bg‘,ﬂ‘q for «e(1/3,1/2], ®g(x) ~ exﬁ —1 with B e€(0,00), and g € (0, o00],

and the extension is used to treat nonlinear differential equations driven by such paths. The
exponential Besov—Orlicz-type spaces, rough paths, and controlled rough paths are defined
and analyzed, a sewing lemma for such paths is given, and the existence and uniqueness
of the solution to differential equations driven by these paths is proved. The results cover
equations driven by paths of continuous local martingales with Lipschitz continuous quadratic
variation (e.g. the Wiener process) or by paths of fractionally filtered Hermite processes in
the n" Wiener chaos with Hurst parameter H € (1/3, 1/2] (e.g. the fractional Brownian
motion).

Keywords Besov—Orlicz space - Rough path - Rough differential equation
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1 Introduction

In the last two decades, rough path theory and its extensions have had enormous impact in
the field of differential equations (DEs) driven by singular functions. Such singularity was
originally described in terms of Holder continuity (or, almost equivalently, in terms of finite
p-variation) but in recent years, several extensions to paths of Sobolev or Besov regularity
have been given (see the series of papers [19-21] and [11, 12, 26], respectively).
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From the perspective of stochastic differential equations (SDEs), i.e. DEs driven by paths
generated from a stochastic processes, such extensions are very useful. Indeed, if we consider
these equations, one would expect that the solution retains the noise regularity because,
roughly speaking, the solution should behave like the noise on small scales. Consider, for
example, the Wiener process W = (W;, t € [0, 1]) as the noise source. By a straightforward
application of the Kolmogorov continuity theorem, it is immediately seen that its paths lie,
almost surely, in the Holder space C %_8([0, 1]) for any ¢ € (0, 1/2). One can therefore
fix ¢ € (0, 1/6) and use the rough path machinery for Holder continuous functions (e.g.
[10, Theorem 8.4]) to enhance the Wiener path W (w) to a Wiener rough path W(w) =
(W(w), W(w)), where W(w) is the corresponding path of the, say, Stratonovich integral

d 1
Wi (w) = / Wy = Wy) o dW,(w) = E(W'(w) - Wy(@))?,

to obtain the global solution to the rough differential equation (RDE)
dYi () = (Y1 ()) dW(w), Yo(w) =y, ey

fory e Rand f € Cg (R) that will again be of C!/>~¢-regularity. The solution obtained in
this manner then agrees with the solution to the corresponding Stratonovich SDE. However,
somehow one feels that more information about the solution can be obtained if we could
employ some extra information about the regularity of the Wiener path. It is known, for
example, that Wiener paths belong, almost surely, to the Besov space B},{ §o([0, 1]) for all

p € [1,00) but not to the space B},{;([O, 1]) for any ¢ < oo (see [3]). Therefore, by
choosing p € [1, co) and by appealing to the Besov extension of rough paths in [12] (namely
to Theorem 5.6 therein), one in fact obtains that the solution to the RDE (1) is actually of
B [1,/ 50 -regularity. On the other hand, it is also known that Wiener paths belong, almost surely,

to the modular Holder space C Irlogr|!/? ([0, 1]), see [18], but this space and the Besov space
B ,1,/ io ([0, 1]) are not included in one another. It was then soon realized that one can quantify

the asymptotic growth of the L”-modulus of continuity inside the B 11,/ go—norm and show that

Wiener paths belong, almost surely, to the exponential Besov—Orlicz space Bgz 2,00([0, 1)),

2 . . .
where ®,(x) =e* — 1, see [4], that lies in the intersection of the two spaces.
In fact, the exponential Besov—Orlicz spaces

Bgﬁ’m([o, 1]) for a € (0,1) and g~ e’ — 1 with B € (0, 00)

appear to form a very natural scale of function spaces for a multitude of stochastic processes.
For example, such path regularity is obtained for continuous local martingales with Lipschitz
continuous quadratic variation (whose prototypical example is the Wiener process) or for
the fractionally filtered Hermite processes in the n'" Wiener chaos with the Hurst parameter
H € (0, 1) [1] (with examples such as the fractional Brownian motion [9] or the Rosenblatt

process [31]) and while the former processes are known to have paths in Bclb/z 2 5o ([0, 1]), see

[23, Theorem 4.1], the latter have paths in Bgz/moo([o, 1]), see [7, Corollary 4.2]. Other
results on Besov—Orlicz regularity of stochastic processes are also given in [24, 35].

In the present article, we therefore aim to solve differential equations of the form
dy, = f(¥YpdX,, Yo=y,

on the interval [0, T] for T € (0,00),y € R", f € Cbz’l(R’",R”’X"), and a path X in

the exponential Besov—Orlicz space B%ﬁ,q([O, T, R") for @ € (1/3,1/2], B € (0, o),
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Rough Differential Equations Driven... Page 3 of 41 3

q € (0,00], and m,n € N. In order to do so, we employ the rough path machinery; that
is, initially, we extend the definition of the classical exponential Besov—Orlicz spaces to the
exponential Besov—Orlicz-type spaces of multivariate maps that are suitable for rough path
analysis and give several of their properties. This is done in Section 3. We then proceed, in
Section 4, with the definition of an exponential Besov—Orlicz rough path X and show that
the paths of the stochastic processes mentioned above can be indeed lifted to such rough
paths. Subsequently, controlled rough paths are defined and their properties such as their
stability under compositions with Cg-functions are given. We then prove a sewing lemma
that is subsequently used to define a rough integral for paths of the considered Besov—Orlicz
regularity. Finally, in Section 5, we consider the (rough) DE

dy; = f(YpdX;, Yo=y,

and we give the main result of the article in Theorem 5.2 where we show that the equation
admits a unique solution of Bgﬁ o-regularity. As a consequence, not only do we obtain

B<11>/2 2 «o-Tegularity of the solution to equation (1), which improves the known results on DEs

driven by Wiener paths, but we also obtain Besov—Orlicz regularity of Stratonovich-type DEs
driven by paths of other, possibly non-Gaussian and non-Markovian, stochastic processes.

2 Preliminaries: Holder and Besov Spaces

Let us begin by listing the basic notation and function spaces used throughout the article and
by recalling the definitions of Holder-type and Besov-type spaces used in the theory of rough
paths.

2.1 Basic Notation and Function Spaces

We use the following convention throughout the article: We write A < B if there exists a
finite positive constant C such that A < CB. If C depends on some parameter 6, we write
either A <p Bor A < C(H)B.If A, B, and C also depend on an additional parameter
T > 0, i.e. the inequality A(T) < C(@, T)B(T) holds for all T > 0, we may wish to stress
that C(6, -) is nondecreasing (in particular, the value of C (6, T') will not tend to infinity as
T — 0+4), we write A(T) 55 B(T). The value of the constant itself can change from one
line to another without any additional comment.

In the list of function spaces below, let n € N, let (V1, |- |y,) and (V3, | - |y,) be finite-
dimensional normed vector spaces, let (E, d) be a nonempty metric space and let V C V.
We note that the definitions of the spaces of E-valued functions below formally depend on the
particular choice of ¢y € E. However, with a different choice of e(, only the respective norms
differ while the function spaces themselves remain the same. For simplicity, we therefore
assume that eg € E is fixed. When E is a Banach space, we naturally choose ¢p = 0.

e For m,k € N, we denote the space of (m x k)-matrices by R”>**. With b € R™ and
b € R¥, we note that the Hilbert-Schmidt norm | - [gmx« is compatible, i.e. |bb | |gmxc <
|b|gm |b|gk, and symmetric, i.e. |bb " |gmxk = |bb " |gixm.

e We denote the space of all bounded linear operators from Vi to V, by £(V; V) and
the space of n-ary linear operator from the n-product space Vi x Vi x --- x Vj to ¥V,
by LMV x Vi x -+ x Vi; V).
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3 Page4of4l P.  Coupeketal.

e We denote the space of all continuous functions from V to E by C(V; E). Similarly,
the space of all bounded continuous functions from V to E is denoted by Cp,(V; E). We
equip Cp(V; E) with the supremum norm || f|lc,(v:E) = Sup,cy d(fv, €0).

e If Visopen, f € C(V;V,),and f is Fréchet-differentiable in V, we denote the Fréchet
derivative of f by Df : V — L(V; V>). Similarly, the symbol D" f : V — LM (V] x
Vi x --- x Vq; V») stands for the n-th Fréchet derivative if it exists.

e Forn € N, we denote

C;}(V;Vz):{f:V%Vz ’Dkfer(V;E(k)(Vl x Vi x---le;Vz)),kzo,...,n},

where, for k = 0, we identify the respective space of O-ary operators with V,. We equip
the space C} (V; V3) with the norm

_ k
1A llegvsvm = DI Fll e, 20 vy oV
k=0

e For o € (0, 1], the space of «-Holder (resp. Lipschitz for « = 1) continuous functions
C%(V; E) is defined by

COUVLE) = {f € C(V; E) | [f1couqy:py < o),

where

d(fv. f5)
[flcoey. gy = sup —————.
vev [V — U|V1
VFED
Note that if &« € (0, 1), we simply write C*(V; E) := cOeV: E).
e Forn e Nand o € (0, 1], we denote

Cy*(ViE):={f € CQ(V; E) | D" f € C**(V; E))

and equip it with the norm

o— n
”f”CZ“"(V;E) = ||f||C,’j(V;E) +[D f]COv“(V;EW(V] XV X xV1: V)"

e ForO C R”, £(0) denotes the o -algebra of Lebesgue measurable subsets of O and B (E)
denotes the o -algebra of Borel measurable subsets of E. We write L?(O; E) for the set of
equivalence classes of measurable functions f : (O, £(0)) — (E, B(E)) with respect
to equality almost everywhere.

e For p € (0,00] and f € L?([0, T]; E), we define the L”-modulus of continuity by

wp(f,t)= sup |d(f., fam)llLrqo,r—ny. T €[0,T].
hel0,7]

e Leta € (0,1) and p, g € (0, oo]. The Besov space B“’ [0, T']; E) is defined by
B3, (0.T% ) = [ £ € LP(0, T1: E) | [£1ag o) < 00}

where
w]? (f5 t)

T(X

[f1Be qo,11E) = H .
e L4(10,71,45)

We remark that the form of [ -] B, (10.T]:E) above corresponds to characterization of
standard Besov space by differences see e.g. [30, Section 5.2.2].
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2.2 Holder-type and Besov-type Spaces

We now recall the definitions of Holder-type and Besov-type spaces used in the theory of
rough paths. The Besov-type spaces were first defined in [12] to which we refer the reader
for a more detailed exposition. Let us fix d € {2, 3}, T € (0, 00), and a normed vector space
(V, | - |v) for the rest of this section. We denote

A0, T = {(u1, ... ug) €10, TV |uy < -+ < ug).

For f : [0,T] — Vand & : A%[0,T] — V, we define §f : A2[0,T] — V and §5 :
A3[0,T] — Vby

Sfsu=fi — fs, (s, 1) € A%[0, T1,
885wt = Est— Esu — Burr (s,u,1) € £30,T].

We note that (8 f )~z 0. Next, we construct the space of measurable functions on the simplex
A0, T]. Let &, & : (AY[0, T1, £(A[0, T]) — (V, B(V)). For d = 2, we define

(6]}

if 2,44 = &y ,4p forall h € [0, T] and almost all r € [0, T — ],

’:Nz
=

and, similarly, for d = 3, let

(651}

’:»\,3
[

if & rq0nr4n = E‘?,,HGh,,M forall h € [0, T],all 6 € [0, 1], and almost all ¥ € [0, T — h].

It is straightforward to show that ~; is an equivalence. We then define L0:d (10, T]; V) as
the space of all equivalence classes of measurable functions (Ad [0, T], S(Ad[O, T))) —
(V,B(V)) with respect to equivalence ~.

We can now recall the definition of the Holder and Besov-type spaces. For o € (0, 00),
we define the a-Holder-type space by

C2([0, T V) = {8 : 22[0, T] = V | |1 Ellcego.77:v) < 0+

where
1z |Ehr+h |V
| cw2 0,T1;V = sup s
OTED = 2y s
0<r<T—-h

Note that if @ € (0, 1), then [f]CO‘([O,T];V) = “(Sf”C"?z([O,T];V)'
For p € (0,00] and & € L%4([0, T1; V), the L?-modulus of continuity of = is defined
by

sup | &, +nllLeqo,7—n;vy, d=2,
o8, 7) = {0 - r [0, 7],
sup sup ||&. .4on, . +nllLeqo,r—nvy, d =3,
0¢€l0,1] hel0,1]

and for o € (0, c0) and p, g € (0, co], we define the Besov-type space Bgfg([O, T1; V) by

a;d . _ = 0;d . [=d
By 0. 71 V) = { & € L0, T1V) [ 121 g oy < 0
where
_ B 0% (&, 1)
& ”B;:j;’([o,TJ;V) = T« :
La([0.7],4%)
Note that for @ & (0, 1), it holds that [ f15g ,qo.71:v) = I8.f | g2 0, 7.5
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3 Page6of4l P.  Coupeketal.

2.3 Exponential Orlicz Spaces

Let us first recall some basic facts on exponential Orlicz spaces that will be needed for our
analysis. For a thorough exposition, we refer the reader to the excellent monographs [25]
and [27]. Let 8 € (0, 00) and set xg = (%)1/’3 for B < 1and xg = 0 for 8 > 1. Define
Vg, Eg, ®g : [0, 00) — [0, 00) by

Wg(x) = exp(xﬂ) — 1,

E _ s, x € [xp, 00),
ﬁ(x) - /
Vg (xp) + Wg(xp)(x —xp), x €[0,xp),
Dg(x) = Eg(x) — Eg(0),
for x > 0. It is easily seen that ®g is a convex function such that ®5(0) = 0 and
lim ®g(x) = oo. Consequently, ®g is an example of Young function. Let D C R
X—>00

be a bounded (nondegenerate) interval. Recall that the (real) exponential Orlicz space
L®(D;R) = L® (D) = L%# is defined as the linear space

L‘Dﬂ(D;R)z[feLO(D;R)‘HAe(O,oo):/ q>,3<”;’|> dr<oo}
D

and the subspace of its finite elements Lgnﬂ (D; R) = L:f (D) = Lgf is defined as

VAG(O,oo):/ <1>,j<|f’|> dr<oo}.
D A

Endowed with the Luxemburg (or gauge) norm

£, o :inf{)»e(O,oo) ‘/;)dm(

the space L®# is a Banach space with Lgbf being its closed subspace. We emphasize that

Ly?(D; R) C L (D; R) by, e.g., [25, Remark 4.12.4].
Roughly speaking, exponential Orlicz spaces measure the asymptotic growth of L”-norms
as p increases. More precisely, there is the following equivalence (see [4, Theorem (3.4)]):

LMD R) = {f e L°(D; R)

|frl
A

)drgl}, felL®,

_1
” : ”Lq’ﬂ (0,17 S/ﬂ sup p B ” . ||LP([0,1]) Sﬁ ” : ”Lq’ﬂ (0,11)" (2)
PEll,00)

It is possible to construct exponential Orlicz spaces of metric space-valued functions. Let
(E, d) be a nonempty metric space. Let again 8 € (0, 00) and let D € R be a bounded
nondegenerate interval. The exponential Orlicz space of E-valued functions L®#(D; E) is
the space

L (D;E) = {f € L%D; E) |3ep € E 1 d(f., e0) € L* (D; R) }
and the subspace of its finite elements Lg)f (D; E)is

Lyt (D By = [ 1 € LYD; B) [3eo € E 2 d(f.e0) € Lt (DR |
The Luxemburg norm of f € L®#(D; E) is defined by

“f”L(bﬁ(D;E) = ||d(f-»€o)||L¢ﬁ(D;R)
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Rough Differential Equations Driven... Page 7 of 41 3

foreg € E fixed. There are the following observations for the space L®# (D; E) (and similarly
for the space Lgif’ (D; E)):

o If fe L8 (D; E), then, forany e € E,itholdsthatd(f.,e) € L8 (Dj; R). In particular,
as discussed in Section 2.1, the choice of ¢y € E does not change the function space.
e Fix T € (0,00),h €[0,T],and e € E. Then

FeL®(0,T,E) =  d(fin e).d(f, fan) € L*(0, T —h]; R).

e If E is complete and separable, then (L% (D; E), I "’ﬁ(D-E)) is also complete.

: ”L
e If E is a linear space, then L% (D; E) is also a linear space.

In the rest of the article, we will only work with exponential (Besov—)Orlicz(-type) spaces
and we will omit the epithet “exponential" for simplicity. Below, we collect several properties
of Orlicz spaces and Orlicz norms that will be frequently used throughout the whole text. To
thisend, let T € (0, co) be fixed. We start by a, fairly obvious, result that we often implicitly
rely upon.

Lemma 2.1 Let B € (0, 00) and p € (0, 00). Then, forall f € L®6([0, TY), it holds

p _ P
|||f| ”Lq)ﬁ‘([O,T]) - ”f”Ld)/’ﬁ([O,T]).

The following claim is an extension of the equivalence (2).

Lemma 2.2 Let B € (0, 00). Then, for f € L®8([0, TY), it holds

1
o e Sposup p Pl fleeqory Sp LV DIl e -
av ey ~F SR p L (0.7])

Proof Define f7 : [0,11 — Rby fT = fr, forr € [0,1]1if T > 1 and by f] =
frarlio,r)(r) for r € [0, 11if T < 1. Then in all the four cases (8 > 1and T > 1,8 < 1
and 7T > 1,8 >1andT < l,and 8 < 1 and T < 1), we obtain f7 e L®#([0, 1]) and,
moreover, that

T T
”f ||L®ﬂ([0,lj) f ||f||L®ﬂ([0,TJ) f (1 i\ T)”f ”L(Dﬂ([o,lj)

holds. (When T' < 1, the inequality between the norms is trivial and when 7' > 1, one obtains
the estimate by using the fact that for every ¢ > 1, the inequality c(e* — 1) < e“* — 1 holds
for every x > 0.) As we also have, for every p € [1, 00), that

1
I flrqory = ANV TP eqoy.

we obtain the claim by appealing to equivalence (2). O
There is also a Holder-type inequality for the Luxemburg norm.
Lemma 2.3 Let B1, B2 € (1, 00) be such that B12 = B1 + B2. Then the inequality
178l oo,y S 120 g0, 181 152 .1,

holds forall f, g € LO([O, T1). Moreover, if B € (0, 00), then

1 1
< By P BB
||fg||Ld>,s([0’T]) S S ”L“’ﬂl ([O’T])lllgl ”Ld’/’z 1) 3)
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3 Page8of4l P.  Coupeketal.

Proof The first claim is a special case of Holder’s inequality for Orlicz spaces, see e.g. [27,
Theorem 7, p. 64]). The rest follows from the first claim and Lemma 2.1 by the estimate

1 1 1
— 11 7elP)” <fEL? g7
17802 0. = 81 oy gy S WP gy o WP Ny o

[m}

We finish this section by an embedding result from [27, Theorem 3, p. 155] that can also
be immediately obtained (albeit with a possibly worse constant) by repeated application of
Lemma 2.2.

Proposition 2.4 Let By, o € (0,00) be such that By < Bo. If f € L% ([0, TY), then
f e L®1([0, T1) and it holds

1128, o,y Seree LV TN o .1

3 Exponential Besov-Orlicz-type Spaces
3.1 Univariate Besov-Orlicz Spaces

Let us now review basic results on the Besov—Orlicz spaces of functions with values in metric
spaces that will be needed for our analysis. Let us fix 7 € (0, 00), @ € (0, 1), 8 € (0, 00),
g € (0, o0], and a nonempty complete separable metric space (E, d) for the rest of this
section.

Definition 3.1 For f € L®([0, T]) and t € [0, T], set
way (f, 1) = sup [ld(f, fan)ll o —n*
B hel 7] LB ([0,T—h])
The exponential Besov—Orlicz space is defined as
B%ﬂ,q([O, T, E) = [f e L®([0,T]; E) ‘ [f]B%ﬂvq([O,T];E) < OO] ,
where

C!)cl)ﬂ (fs T)

T

Lflsz  (o,711E) = H .
o L9([0,71,45)

There are the following observations for the space Bgﬁ, q ([0, T]; E).

e The map [']Bgﬁ,q
qg=1.
e If E is alinear space, then B(‘f)ﬁ’ q ([0, T]; E) is also a linear space. In this case, we define

(10,71 E) 18 a (quazi)seminorm on Bg,ﬁ’q([o, T]; E) and a seminorm if

_ gnl
ng’ﬁJ/ (f’ g) - ”f - g”Lq’/j ([0,T1;E) + [f - g]B%ﬁ,q([O'T];E) (4)

for f,g € Bgﬂyq([o, T1]; E). Then it follows that dggﬂ . is a metric on ngﬂ,q([o, T, E)

and as the metric space (E, d) is complete and separable, the metric space
(Boyq(10. T1 E). dpg  q0.71:E))

is also complete.
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Rough Differential Equations Driven... Page 9 of 41 3

Next, we summarize the embeddings between Besov—Orlicz spaces and Besov and Holder
spaces.

Proposition3.2 Let f € By (0. T1: E). Then for any p € [1,00) and p' € (L, 00), it
holds

[f1sg ,q0.11:8) Sp.p AV DS IBg,  10.71:8)-

4

[f]ca—l/p/([(),T];E) Sa,ﬂ,p’,q (1v T)[f]Bgﬂ.q([O,T];E)-

In particular, the inclusion Bg,ﬂ,q([o, T; E) CL°°([0,T]; E) < Lgf ([0, T'1; E) holds.
Proof The first embedding B%ﬁ’q([o, T E) — Bg!q([O, T]; E) is an immediate conse-
quence of Lemma 2.2. The second embedding then follows from the first one and the
classical Sobolev embedding from, e.g., [29, Theorem 3.3.1]. Thus, since the elements of
B%ﬁ . ([0, T]; E) are bounded, the remaining claim follows from a straightforward estimate.0

The Besov—Orlicz (quazi)seminorm allows a discrete characterization which will be useful
below.

Proposition 3.3 For f € B%ﬂ’q([o, T]; E), it holds

[flsg, ,@0.11E) Saq H(TZ_”)_a Id(fs frro-ml L2p 0.7 12-1)) Seq flsg, q0.11:6)-

4 i (n=1,2,...) 4

Proof The proofs of both inequalities are similar to the proofs of the corresponding inequal-
ities in [12, Lemma 2.2]. We therefore omit the details and only discuss the nonobvious
differences.

The proof of the first inequality uses the continuity of the map H : [0, T] — [0, o0)
defined by & +— ||d(f., ‘f'+h)”Lq>ﬁ([0,T7h])' While this continuity is almost trivial in the

standard L?-case, it requires a more careful approach in the case of exponential Orlicz spaces.
The continuity of H at 0 follows immediately from f € B%ﬁ, q ([0, T]; E) by contradiction.

To prove its continuity in (0, '], let 0 < hy < hy < T be arbitrary. Then it holds that
H(hy) < |ld(f., f+hl)“L“’f3([0,T—h2]) + ld(fsny s f’+h2)”L“’f3([0,T—h2]) < H(hy) + H(hy — hy).

Moreover, by splitting the interval [0, T — hp] into [0, T — hy] and [T — ho, T — h1], we
deduce

Hhy) < ldCfs Fandl o6 qo.7pypy TN Fand 98 o1y 7y

= H(h2) +d(fvnys fam)l pop o 7—pyyy T 14 Lrnd N pos g _py 7—ny)

< H(ho) + H(ha = h) + 1dCF €0l 3 qr 7y + 190 €N oy
By combining the two estimates above, we obtain
|H (ha) = H(h1)| < H(ha —h1) + d(f el op 7y, 7y T 14 € 96 17— ynpy 1

The term H (hy — hy) converges to 0 as (ho — h1) — 0 by the continuity of H at 0. Let
us show the convergence to 0 of the second term; the convergence of the third term follows

similarly. Since f € Lg)[f ([0, T]; E) by Lemma 3.2, the convergence

T—h
lim Y (M) dr=0 5)

hy—hi+ T—hs A
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holds forall € (0, co) by the continuity of the Lebesgue integral. If [|d ( /., eo) ||, @5 (T - T—h1])
does not converge to 0, we may find ¢ € (0, co) and a sequence {h"}7° | satisfying A" \(

such that _—
—h d
/ <bﬂ<w>dr§l}>e
T—hn

for all n € N. In particular, for all n € N, it holds

T—h d
/ Dy <7(f’§’e°)> dr > 1,
T—h" 2

which is a contradiction with (5). O

inf {k € (0, 00)

The following proposition discusses the embeddings of Besov—Orlicz spaces.

Proposition 3.4 Let oy, o € (0, 1), B1, B2 € (0, 00), and q1, g2 € (0, oo] satisfy a1 < aa,
B1 < B2, and q1 > qa. Then for all f € L°([0, T1; E), the following inequalities hold:

[f1pe L0.TLE) = T al[f]B"‘z L(0.TLE)

[f]Bg L00.71E) Spr.pr 1V T) [f]Bg ,(0.T1E)s
[f1Be

8%, (0.T1E) Seqrax [f1Bg, | qo.11E)-

Proof The first inequality follows from the definition of the Besov—Orlicz (quazi)seminorm
directly. The second inequality can then be deduced from Proposition 2.4 and the third
inequality can be established by appealing to Proposition 3.3 and the monotonicity of £9-
spaces. O

The smoothness parameter « plays a more prominent role than the fine parameter g. In
particular, a Besov—Orlicz space with smaller @ contains Besov—Orlicz spaces of any larger
q. More precisely, there is the following embedding result:

Proposition 3.5 If¢ € (0, @), q1,q2 € (0, <), and f € B ([0, T]); E), then

Pp.q2

T
[f]ng%eql (0.71:E) Sae.qr Lf18g By, o(0.T1:E) Seq [f]Bq)/j o, (0.T1:E)-
Proof We have

€

(e a\9
f]Bgﬂéql ([0,T];E) Sa,&‘,ql (Z( ”d(f f+T2 ")”L‘pﬂ([o T—T2— n])) )

1
S a1
—n\— q1 _
<T°* (sup ((Tz ”) “ld(f., f-+T2’”)“Ld’ﬂ([o,r—n*"])) E 2 nsq1>

neN n=1
T
S [f]Bgﬁm([O,TJ;E)

S [f]Bgﬁ_qz([o,T];E)

where we used Proposition 3.3 in the first and the third inequality and the last inequality
follows by the third assertion of Proposition 3.4.
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For e € E, the subspace of B%ﬂ,q ([0, T]; E) of all functions originating from e is denoted
by
By, 4(0.T1 E.e) = {f € By, ,(I0.T]: E) | fo =e}. (6)

Note that the space Bg‘)ﬁ’q([O, T1; E, e) is well-defined since B%B,q([o, T, E)CC(0,T]; E)
by Proposition 3.2. In the rest of this section, we discuss Besov—Orlicz spaces of functions
with values in a separable Banach space V. In particular, we establish equivalence of cer-
tain norms and recall that the seminorm [ - ] B, ,(0.T1:V) is a norm on affine subspaces of

B%ﬁ q ([0, T]; V) of the form (6) for ¢ > 1. This will be important for controlled rough paths
in subsequent sections.

Proposition 3.6 Ler (V, |- |v) be a separable Banach space.
i) The mappings
Noy B% U0, TLEV) — R fr= (Ll o5 0,71, +[f]BD‘ 10.T1:¥))
Ny : Bq>ﬂ,q([0, T V) > R: f= (Ifolv+ [f]Bf’I’)ﬁ’q([O,T];V))’

Noo : By, o (0. T1: V) — R: f = (Il fllzeo.r1:v) + [f]Bg> L10.71V))

are equivalent quazinorms on ngﬁ,q([o, T1; V), resp. equivalent norms if ¢ > 1, and,
for f € By, (0. T1: V), it holds

TNo(f) S Naﬁq Noy(f) S Naﬁ q No(f),

TNoo(f) Naﬂq NCDﬂ(f) Naﬂ q Noo(f)-

Moreover, for all p € (é, 00), it holds

1
I fllLooo,71:v) Sapgp | folv + T 71V T)[f]Bg‘)ﬁ.q([O,TJ;V)-

ii) Letv € V and set X
qn
P8y =1 —8lgy  qoriv)

for f,g € Bq)ﬂq([O, T1;V,v). Then p is a metric on Bg‘)ﬁ’q([O, T1;V,v) and,
[.]Bélb L(0.T1V) is a quazinorm, resp. norm if ¢ > 1, on B%ﬂyq([O, T1;V,v). More-
over, B%ﬂ’q([O, T1; V,v) is a closed (affine) subspace of B%ﬁ’q([o, T1; V).

We note that the constants in Proposition 3.6 depend on 7 in a nondecreasing manner.

Proof The proof of the equivalence of the norms mirrors the standard proofs of the equivalence
of the norms on spaces of Holder-continuous functions and it is therefore omitted. The
remaining estimate in i) can be established by

_1
| f Lo, vy < 1folv + Sl(l)P Ifr = folv < 1folv + T P [flca-1/r0.77:)
rel0,7]

and the embedding into Holder-continuous functions from Proposition 3.2. The properties
of pand f +— [f] Bg,e ,(0.71:) follow from the definitions and the restriction fy = v. O
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3 Page 12 of 41 P.  Coupeketal.

3.2 Multivariate Besov-Orlicz-type Spaces

In this section, Besov—Orlicz-type spaces of multivariate maps suitable for rough path analysis
are defined and some of their properties are collected. In the whole section, let us fix a
nonempty separable Banach space (V, |- |y),d € {2,3}, T € (0,00), @ € (0,00), B €
(0, 00), and g € (0, oo].

Definition 3.7 For & € L%4([0, T]; V) and 7 € [0, T, set

sup 1 by 20 g0,y i—2,
hel0,7] | |V L8 ([0,T—h))

sup  sup |||Er,r+9h,r+h| I g AN d=3.
0€[0,1] hel0,7] VELTRA0.T=hD

)

d o
wq,ﬂ(.:,r):

We define the (multivariate) exponential Besov—Orlicz-type space by

By (0. T V) = {: € L%(0, T V)

1&gt o710 = Oo} ’

where J
Cr (&, 1)

o

” E ” pud = .
(10,T1;V)
o La([0,71,4%)

There are the following observations for the space Bg‘,;ﬂd, q (10, T]; V).

is a quazinorm on B%4 ([0, T]; V) and a norm ifg > 1.

e The map || - ”Bg;;, ®p.q

(0, TEV)
o If we define

‘ o By 5 E:' gnl
dB;’/;{q([O,T];V)(H’ &=l ”Bg;’_q([o,T];V) ®)
— o;d . . . ad .
forZ, & e Bcpﬂ’q([O, T1; V),thenthemadegﬁq([O,TW) is ametric on B%’q([O, T1; V).
As (V, | - |y) is a separable Banach space, the space Bgﬁq ([0, T]; V) is also a Banach
space.

First, we summarize the relation of the Besov—Orlicz-type spaces to the Besov-type and
Holder-type spaces defined in Section 2.

Proposition 3.8 Ler & € Bgﬁq([o, T1; V), then for all p € [1, 00) it holds
= . < = .
1E 1 o2 1o, 7wy Sp.p AV DINE ”B;;q([o,TJ;V)‘
IfV = R™ and if, additionally, E satisfies
_1
188 uilmm <M ((—35) At —u) (—s)v (@t —u)'=0) ©)

for some M € (0, 00), 8 € (0, %], p € (é, 00), and all (s,u,t) € A3[O, T, then E has a
continuous version and it holds

”E”C“—l/l’?z([(),T];R’") SQ,a,ﬁ,p (1 v T)”E:”BLY:2 ([0,T];R™) + M
CDﬁ.q e
Proof The first claim follows from the definitions of the respective norms and Lemma 2.2

immediately. The second claim can be established by [12, Proposition 2.7] and the first
claim. ]
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Next, we give an interpolation result whose proof is similar to that of [12, Lemma 2.7]
and is therefore omitted.

Lemma3.9 Lety € (a, 00), B € (B, 00), and § € (0, 00) satisfy §(1 — g) + yg —a > 0.
Then
ﬁ ﬁ

=
=/

)+V/ S
TR ||-4||

B e < ras T
I ”Bw’;,.qﬂo,TJ;V) ~ey. b0 CHE 0. 1) Bg;qqo,ﬂ;w

holds for any & € L%2([0, T1; V).

In the rest of the section, we discuss embeddings of the Besov—Orlicz-type spaces defined
above. The monotonicity of Besov—Orlicz-type spaces with respect to the smoothness param-
eter « and the integrability parameter 8 can be established analogously as in Proposition 3.4
and therefore, we skip the proof.

Proposition 3.10 If o1, a2, B1, B2 € (0, 00) satisfy a1 < ap and By < B, then

< TN E gaya

IE ger:a
Bgll ', (10.71:) = O

¢ﬂq B

(10.71;V)’

”u”Bad ([OT 1B%) Nﬂ] /52 (1VT)||“||B°(d ([()T] V)

hold for £ € L%4([0, T]; V).

Compared to the standard Besov—Orlicz, resp. Besov, spaces the definition of the Besov—
Orlicz-type, resp. Besov-type, space does not enforce the boundedness of a)fbﬂ (&,)onl[0, T].
Thus, the monotonicity of the Besov—Orlicz-type spaces with respect to the fine parameter g
does not hold without additional assumptions. We demonstrate this in the following example.

Example3.11 Let6 € (1, o0) and consider 7 : A2[0, T] — R such that

» (T =)~z 7y(h)

g0in= . hel0,T), rel0,T —hl.

” 1 ” L‘Dﬂ ([O,T—h])

Then &7 € B%‘;q([o, T]; R) if and only if ¢ < 0—11. Hence, choosing 0 < g3 < ﬁ < q1,

we observe ||59||Ba;2 = oo while ||EB||BD,;2 < 0.
@g. ®g.4q

¢ (0. TLR) , (0. TLR)

Proposition 3.12 Let g1, q» € (0, 0] be such that g» < qy and let & € By~ ([0, T]; R™).

Then the following holds:

(1) Let wéﬁ(E], -) be bounded on [0, T). Then E € B%ﬁql ([0, T]; R™).

(2) If (9) holds for some M € (0, o), 8 € (0, %], p € (é, 00), and all (s, u, 1) € A3[0, T,
then wéﬂ (&, -) is bounded on [0, T and there is the following estimate:

‘Dtiz

”‘—‘ ” ([0 T];R™) No( ﬂ Pq1,92 ”‘-‘ ” ([0 T];R™) + MT—F
With a slight abuse of terminology, we will often refer to the result of Proposition 3.12

%2 < B%? " and we will not mention the additional assumptions

o .
as “the inclusion Bcl,ﬂ,q2 € By, g

explicitly.
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3 Page 14 of 41 P.  Coupeketal.

Proof To prove the first claim, we first assume go < oo and ¢ = oo. Since & €
B%ﬁ o ([0, T]; R™), the function T a)éﬁ(EJ , T)T ¢ is bounded near 0 and thus, by the

assumption on boundedness of a)éﬂ (Z, ), we obtain & € B%?__ ([0, T]; R™). For ¢; < o0,

<1>ﬁ,oo
the inclusion Bg;ﬂz qz([O, T; R™) C Bg’;ﬂz . ([0, T1; R™) then follows by the straightforward
estimate
120 e qorrmm < 1Ege2 o rrmm ' 2 NENge2 (o p1pm ™™ < 00
o gy (0.TIRM) & 0o (0.TLR™) o 4y (0.TLE™)

—

Regarding the second claim, Proposition 3.8 implies & € C*~'/7:2([0, T]; R™) and
hence, by Lemma 2.2, it holds that

1

T—h ¥

2 — T -3 — —

a)q)ﬁ(.:, T) Sﬁ sup supp # (/ |~'—‘4r,r+h|pdr> <& ”wal/p:Z([(),T];RM)Ta < 0.
0<h=<T p=1 0

Let us show the explicit bound for g; < oo; the case g1 = oo can be established similarly.
First, from (9), we deduce that

<& +MTY™

1
&+l L2 0. 7—ny) il qo,r—my IE w8 nll 28 q0,7—m) I Lop 0,7

holds for every & € [0, T']. Since |1 ”L‘Dﬁ([o T—ny = Cg(1 v T) for some Cg € (0, c0) by a
direct calculation, the above implies '

T 1
wp, (B, T) < 2wg, (: E) + My T 7, (10)

where we write Mg 7 = MCg(1 v T) for brevity.

Next, we estimate || Z || B2 ([0.T1:RM) by a discrete sum similarly as in Proposition
@ IR b}
£-41

3.3. In particular, we split the interval [0, T'] in the outer integral in the definition of

||E||Bo(;2 (0.7]:R™) into intervals [T2~"~!, T27"], n € Ny, and use the estimates
®ﬁvql ([0,T1;

T < (Tz—n—l)—otql and wéﬂ (8,7) < a)gbﬁ(E, 727

that holds for t € [T27"~!, T27"] to obtain

€L
q1

L2\ S an, 2 -\ \?!
1€0ag2, qo.rem < (082)7 <?> (Z(z w0y, (5. 727) ) A

n=0

Applying (10) to the zeroth term of the sum in (11) and recalling the monotonicity of £9-
spaces and the inequality (a+b)? < 29(a?+b%) thatholds fora, b € [0, c0) andg € [0, 00),
one derives

1
oo

a2
= - 2 o —ny\ 2 -1
1E0ag2 qorymm Saara T “(E (2w}, (5. 727) ) +Mp T 7.

n=1
The desired claim now follows from the inequality

o0

a2 QT
> (27wh, (3. 12) " = B,
1 g Pgagp T
which can be proved similarly as (11). O
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4 Exponential Besov-Orlicz rough Paths

In this section, we study the exponential Besov—Orlicz rough paths and the related results
such as a sewing lemma, rough integral and its stability. Our treatment is not essentially
different from the ones in, e.g., Friz and Hairer [10] and Friz and Seeger [12]. However, in
contrast to the latter reference, we consider only compositions of controlled rough paths with
C 2 functions, see the discussion above Theorem 4.11 below.

Leta (%, %], B € (0, 00), and g € (0, oo] be fixed in the whole section.

4.1 The Space of Exponential Besov-Orlicz rough Paths

We begin by the definition of the Besov—Orlicz rough paths and provide some basic estimates.

([0, T1; R") and X € B2%? ([0, T]; R"*") satisfy the so-

o «
Definition 4.1 Let X € B ®p)2.0/2

. . qDﬂ’q
called Chen’s relations, i.e.

X — X — X = 0X)8Xu) ", (s,u,0) € 230, T

Then the pair X = (X, X) is called an exponential Besov—Orlicz rough path (over R"), or
an exponential Besov—Orlicz rough path lift of X. We denote the space of all exponential
Besov—Orlicz rough paths by %‘éﬂ ¢ = ‘%%,a,q ([0, T]; R™).

In what follows, we show that a Besov—Orlicz rough path can be identified with a function
that takes values in a truncated tensor algebra of level 2 of Besov—Orlicz regularity. Recall
that the truncated tensor algebras of level 1 and of level 2 are defined by

TV@®") ={(1.b)|b € R"} and T{P(R") ={(1,b.c)|b € R",c € R™"},
respectively. We also define
8 TP ®RY = TP R - (1,b,¢) > (1, b, 3%¢),
1 TP ®RY — TV R : (1,b, ¢) = (1,b),
o TP ®RY - TP R : (1,b,¢) ~ (1, b, ¢).
and recall that the tensor product ® on Tl(z) (R™) is defined by
(1,b,eo)® (1,6, &) = (1,b+b,c+E+bb")

for (1, b, ¢), (1,5, & € T, (R"). Clearly, (1,0, 0) is the unit element with respect to ® and
(1,b,¢)"t = (1, —=b, —c + bb ). Moreover, we define

N:TP®") - R: (1,b, ¢) > max {|b|Rn, \/2|C|Rm}

and |
-t 7,2 R - R :x — SN0+ NG,

It is possible to show that the map

dpoge TP ®R) x TP R > R:(xy) = X' @yl

T1(2> Rn

is a metric on the space Tl(z) (R") and that this space when endowed with metric d..) ®") is
1

separable.
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On the other hand, on the space %’cb 4 We define the map

”'X”'%%ﬂ.q = Xlgg , + ”X”22a2

‘1’5/2 q/2
for X = (X,X) € %g‘)ﬂ 7 With a slight abuse of terminology, we call || - |II%% the
, B4

exponential Besov—Orlicz rough path norm even though it is homogeneous only in the sense
that
8, X = |AIXII
193Xl = IMIX I,

holds for any A € R and X € % yq.ForX:(X,X),f( (X X)e%q) g Weset

%a (X X) = dBa (X X) +dpen (X X),
®p/2:4/2
where the metrics d Bg,s . and d B2 are defined by (4) and (8), respectively. We call
’ ®p/2.4/2

P, » the exponential Besov—Orlicz rough path metric.

Finally, let us note that, for X = (X, X) € ﬂ%ﬂ’q, the notation XV := §X and X® := X
will sometimes be used.
Lemma4d.2 Let X = (X, X) € ﬂq) q and p € (é, o0). Then, forall (s, u,t) € A3[0, T, it
holds

2(a—1)

8K aaliren Sip.pg XThg | (=9 AG=w)@=s9v@-uw2)" "

and

8K = Kpsunalrrn S5 g ((Xlag, [X = Xlgg, | +1X = Xlag [XIsg )

@=1)

(=9 na—upbw—sva—unt) 7

Proof The first claim follows from Chen’s relations, the compatibility of the R**”-norm and
the embedding B§, , < C «=1/P from Proposition 3.2 by

1
2 a—— o——
16X u,t lRmen < [XTGgmryplu —sI™ 21t —ul™ 7

2(a—1)
Sppa Wy (=9 A= @ =) v —up?) ™ "

Similarly, we deduce
SX = Xyt = (Xsu) GX = X)) T+ (X = X)5) X))
and establish the second claim analogously. O

Lemma4.3 Let X, X € B,.qand p € (L, 00). Then, for k = 1,2, it holds
1
XN E ot/ S Xl -

B B k—j
IX® = XO| camr/mi2 aﬁ,,qE <|||rkX|||,5a VXl ga ) XD = XD a2
ot X @pd “’ﬂ/f /i
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Proof The result is an immediate consequence of similar bounds for Besov rough paths from
[12, Proposition 5.1] thanks to the embeddings B%ﬂ — By, from Proposition 3.2 and

q
Jjo2 Jjoi2 ..
B%/j’q/j — By, from Proposition 3.8. O
Lemma4.4 Let X, X € #§  and p € (5, 00). Then it holds
1 2

X par I Ty VT )X e

[ HB@;q Sep.pag € I Hl(,y(bﬁyq

~ T ol a3 2 ~ 2-j 0 <)
IX=Xllgo2 S I~ r~vT77) (IIIXIIIQ « VIIXlllga ) XY = X a2

By ~obpd ; 7 @54 Popa Boy .t

Proof The proof is analogous to [12, Lemma 5.1] with the appropriate Besov—Orlicz variants
of the interpolation result from Lemma 3.9 and the Holder-type bound Lemma 4.3 instead of
[12, Lemma 2.7] and [12, Proposition 5.1], respectively. We establish the first claim in detail
to illustrate the origin of the negative powers of 7.

From Lemma 3.9 (with § = 2o — %, y =2a, g in place of B8, and B’ = B), the inclusion

2

B from Lemma 4.2),
@ﬂ,q

B%ﬁ n S Bgﬁ o for g2 = g1 from Proposition 3.12 (with M = [X]
and from the Holder bound in Lemma 4.3, we obtain

1
2
2a:2

1 1
a—21
Xl ger Sappg T PIIXIIézu_z/p;ZIIXIIB
Cbﬂ.q q)ﬁ/qu

1

1 2 2
<T T 7 X1, Xl g2u: Xlge T77) .
Sepipg Il ”"%’%54 I ||Bét§/22'q/2 +1 ]Bg;ﬂ’q

The claim then follows from the definition of the norm on %% O

Pp.q°

The result that connects the space of Besov—Orlicz rough paths to the space of Tl(z) (R™)-
valued functions of exponential Besov—Orlicz regularity is given now.

Proposition 4.5 The following claims hold:

i) If (X,X) € %%, (0, TI;R"), then the T{” (R")-valued path x. = (1,6Xo,., %o,
satisfies x € Bg, (0, T1; T1(2) (R"), (1,0, 0)) and
|||X|||,@'§,,ﬂ_q(l0,T1:R”) =q [X]Bgﬂ’q([0,T];T1(2)(R"))' (12)
ii) Conversely,ifx € Bg ([0, T1; Ty (R"), (1,0,0)), define X = (X, X) by (1, 6X, 1, X )
= x;l QX forall (s,t) € A2[0, T]. Then X € %gﬂ’q([o, T1; R™) and (12) holds.

Proof 1In the first claim, equivalence (12) can be established from the definitions above by ele-
mentary estimates and Lemma 2.1. From Lemma4.3, we deduce that dT(z) ®" ((1,6Xo,.,Xp,.),
1

(1,0, 0)) is bounded on [0, T'] and thus x € L®#([0, T]; T1(2) (R™)) by Proposition 3.6.
Regarding the second claim, note that X (and in particular X) is indeed well-defined since,
ifx. = (1,b.,c.) forsomebd :[0,T] - R"and ¢ : [0, T] — R™*", then

X, ' ®@x% = (1,8bys, 8¢5 — bs(8bs ) 1), (s,1) € A0, T],

hence X = b. The proof of the second claim follows similarly as the proof of the first one.00
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4.2 Brownian Motion as an Exponential Besov-Orlicz Rough Path and Other
Examples

Below, we show that any path X € B%ﬁ’ q([O, T1; R) can be lifted to a Besov—Orlicz rough

path
X=(X.X) € Zg, ,(0, T]; R).

Theorem 4.6 Let X € B ([0, TI;R) and let F € Bgs> (10, T1; R) be an additive
function, i.e. let 8Fy,,; = 0 hold for all (s, u, t) € A3[0, T). Define X : A*[0, T] — R by

(6X;5.0)?
2

Xy = + Fyry (s,0) € £%[0,T].

Then X belongs to the space Bq, 81200 /2([0 T1; R) and satisfies Chen’s relations.

Proof Since [|(8X)2| B2 = [X]2 Be holds by the definitions of the respective
®g/2.9/2 ®g.q
quazi(semi)norms and Lemma 2.1, the desired bound can be established by the (quazi-

)triangle inequality as

X g2z Sq 16X N g2ez +IFllgrez = [X]Za +IFll oz < o0
®p2:a/2 ®p24/2 ®p/2:4/2 “ ®p/2:4/2
Chen’s relations can be verified directly. O

Let us fix a probability basis (2, .%, (% ):c[0,1], P) rich enough to carry any of the pro-
cesses below. Theorem 4.6 enables us to construct a rough path lift for any (R-valued)
continuous local martingale X with Lipschitz continuous quadratic variation. It is well-

known that for such a process, it holds that X (w) € Bl/? ([0, 1]; R) for a.a. w € £2; see

5,00
[23, Theorem 4.1]. Set ’
gio_ OXo? 8K s _ (6Xon)?
S, 2 2 St 2

for (s,t) € AZ[O 1] where (X) stands for the (probabilistic) quadratic variation of X. The
mapplngX coincides with the [t6 integral f (6Xs,r) dX, while the mapping XS”‘“ coincides
with the Stratonov1ch integral fs (6Xs,,) o dX,. By appealing to Lemma 4.6 with FSI}? =
—%S(X)S,, and FE?*“ = 0, we obtain

X"0w) = (X (), X)) € By, foraa e,

XStrat(w) — (X(C{)), XStrat(w)) e %(11)/22’00 fora.a. w € Q.

A canonical example of these constructions is the standard scalar Brownian motion W for
which we have that W (w) € Bg/” ([0, 1]: R) holds for a.a. € €2 (see [4, Theorem 5.8] for
a stand-alone proof). As far as Gaussian processes with lower regularity are concerned, the

scalar fractional Brownian motion W* with Hurst parameter H € (%, %] can be mentioned.
By [34, Corollary 5.3] (see also [5]), we have that WH(w) e BH ([0, 1]; R) holds for a.a.

o €  and therefore, we can apply Theorem 4.6 with WS ;= 2(6 t)z and F1 7 =0to
obtain
W () = (W (), W (0) € 25, ,, foraa oeQ.
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Finally, such regularity is also obtained for non-Gaussian processes. For example, if n € N
and B, B> € R are real numbers such that

1 1 I
0<Bi4oBr-Dtl<l, l—m=<pr<1, and = <k =B+ (fr—D+1< =,
2 n 3 2 2

then it holds for the fractionally filtered Hermite process Z#1#2: (see [7, p.318] and also
[1, Theorem 3.27] for the definition) that Z#1-#2" (w) € Bj,, (0. 11 R) for aa. w € Q
(see [7, Corollary 4.2]). As such, these processes can be also lifted via Theorem 4.6 with
Zf}t’ﬁz’" = %(8251,”82’")2 and Fﬁl’ﬁz’n = 0 to a rough path that satisfies

28120 () = (2P (), 2P () € B0 foraa we Q.

Remark 4.7 1t is natural to ask whether the above results can be extended to cover multidi-
mensional continuous local martingales or fractionally filtered Hermite processes. We believe
that such an extension is indeed possible in both cases. For continuous local martingales, one
can define the iterated integral as in [13, Chapter 14] and combine similar arguments from
there with the arguments in [23]. Similarly, for fractionally filtered Hermite processes, the
iterated integral can be defined as in [10, Chapter 10] and one can combine arguments from
there with arguments from [7]. This would, in particular, require the extension of [7, Theorem
3.3] to multivariate maps. We intend to investigate the feasibility of such extensions in our
future research.

4.3 Controlled Rough Paths

In this section, we define a Besov—Orlicz variant of the controlled rough path from [15],
establish some basic estimates, and study the composition of controlled rough paths with
sufficiently smooth functions.

For the rest of this section, let n, m, k € N be fixed.

Definition 4.8 Given X € Bg q([O T;R") and Y € B

is controlled by X if there is Y’ € Bgﬂ P
given by

0.4 (0, T1; R™*K), we say that ¥
([0, T1; L(R"™; R™>k)) such that the remainder RY

Y = Y{8Xsi + RY,. (s.1) € A0, T],

satisfies RY € Bé";; q /2([0, T1; R™*K). We denote the space of all controlled rough

paths, i.e. the space of all such pairs (Y, Y’), by .@0‘ X ([0 T]; R™%) For (Y,Y') €

<l>M([o T1]; R™*¥), we define

/
[(Y Y )]Qw X (lo T Rmxk) [Y ]Ba ([0 T] £(R” Rmxk)) + ”R “ éw 22 /2([0 TI; Rmxk)

Additionally, for X € B% q([O T1:R") and (Y,Y') € @ ([0 T1; R™*%), we denote
dx’)},_@g)ﬁ’q([o’j"])((ya Y/)v (Yv Y/))

= dBot (0,T1; [:(R" Rmxk))(Y Y ) + dBZa 2 (Ry, RY)

G5 i g2 (0.TLR"E)

If there is no risk of ambiguity, we will often omit the domains and codomains and

write, e.g., only _@g‘,;{(q and dx,;(’_@uﬂ instead of 2% ([0 TI; ]Rmxk) and dx % ju @07

<1>M K
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respectively. We follow a similar convention for other spaces as well. If X = X, we use the
notation dy 98 = d X.X.28 - Let us note that we follow the convention from [10] in the
p.a B4

sense that the coefficients of j q correspond to the regularity of the remainder RY . In the
often referenced paper [12], the coefficients correspond to the regularity of the underlying
path X instead.

For brevity, we will often omit the norm-related subscripts and write only, e.g., | X;|, |Y;[,
|Y/|, and |RK,| instead of | X, |rn, |Yi|pmxk, |Yt/|£(Rn;Rmxk), and IRsYJhRmxk, respectively.

Lemma4.9 Let X € By ([0, T1;R"), (¥, Y)) € 7% (10, T]; R"™¥), and p € (£, 00).

Then, for any (s, u,t) € A3([0, TY), it holds that

2(@—1)
8RY u lwnct S pg 1V Iag, [X1ng (((u C A=) (U —$)V (f — u))z)

and

Y )% T ’ v/ o/ v
R = RV suwclames Shppq (V' = oy, [XIag  + 1715y 1X — Xlgg )

1 1\2@—5)
-(((u—s)/\(t—u)2((u—s)\/(t—u))2) .

Proof From the definition of RY, we deduce
SRY = —Y 85Xy + Y. 8Xu = (SY;,H)(SX,,,,), (s,u,t) € A0, T].

s,u,t

The first claim can be therefore established analogously to Lemma 4.2. The second claim
follows similarly from

SRY — RV )yur = (B = ¥)5.)8Xu) + OF, )EX = X)), (s, u,1) € [0, T].

O
Lemma4.10 Let p € (1, 00), X, X € Bg, ,(0. TR, (Y.Y)) € _@"‘ X (0, T1; Rmxky,
and (Y, 7') € g% (0, T1; R™*¥). Then

IR Nze-aire Sappg IR g+ 1V Tag (XTag .
IRY = RY lcaarna Shp g IRY = RVl B
4 v/
+V =Ygy [Xlsg  + [Y]Bd) (X - X]Bgﬁ_q,

and

[Y]Bgﬁ_q Na B.p.q |Y()|£(Rn gk [ X1y

B4

+ (T‘X*F v Taj) ([Y/]Bg [(XIgz  + IR || o2 ) ,
ﬁJ[ ﬂ'

p/2:4/2

v T / v/ v/
Y = V1sg | Sapopq 1Y6 = Yol Lunmmen (X by + Y] £t [X — Xlpg

+ @V T (1 - Pl XD, (Vi [X = Xy

g9

_1 _3 v
+ (TP VTR = RY | poa
®p/2:4/2
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Proof The first two estimates are direct consequences of [12, Lemma 5.2] by the embeddings

a2 a2 . L. K
B%ﬁ,q — Bg’ q and B<I>,3, P B, from Proposition 3.2 and Proposition 3.8, respectively.

To establish the third estimate, let us first derive an auxiliary estimate of RY. By the

interpolation inequality from Lemma 3.9 (with § = 2« — %, g in place of 8, and B’ = B),

202

Young’s inequality, the first estimate in this lemma and the inclusion Bczlféi a2 S Bcbﬂ/2 q

from Proposition 3.12 (with M = [Y’] Bgﬂ . [X] B%ﬂ . from Lemma 4.9), we deduce

1
Y o—— Y Y
IR ||Bu:2 Sappg T 7 VIR |l c2e—2/p2 + IR ||82a;2
CDﬁ.q

©p/2:d

T 017l Y / / -2
Sappa T P(IIR lgaen 4 Vmg XDy 41V Dag (XD T p)

®p/2:4

1 3
<(T* VT P)<||RY||Bza;2 +[Y/]Bgﬂ‘q[X]Bg,ﬁ,q>~

®p2:4/2

Now, the estimate from Proposition 3.6 yields

Vi, , S 112X, + 1R e
T a—1 Y
S (614 TP Dy ) Xy + IR Ig2,

which leads to the desired bound by the auxiliary estimate above.
The remaining estimate follows from

SOV =¥y = (Y =YX s + Y8(X — X)50 + R, — RV, (s.1) € A2[0, 71,

s,

in a similar manner. ]

Next, we establish that a composition of a controlled rough path with a sufficiently regular
function is a controlled rough path. A similar result was established for Sobolev-type spaces
in [19, Lemma 3.7] with f € C,f and for Besov-type spaces in [12, Proposition 5.2] with

fe C,%’” for some v € (0, 1). Below, we provide a proof for Besov—Orlicz-type spaces with
fe C,f’l.

Theorem 4.1 Let X, X € Bg, (10, TI; R") and (Y, Y"), (Y, ¥') € g% (10, TI; R™<K)
be given.

(1) Let f € CZ(R™ K R™ ") and define
f). = ((DHENY!.
Then (f(Y), f(Y)) € @gfq([o, T1; R™>") and there are the bounds
LF(lsg , = I1Dflle=[¥1gg

and

SO FTyx Shpg 1 s (1+1x1sg,.,)

2
: <<|Y6| + [(Y, Y/)]@g):X ) \ (|Y6| + [(Y» Y,)]@g);X ) ) .
B4 B4
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(2) Let f € Ci‘l(Rka, R™*™) and assume that the estimate
’ 4 24 v v/ v
<|Y0| +[(Y,Y )]@g}iq> \Y <|Y0| +[Y,Y )]@giq> \ [X]B§7>ﬁ,q \ [X]Bg,ﬂ‘q <M
holds for some M € (0, 00). Then there are the bounds

LFOY = F YTy, Sapig I1F N2
: (|Yo = Yol +1Yg = Yl + (X — Xlug  + dx x5, Y. (¥, ?’») (13)

and

RIW _pfy . <TM ,
I l B2 ef 1Nz

: (IYo = Yol +1Yg = ¥l + [X — Xlug  + dx %25, (> Y. (¥, ?’») :

Proof The proof runs similarly as the proof of [12, Proposition 5.2] with minor differences
such as the use of Lemma 4.10 in place of [12, Lemma 5.2] with a fixed choice of p € (%, 00)
where required. We provide a more detailed proof of (13).

Set Z = f(Y)and Z' = Df(Y)Y’, then the (quazi-)triangle inequality implies

L) = f(sg = IDfIY = DAY gy
Sq [DFO = ¥)lgy  +[(DF) = DFANY Igg -
Regarding the first term, since Df is Lipschitz, we observe

I8(DF (Y)Y — Y54l < IDFY)SY — Y51+ 18(DF(Y))s (Y] — Y]
< AIDflLel8(Y = Y')s | + 1D fll 1o |8Yy (Y] — Y]

for all (s, t) € Az[O, T]. From Proposition 3.6, it follows

[DF N = ¥)lgg | Sq IDFIllY = ¥'pg  +ID*fll=¥lgg Y =Vl

oM IS (105 = ol +1Y' = P ).
Similarly, we rewrite the second term as
SUDf(Y) = DfF(Y)Y )5, = (Df (V) — DF(Y))(BY] )+ 8(Df(Y) = Df (V). Y]
for all (s, 1) € A2[0, T]. By the Lipschitz continuity of Df, we have
I8(DF(Y) = DFANY )5 < ID? fllzee|Ys — Y |I8Y] | +[8(Df(¥Y) = Df (X)) [[Y ]| o
forall (s, 1) € AZ[O, T]. Then, Proposition 3.6 and the choice of M yield
[(DF(Y) = DF(FDY gy
Sq ID* flleellY = Vil g +[Df(Y) = DF(Dlgg IVl

SEMID? £l o (IYo — Yol +[¥ — ?]Bgﬂyq) +[Df(Y) = Df (V)]pg

<l>}g,q.
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Since it holds that
S(Df(Y) — Df(Y))gs = /01 D2f(0Y, + (1 —0)Y)S(Y —Y),,db
- /Ol(sz(QY, + (1 —0)Y;) — DX f(OY, 4+ (1 — 0)Y,))(Ys — Y;) d6,
we may use Lipschitz continuity of D2 f to deduce
(DS () = DFFal < 1Dl I8 = Dol +1D? flicon (8ol +16F0sl) 1Y = Pl
for all (s, ) € A2[0, T]. Thus, we obtain, by Proposition 3.6, the estimate

[Df(Y) = Df(N)lps  Sq ID*flleslY = Y1gg  +IID* fllcon ([Y1pgy  +[Vlge )Y = ¥l
B4 B4 B4 B4

T.M v v v
SEM N (1Y = Phag , + 1Yo = Tol +1¥ = Plag ).

which finishes the proof of (13) by appealing to Lemma 4.10.

4.4 Sewing Lemma

By a partition of [0, 1], we understand a finite sequence & = {; }1N=0 suchthatty = 0,1y = 1
and#; < tj41 foralli =0,..., N — 1. The norm of the partition 7 = {ti}fvzo is defined by
|| = max{t;;1 —# | 0 <i < N — 1}. A sequence of partitions {"};°, is said to have
vanishing norms if |7"| — 0 asn — oo.

For a mapping & € LO;Q([O, T1; R™) and 7, a partition of [0, 1], we define the partial
sum I Z : A%[0, T] — R™ by

N-1

(IHE)S,I = Z Ex+t[ (t—s),5+ti41(t—s)-
i=0

Theorem 4.12 (Sewing Lemma). Assume that & € L%2([0, T]; R™). Leta € (0,1),y €
(1, 00), B1, B2 € (0, 00), and q1, g2 € (0, oo] be such that

6]

;2 . = y:3 .
c B%ﬂl " ([0, T1: R™) and 8E € BCD;SZJIZ ([0, T]; R™).
Then there exists & = (&) € L°([0, T1; R™) such that the mapping & + F(&) is
linear, the convergence
lim 8.4 —I"™E| ;o =0 (14)
N—oo Bwﬁz.r
holds for an arbitrary sequence {mn}3,_, of partitions of [0, 1] with vanishing norms and

any r satisfyingr > g2 and r > %, and such that there is the estimate

185 — Ell gy Syugo I6E N gvis (15)
L
Moreover, if there exists p € (0, %] and M € (0, 0co) such that

18Z sl < M (e — ) A — ) (4 —5) v (1 —u))'=P)' 7 (16)
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holds for any (s,u,t) € A3[0, T1 and some p € (%, 0), then ¥ is continuous on [0, T,
the bound

[S]pe 505,}/,/31,/32»1774142] ||E||Bg)52 o + ||5:||BV 3 +M (17
Iy

Py Ay 11V92 @p, .02

holds and .7 is uniquely determined byprescribing S = O for some © € R™. If, in addition,
B2 < By, then, for any p € ( \Y o0), we have

v— Dé’
— T -
185 = Ellcr-1m2 S pgpp 198 I gys  +M (18)
B2
and
1 1
o <T El o =i+ (158 M)+T 7M. (1

["7]3% a1vay ~4Y-B1.B2,p.q1.92.0 Iz ” /; a + I ||Bg,;2 ” + + (19)

Proof The existence of .# € LO([0, T]; R™) satisfying convergence (14) and bound (15) is
proved similarly as in [12, Theorem 3.1] since we can replace the Besov(-type) norms by
Besov—Orlicz(-type) norms in a straightforward manner. The linearity of the map &' — I &
can be established from the linearity of the partial sums /™ (a& +b&) = al™E + bI™ 5
holding for any a, b € R and & of the same regularity as & by (14).

Assume that (16) holds. Bound (17) follows from [.#] g« = 18I || gor2

P ABy41Va2 <1>5M52 41V
by the triangle inequality, Proposition 3.10, (15), and Proposition 3.12 with (16). Since
85 € Bg;ﬁzw GV and §(8.#) = 0, 6.7 has a continuous and bounded modification by
Proposition 3.8 and, similarly, so does = by (16). The continuity of §.# also implies the
continuity of 7.

Let us now establish that the choice of . identifies the map .# uniquely. Let .# €
C([0, T1, R™) be such that (15) holds with .# in place of .# and let S = ©. Since

85 — Dririnl <16F = E)rrinl + 165 = E)r il
holds for all (r,r + h) € A2[0, T1, we may directly estimate

M—jm%%=wf—@%w Nﬂﬂ—qwz-ﬂM—u%ﬂ < o0.

@p, 12 ®p, a2 ®p,.42

From the embeddings in Proposition 3.2 and the standard embeddings of Besov spaces from,
e.g., [29, Sections 3.2.4 and 3.3.1], we obtain

]
Y 14 Y Y=
B¢ﬂ2q2<—>quZC—>BOOC—>B =C" »
. 1 . ~
forany p € [1, 00). Hence, for p sufficiently large so that y — 5> 1, it follows that .¥ — .7

is constant on [0, T']. By .%) — jo =0, it follows that .# = .#.
Bounds (18) and (19) are proved similarly to [12, Theorem 3.3 part (a)]. Choose any

p € (é et 00). Proposition 3.8 and bound (15) implies
wf—swwmﬁhw$Mﬂ—"%%ﬂ+M<Mﬂww%é%+M
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Finally, Lemma 3.9 (with§ = y — %, B = B1, B = B2, and ¢ = ¢2) and the above inequality
yield

y—a—S+2 -7 7
Haj - ”BaJZ Sa,y,ﬂl,ﬂz,p,qz T P B H(Sﬂ - ”Cy—l/pzz ”8ﬂ - ” y:2
®py 02 o, .02
—a—Lly P2 1 1
T y—a—+ - =
Syoparn L Pk (\\5GHBy:3 +M> (II(Sdllez +M)
Ppy 12 ®py 42
y7m7l+572
=T PP ||85'||BV:3 + M.
®py-a2
Hence, as we have §(§.# — &) = —§&, Proposition 3.8 gives
[A]Be < & ga + 185 — & pa
g, q1va2 Bcbﬂl a1vay Bd’ﬂl-‘iIWIZ

T =
Sa.y.qra 12 HBS{;:
N

1 1
AT PMA8I — Elgur +T "M
()

By 92

—a—Ly P2
+ TV (ussu
1

q1

1
3 +M>+T75M.

<T =z
~a,y,p1.b2,0.q2.p ”"‘”ng . a2
B ) 42

Y
B<I>

4.5 Rough Integral

We are now ready to construct the rough integral using the sewing lemma from the pre-
vious section. Recall that & € (§, 3], B € (0,00), ¢ € (0,00], let k = n, and let

X e %gﬁ’q([o, T;RM, (Y,Y) € ngq([o, T1; R"™*") be fixed. We define the approx-
imation of the rough integral & = Ex (Y, Y’) : A2[0,T] — R™ by

Eou=Ys(X; = Xo) + Y{Xgs, (5,0) € A?[0, T]. (20)
Notice that & € L%4([0, T]; R™). Indeed, we can suppose that = is continuous because
it has a continuous modification due to Proposition 3.2, Proposition 3.8, and Lemma 4.2. We
begin with a simple auxiliary bound.
Lemma 4.13 For (s, u,t) € A3[0, T]1and 6 € (0, 00), it holds
26 0 0 260 L 230
= s =l + = s =l <2 (@ =) A G =) (@=9)v @ —uw)f) .

Proof If u — s <t — u, then

lu — s]°
lu — 5121t —ul® +u—s —u® =1t —ul®u—s|’ (W +1

<20t —ul*u - s
1 2\ 36
=2((@=)AC=)5(@=9)v@-ui)" .

The case u — s > t — u follows similarly. O

Next, we summarize the basic properties of the rough approximation &'.
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Lemma4.14 Let 5 : A2[0, T] — R™ be as in (20). Then, for (s, u, t) € A3[0, T, it holds
5Es,u,t = _Rzuaxu.t - SYS/,uXu,t

1
and, for p € (E’ 00), we have
8E <7 RV [ e [X Y/ X%,
OFaler Sappg (1R e [Xag o+ [V lgg XIS

| 2\3—1)
(=)A= @=s)va—upi) 7.

Proof The identity follows directly from Chen’s relations and the definition of RY . The bound
can be then established in a straightforward manner from the k(o — 1/p)-Holder continuity
of RY, X, Y’, and X for appropriate k = 1, 2 with the embeddings into the Besov—Orlicz and
the Besov—Orlicz-type spaces from Lemma 4.10, Proposition 3.2, and Lemma 4.3 together
with Lemma 4.13. O

Lemma4.15 LetX = (X, X) € #y,.4(10. T R") and (Y,Y) e @g;fq([o, T1; R™*") and
let & = B¢ (Y,Y') be defined by (20). Assuming that

Y mxn Y/ n.emxn Y,Y/ o vV X o
(I olrmxn + 1Yol £ @ mm=ny + [( )]%ﬁ{q) Il |||,/;®ﬁvq

% (|?O|Rmxn + Y] £ n oy + LY, ?/)]%}54) v |||X|||3g%ﬂ_q <M
holds for some M € [0, 00), then, for all (s, u,t) € A3[0, T, we have the estimate

-1y

- 3
805 = Bt Sty (W= A =T =5)v @ —uni) 7

NRY =RV || e 1Y = Fge 4+ X — Xlpe  + X = X||, o .
(II ”Biﬁfz,q/z [ lsg, , *1 Isg , *1 ”Biﬁé,q/z

Proof Since it is readily seen that
88 —E)gus = (RN =RV ) u6Xuy+ R, 8(X = X)u s +8(Y = Y')y Xt +8Y] (X=X,

holds for all (s, u, t) € A3[0, T, we may use the Holder continuity similarly as in the proof
of Lemma 4.14 to deduce

~ 2 _1 _1 _2
1805 = E)sanalin M (ju— s le = ul* 7 - fu — I Pt — w7
: (||RY — RY || c2e—2rp2 + [X = X]a—tsp + 1Y = ¥ ga-1sp + X — Xﬂczw—z/p;z) .

The rest of the claim follows from the estimates in Lemma 4.10, Proposition 3.2 and Propo-
sition 3.8 and the bound in Lemma 4.13. O

We are now ready to establish the existence of the rough integral that corresponds to the
local approximation &'

Theorem 4.16 The mapping
I=1Ix(Y,Y):[0,T] - R", 1t J(Ex(Y,Y")),
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where S (Ex(Y,Y")) is the map from Theorem 4.12 and Ex(Y,Y') is defined in (20), is
well-defined. Moreover, To = 0, the mapping

e gg;fq([o, T]; R™*"y — @g;’fq([o, TLR™), (V7)) (Ix(Y, 1), Y)

is linear, the limit
lim [[6Z — I™ & || puz =0 (21)
N—o0

®p/3.4

holds for any g > i, q > %, and any sequence {y}3_, of partitions of [0, 1] with

vanishing norm, and the bounds

— — T Y /
16 — Z1| p3as2 18E | paes o IR | g2z [X1pe  +[Y'ge  |IXIl| 4o
B%/M B¢/5/3-q/3 4 B% /2 ®p.q j“’ﬂ’q

T
/3 Savﬂvq d)ﬁ,q
(22)

/2+4

and

[Z]Bgﬂ,q Sa,ﬁ,q,T <|Y0|Rmxn + [Y]Bg)ﬂ’q + ||Ry||Bza:2 /2) [X]Bgﬂ,q

®p/2-a

/ ’ 2
(15l + g ) WKl (23)
hold. Additionally, for any p € (%, 00), it holds that

7z T /
| R || p2a:2 < 1Yol £ e mmxny 1K p2es2
B g B 170 Laerrn 1HBE2 o

_1
T (|||xn|%qv|||xn|i—9g)ﬂ,q)[<y’ Miggx - @9

Proof Note first that it holds that

121552 S 1N~ DXTmg , + 1Y I Xy (25)

Recalling the definition of & in (20), a straightforward application of the Holder-type inequal-
ity in Orlicz spaces from Lemma 2.3 (with g1 = 3, B = % and /3 in place of g) and
Lemma 2.1 leads to

— T Y ’
1881 3z Sg IR oz [X1pe  +[Ype X[ 202 . (26)
Bogzam ™4 Bogan Pg.q Dg.q Bognan

Since (25), (26), and the bound in Lemma 4.14 verify the assumptions of the sewing
lemma in Theorem 4.12, there exists 7 € Lg)f ([0, T]; R™) that satisfies 67 — & €
B;‘;‘/jq/3([0, T1; R™) and (22) and, for which (21) holds for any sequence {my}%_; of
partitions of [0, 1] with vanishing norms and for all g > i and ¢ > % Estimate (23)
follows from (19) in Theorem 4.12 by (25), (26), and by the bound in Lemma 4.14 with
Proposition 3.6 and the choice, e.g., p = 2/a.

It remains to establish (24). Let p € (%, 00). By setting 7 = Y, we observe that

ST—E=6T-TsX—-YX=nrRL_yxX
holds and thus, 7
IR g < V'Kl + 187 = 5

®g/2.9 ®g/2.q ®p/2.4/2
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is obtained. Regarding the first term in the above inequality, by Proposition 3.6 and the

o X
definition of norms on @% 4 and ,%’(Dﬁ g Ve deduce
1Y X goaz < 1Y [|oe I X]| g2ai2
®p/2:4/2 Ppg/2.q/2

1
<T / A =y Mo 2
Sapona WBlC@nmen Kl e+ T 7UE Y )lgr XKl

For the second term, let us denote RE = §Z — & for brevity. Since SRE = 6(67Z — &) =

—458 2, the inclusion Bcpﬂ w3 S c C3@=1/p) from Proposition 3.8 (with the bound from

Lemma 4.14) and (26) yield

T o Y
IREN -4 N 1651 gaais IR

/ 2
) Sepa woe XDy 1Dy X

@p/3.9/3 @24/

< (”'X'”%,q v |||X|||§%ﬁyq> CRQIF
27)

By appealing to the interpolation inequality from Lemma 3.9 (with3§ = o — %, B = g, and

1n place of B), the Young inequality, the inclusion B /g a3 S B<31>,3/z 4,2 from Proposition
3. 12 (with M from Lemma 4.14), and to estimate (22), we obtain

T 20177
IREN gz Sappg T (llRu l c3e-1/p2 + IRE || g3a:a )
0,3/2 q/2 d’ﬁ 3.4/2

<5, T (nnuncm Up2 + IRE | g )

‘Dﬂ/% q/3

+T2a (||R || 202 [X]Bgﬂ,,Jr[Y’]Ba ||X|| 22 >
Dg/2.a/2 ;

g2:4/2

2a -
Saq T <||'Rr:4 lcaa—1/p2 + 16E [l o2 )

‘1’5/2 q/3

2a—4
+ T (||R | g2a:2 [X]Bg +[Y’]Ba X g2a2 )
®p/2:4 i @g/2.9/2

Hence, bounds (27) and (26) imply

5 <T 2a77 2 i )
RSNz Skppa T <|||X|||ga v IIXI gﬂ.q> V),
and the proof of (24) is concluded by gathering the estimates above. O

Definition 4.17 For X € %%ﬂ,q([o, T;R"yand (Y,Y') € _@g;‘q([o, T1; R™*"), we define
the rough integral of Y with respect to the rough path X by

/ Y;dX; : [0, T] — R™, / Yy dX; = Zx(Y, Y.,
0 0
where Zx (Y, Y’) is defined in Theorem 4.16.

We conclude this section with a continuity estimate for the rough integral.
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Theorem4.18 Let X, X € #% (10,TLR"), (Y.Y) € 257 (10, T R™™"), and
(Y,Y) e gg?ﬂ’fq([o, T1; R™*m). Assume that

7 !
<|Y0|Rmxn + |Y0|£(Rn;Rmxn) + [(Y, Y )]%gﬁx,q) Vv ”|X|H%’%ﬂq

\V4 <|?0|R’"><" + |?(3|,C,(R";Rmx") + [(?1 Y/)]_@oz:}? ) v |||X|||%%ﬁ g =M

<l>ﬁ,q

holds for some M € (0, 00). Let & = EX(?, Y and T = IX(f’, Y'), where & and T are
defined in (20) and Theorem 4.16, respectively. Then, for any p € (g, o0), it holds that

q
Al

d E(]R";Rm xm)

~ o~ ~ 4a1 ~
ZY), @ 0)) Sapg 1Y0 = Yolgmen + 1Yo — Y

X,f(,@f{,ﬁ,q(
LAl EE NN Y 7 gnl ;o ondnl

B 2 2 — — o« .
+Pj®ﬂ_q(X,X) +(T"r) (llR Rl o 1Y Y]B%q

®g/2.4/2

Proof The proof is similar to the proof of [12, Theorem 5.5]. However, since the resulting
bounds are different and since these bounds are important for our main result, we include the
details.

We will often implicitly use the inequality x < (1 v M)x?"! that holds for all ¢ € (0, oc)
and x € [0, M] and the following two estimates. From Lemma 4.4, we observe

1 2 2

T o= o= 2 T .M pa—-

IXIl goo Sappg T PNVT 2)IXNge <57 T 7
5.9 .9

and

2 2—i
X=X par < X v IX XD XD n
I a2, Na,,g,p,q; Xz v IKlgg ) g2,

T .M v
<M oy, (XX,

Also note that by Proposition 3.6, Lemma 4.10, and the choice of M, it holds

T a—q
1Ylize Sa.ppg Yol +T "Ylgg

<I'M a3 (1y! a—p ., pa—> N e Yy o
Sappq Yol +T ”<|Y0|+(T VT (Vg IR g
<M,

<T.M
~a,B,p.q
hold also for Y and Y’. In the rest of the proof, we will use these estimates implicitly as well.

Similarly, Proposition 3.6 implies ||Y'|| L 1. Bounds of the same type obviously
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By Proposition 3.6, Lemma 4.10, and by the inequality o — % <a— 1 weestimate

p

dyx.zg, (@), .7")

1 Al
Sa IV =Vl o + 10 = VIG5 IR - ’E,

o %/2(1/2

1 Al
<o o= Fol +1¥ - P’ +IRT — RTE,

B4 ®g/2.4/2
Sepipg 1Y0 = Yol +1¥5 = Tl + pgg (X, X7

2A1
20(2

_3
SRR U Py +||RI &7
4 %/2.:1/2

Recalling the equalities RE = 87 — & = 87 — Y8X — Y'Xand RE = 67 — V86X — Y'X,
we can estimate the last term by

IRT = Rl SqIRE —RE g +IVE= T n . 29)
®g/2.4/2 ®g2.4/2 q>ﬂ/2 q/2
Before we proceed to the estimates of the first term on the right-hand side of (28), we establish
several auxiliary bounds. Similarly as in the proof of Theorem 4.16, we use the bound from
Lemma 4.15 with Lemma 2.3 and Lemma 2.1 to deduce

8(E — E)| pie <TM 5w (X X)+[Y — g0+ IRY = RY|| ow 29
18 ¢ Miges S oy, XX+ leg , + 1 Iggez o )

By Proposition 3.6 and Lemma 4.10 and by observing that o — % < 2a — % holds by the
choice of p, we have

- 1 -
1Y = Yl <L |Yo — Yol + T P[Y—Y]Bgﬂvq

~a,B.p.q
T.M 5 5 <
Sapipg 1¥0 = Yol + Y5 = Yol + pag, (X X)

1 ~
+T%77 ([Y/—Y’]B% + IR = RY | o )
B4 <l>,3/2 q/2

and, by Proposition 3.6, we also have

=~ _1
“Y/ Y ”LoO <0t,3pq| (;_Y(“[:(Rn;Rmxn)‘i-Ta p[Y/—Y]BDZ

lbﬁq

Noticing that SR(&E — E) = —8(&8 — &), the embedding into Holder-type functions from
Proposition 3.8 (with the bound from Lemma 4.15) and (29) yield

T.M e <
IR(E — &) PRI Sen 188 = &)l B t oz, L XX)
Y —¥'lge RY — RV|| 2
+1 Isg, , +1 ||B<2Dﬂ/22 "

2a;2
®p/2:4/2

Sqt ey XX 1Y =Ygy IR = RVl

Finally, we use the interpolation inequality from Lemma 3.9 (witha = 2«, y =3a,2 % inplace

B3a 2

of 8,8 = 2 ,and g in place of ¢), the Young inequality, the inclusion B(DB/% a3 S ®4)3.0/2
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from Proposition 3.12 (with M from Lemma 4.14), estimate (15) from Theorem 4.12 (applied
to & — Z in place of = thanks to linearity) and the bound above with estimate (29) to get

~ 1 ~ ~
R(E — E)|l w2 < T 7 (IR(E = & Ly IR(E — B pies
IR( )”BJ;,/Z.m Se..p.q IR( )Ilcg(a,ﬁ),2 IR( I gae

®g/3.q9/2

1 ~ ~
T a—— — ~ - =
Sa,p T P (”R(d — d)||c3(a,%);2 + ||R(G — a)”BiaQ )

p/3:4/3

13 - P -
LT P T ([Y/ _ Y,]Bgﬂ_q +|RY — RY”BZot;Z ) + p%’%ﬁ,q X, X)

@p/2.4/2
T.M S _4 ~ -
Salp.pa PRy X.X)+ 777 <[Y, - Y/]Bgﬁ_q +IR" = Rl g2uc2 ) .

Itremains to estimate the second term on the right-hand side of (28). By the (quazi-)triangle
inequality, the choice of M and the bounds above, we deduce

1Y X =YX gz S 1Y Nl IX =Xl oz 1Y = Y[ o0 | X]| g2ai2
®p/2.q9/2 /2

®pr2-q ®p/2:9/2
.M < / v/ a—3d v/
Sebiva pag, X X) + Yo = Yol + T 7Y = Vigg .

The proof is concluded by collecting the bounds above and straightforward estimates using
the inequality x < (1 v M)x?"! from the beginning of the proof. O

5 Rough Differential Equations with Besov-Orlicz Signals

In this section, we state and prove our main result — the existence and uniqueness of solutions
torough differential equations driven by exponential Besov—Orlicz signals. We fix @ € ( % , %],
B € (0, 00), and g € (0, oco] for the whole section. Additionally, let X € %‘}Qﬂ’q([o, T1: R™)

and f € Cg’l (R™, R™*™), First, we define the notion of a solution to a rough differential

equation.

Definition 5.1 We say that (Y, Y’) € Qg;;fq ([0, T1; R™) is a solution to the rough differential
equation (RDE)
dY; = f(Yp)dX,, Yp=yeR", (30)

if )
Y = y+f f(Ys) dX,
0

where the integral fé f(Yy)dX; is the rough integral from Definition 4.17, holds for all
te[0,T]

We note that the rough integral fo f(Ys)dX; in the above definition is well-defined.
Indeed, Theorem 4.11 guarantees that

(f), f(¥)) € @g;ij([o, T R™). (3D

Therefore, Theorem 4.16 ensures that

y+ /0 fY)dXe Bgﬂyq([o, T1; R™) (32)
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and that R 2
RYth fMdX By, o 542 (0, TT;R™). (33)
We are now ready to state the main result.
Theorem 5.2 For any y € R™, there exists a unique solution (Y,Y') € 9, ([O T1]; R™)
to RDE (30).

Before we proceed to the proof, we include an auxiliary completeness result used in the
proof of Theorem 5.2.

Lemma 5.3 The space
Y ={(V,Y') € D (10, TER™) [ Yo = y, Y5 = f ()}
equipped with the metric dx Zm from Definition 4.8 is complete.
Proof Let {(Y™,Y'™)}, . be a Cauchy sequence in #7. By Definition 4.8, we need to

find a subsequence converging to a point in %7 in the metrics on the spaces B, , and

B4
B?DD;; s defined in (4) and (8), respectively. By the completeness of the affine subspaces

from Proposition 3.6 and the bounds in Lemma 4.10, we may find Y € B<1> 54 ([0, T]; R™),

2a;2
Y € B%ﬁ q([O, T1; L(R"; R™)), and RY € qu; q/z([O T1; R™) such that Yo = y, Y| =
f(y), and
lim [Y® — ¥]gg =0, lim[Y® —¥]p =0, Ilim IRY™ — Rl w2 =0.
n—00 @p4 n—00 P Bq’ﬁ/Z /2
Moreover, the estimate from Propostion 3.6 yields
1Y =¥l VY = Yl oy Sepgr V' =Ygy - (34)
Choose ¢ € (0, a) arbitrary. Then, using RY” = §Y™ — y/™§X and the embedding
Bé‘;i . Bgﬂ/gz , from Proposition 3.10, we obtain
||R ((SY Y(SX)”Bot &2
®p/2.4/2
<S¢ IR—R"™ Iy + @Y™ =Y W5X) — (8Y — Y'5X)|| ya—ei2
q/2 d>,\=;/2 q/2
Sapae IR = RY<"’|| wa A NSY Y = V)l gz + Y = V) |8X ) - wt
~ebq.e ®g2.0/2 Boyqr ar
(n)
=R—R"" || ez +[Y™ —¥]goe +Y’<”> Y/ || [X] ga—e
I |IB A [ I 5 ll I [ ]B%q/z

Hence, the embedding Bq) s Bq,ﬂ a2 from Proposition 3.5 and estimate (34) yield

”R (5Y YSX)”Ba &2
®g/2:4/2

y ™
Sepaet IR=R gz + 1V =Yg + V" =Ygy | (Xlgy, -

%/2 q/2

Asn — o0, theright-hand side approaches zero. Consequently, (Y, Y') € ja X ([0 TI;R™),
implying that (Y, Y’) € #7. Finally, estimate (34) yields

lim dx ge (Y™, Y'™), (v,Y") =0,
n—o0 T Pp.q
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which concludes the proof. O

Proof of Theorem 5.2 We aim to use the Banach fixed-point argument to prove Theorem 5.2.
To this end, let ) B
Yi=y+ f(»)X, and Y/ = f(y) fort€[0,T],

and note thaE R_Y = 0 on A2[0, T']. For M > 0, we denote the closed ball in %4 of radius M
centred in (Y, Y’) by
Byy (V. Y, M) ={(Y.Y) € D |dx, 05 (Y. Y),(Y,¥") = M},

By Lemma 5.3, By, (Y, Y, M) is complete. Let 2 : #7 — %7 be defined by

FE.Y) = (y + fo F(¥)dX, f(Y)) .

The map 2 is well-defined thanks to regularities (31), (32), and (33), and the initial conditions
( fo f(Y)dX)g = 0and f(Yp) = f(y). We will find finite positive constants My large enough
and Tp small enough, both independent of y, such that

D) Z(Buy, (V. V'), Mo)) € By (V. ¥'), Mo). ie.

— 1 v LAl
1P =¥l +LF ) = P+ IR —RY < Mo

@p/2.4/2
forall (Y, Y') € By (Y, Y'), Mo); and
ii) Z is a contraction on BW/TO (Y, Y, Mp), ie.

dy.ge (Z(Y,Y), Z(Y,Y)) <Cdxge (Y,Y),(Y,Y")
T epeg T g

for some C < 1 and all (Y,Y’),(Y,Y') € By, (Y, Y"), My). We remark that the

smallness of the contraction factor C comes from the continuity estimate in Theorem
4.18, see (41) below.

The Banach fixed-point theorem then yields the existence and uniqueness of a local solution,
i.e. a solution on [0, Tp], that can be extended to the full interval [0, T'] in a finite number of

steps.
To establish claim 5 above, fix M € (0, 00), (Y, Y’) € By, (Y, Y'), M),and p € (g, ).
Since

Y, Y], ax =[Y]ge RY| 2 =[Y — o RY RV 0,
[( )]%';fq []B% +1 IIBszZ/ [ f(y)]BWJrII II,_L,éMzH/2

the estimate

' N v v 1/(gAD N (v v'nl/GAD
[(Y,Y )]_@g)i';q =< dx,@gﬁ,q (Y, Y), ¥, Y")) +dx,@gﬁ.q((Y, Y, (Y, Y))/*2

< MY@rD 4 VB — F (M) (35)
holds. Then, from Theorem 4.11, we obtain

(@), f(Y)/)]gg;x
89

<L (nfncu VI, ) (1 VIl ) (1 + ([(y, Plyge VIO YL o ))
g R " b

= Cory (14 (F, ) v F,00D))), (36)
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where é(r) = C(||f||c2,1 0.77)° |||X|||j,a (00, T])) for some nondecreasing positive function

C captures the dependence on the respectlve norms of f and X as a function of 7. Thus, as
a function of T, C () 1s also nondecreasing. Even though the precise value of c (), 1.e. the
particular function C, may increase from line to line, it will still retain the form described
above. Since the Besov—Orlicz seminorm is invariant to shifts, from the Lipschitz continuity
of f, it follows that

LF0) = Vlgg =170 = FO)sg, , = [ Mgy < IDF =Yg .
By using Lemma 4.10 and estimate (35), we obtain

L) = V'lag

_3
< popa IDF Nl (!YayRm[X]Bgﬂ,q +TO ([Y/]Bgﬁﬁq[X]Bgﬂvq + IR | yauc2 ))

d’f;/z q/2

< o ||| X pa Ta77 Y a X {70( RY o)
=l (||f||L l |||dg%iq+ ([ ]B Xl za Y +IR | 2/22q/2>)

. _3
< Cay(1+ T 7 Fy(M)).

Thus, by Proposition 3.6 and I?(; = f(y) = f(Yp), we deduce

LFO) =Vl oy + L) = VT Sapipa Cy(1+ TR, (M), (D)

3
We remark that we could drop the exponent g A 1as (1 +T% 7 (Fy(M))) > 1. We will use
this simplification from now on without explicit notice. In a similar manner, since

IR SN RV | s = RIS s RESOEY s
CI’;3/2 /2 <l’13/2 /2 “’ﬂ/2~q/2
estimate (24) from Theorem 4.16 for the remainder term RJo F) X and estimate (36) yield

”Ry+j0 f(rydax RY”BZ“?Z
<I>/3/2.q/2

fg(,{,ﬂ,p,q ’f(Y)6|£(Rn.]Rm><n) ”X”BZQ 2
’ ®p/2:4/2 (38)

+T7 <|||X|||‘@%ﬁ VX, )[(f(Y), FOygx
4 4 B

" _1
S g Cy(L+ T 7 (1 + (Fy(M) Vv Fy(M)?)).
Combining estimates (37) and (38), we observe

Yy qu v FNdX _ pYy 3al
1FC = 7'l g0,y + LF ) =TT o,y + IR Kol o

<Ci (B, p.q,.T)Cr) (1 F T (14 (Fy(M) Vv Fy(M) ))) (39)

where C| is a fixed constant with nondecreasing dependence on 7. Recalling (36), we may
assume that Cy and C ) also satisfy

[(F@) fO)]gex = Cu@ B pia, T)Cry (1+ (Fy(M) v Fy(M)?))  (40)
ﬁ~
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without any loss of generality. We set
Mo = (2C1(@. B, p.a. T)Cor)) v Xy 0.7 ¥ 11210,y

and we choose T € (0, T'] so that

1
= 15 (Fy(Mo) v Fy(Mo)®)”

a—

T

< e

Hence, by rewriting estimate (39) for (Y, Y’) € Bg;, ((Y,Y'), Mo) and by recalling the

nondecreasing dependence of é(r) and C; on T, we obtain

5 _ 5ranl v F(NdX _ pT A
”f(Y) Y ”Ld)ﬂ (10,711 + [f(Y) Y ]Bf{)ﬁ,q([O,Tl]) + ”R 0 R ”Bé‘;;/zz,q/z(l(),Tll)

A Ol—1
< Ci(, B, p,q. TCory) (1 +7, 7 (14 (F;(Mg) v Fq(Mo>2))>
<2Ci(a, B, p,q. T)C(ry < Mo,

which completes the proof of claim 5. Let us note that the claim also holds for any f_l € O, T1].
It remains to establish claim 5. We first observe that, forall (Y, Y’) € By, (Y, Y'), My),

estimate (36) together with the choice of C; and c (1) so that (40) holds as well, implies

LF@ ol ¥ S E0] g meny ¥ I D). SO N g
Dy g (Fg(Mo) v Fy(M0)*)(1 v Fy(Mo)) (1 + (Fy(Mo) v Fy(Mo)?)) <" 1.

Letusfix (Y, Y"), (Y, Y)) € By, (Y, Y'), Mp). With the bound above, Theorem 4.18 yields

dy g« qor)(Z X, Y), Z(Y,Y")

g

(@=3)(FAD 7y 4AL = 4Al
<ho Mo TR RIW) — RIM)2 Y)Y — f(0) 1k :
~afpg (” ||B§>j/2_q/2([o,n])+[f( A )]Bmﬁ,q([o,nh

(41

Hence, from Theorem 4.11, we obtain

dx,@gﬁvq([o,Tl])(f(Y, Y, Z(Y, 1)

a—24)(gAl

_ ( .
< Cae, B, p,q, Mo, TC (1T, dx,@gﬂvq([o,Tl])((Y, Y, (Y,Y")), (42)

where C_‘(Tl) = C(||f||c§,1([0’Tl]), |||X|||%‘;,ﬁ [O,Tl])) denotes a constant of the same form

(
q
as é‘(T) and C2(«, B, p, q, Mo, T7) is a constant nondecreasing in the last argument. Let
Ty € (0, Ty] be such that

T(a—%x%m - 1
0 .
2C(a, B, p, g, Mo, T))C(1y)
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We may now consider estirr_late (42) on [0, Tp] instead of [0, 77]. By the nondecreasing
dependence of both C> and C(7,) on T7, we deduce

dx,@g)ﬂ‘q([o,ro])(ff(Y, Y, Z(Y,Y")

(a— *)(q/\l) ~ -~
< Ca(a, B, p,q. Mo, T))Cy Ty ” dx,@gﬂ‘q([o,ro])((Y, Y, (Y, Y")

(a— )(2/\1) / v v/
< Ca(a, B, p, q. Mo, T))C (1) T, dx,@g,ﬁ,qqo,TO])((Y, YN, (Y, Y")

1 - o~
< de,@g,ﬂ’q([o,To])((Y, YN, (Y, Y)),

which concludes the proof of Theorem 5.2. O

We conclude this section by discussing the continuity of the solution map (yo, f, X) — Y
of the RDE (30).

Theorem 5.4 Let yo, 5o € R”, f, f € Cp' R™; R™*"), and X, X € Ay, 4 (0, T RY).

Moreover, let (Y, f(Y)) € 7" (10, T; R™) and (Y, f(V)) € T q([o, T1; R™) be the
solutions to the RDEs

t t
Y=o +/ fXy)dXs and Y, =y +/ f(Xy) dX,
0 0
respectively. Assuming that
Iyolrr VL fll 21 v IIIXIII@%ﬁ’q VSolrrn VI f 2 v ”|X|||gg%ﬁyq <M (43)
holds for some M € (0, 00), we have the local Holder (Lipschitz if ¢ > 2) estimates
N z gl NN
dx g, (O L. (T TN S35 o —Solgn” +11 = Flas +parg X 50

and
¥ —¥lgg Naﬂq|yo—yo|Rm +1f- f||221 + 05, , X, %),

Proof By Theorem 5.2, there exist constants
Mo = Mo .. T Xl -1 Fllcz) and Mo = Mo B.q. T. WXl -1l

such that

(Y, f(XNl, X <My and [(Y, f(Y))] wx = Mo.
®p.q

Without loss of generality, we assume that M > My Vv Mo, otherwise we consider M’ =
M N My v My instead of M. Since RY0+o f/(NdX _ R[o f)dX it holds that

dy gy, (O SONT O =dy g og (( fo )X, f(Y)) , ( /0 X, f'(ﬁ)) :
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By the continuity of the rough integral from Theorem 4.18, we estimate

Iy w3, (( | ronax f(Y)> , ( | fax fah))

.M ~ IAl x5 4 A1 o\ 4
Seppa 0 = FOO goan + 17 X0 = O | 2 g gy + 025, X X) 2

4 ~ ~ q
+ (i (llRf O RIDPEL @) - FaY lq>
ﬂ<

cI’ﬂ/z q/2

q
[N

= P, , (XT3 4 (T 7)dn (13%“ + 12“> ,
By the triangle inequality and assumption (43), it holds that
It = 1f (30) = £ G0)lgowr +1£ Go) = fGodlmmen S Iy0 = Folem + I1f = Fll 2
and
L < [Df(30)(f (30) = FGoD| £ ngomsny + (DF (30) = DF Go)) (F God)| £y
+1(Df (50) = Df Go)(f Gl g g mmsny

<M b0 = Jolen +11f = Fllai-

Letf(Y) = ((Df)(Y))Y/ Theorem 4. 111mphesthat(f(Y) f(Y) ) € j ([0 T1; R™*1),
Hence, by the triangle inequality, we get

gal 7y 4Al ; F7y $ Al a1 1
N <RI Z IO gD gFE 0
®p2.0/2 Bogpar ’

From Theorem 4.11 and (43), we obtain
B30 Sqipig 130 = Folwn + 1 (0) = fGolgrcn +[X = Xlgg  +dy, %, (VYD (7.7
SM o = Solen + P X X) +dy fog, (1), ¥.Y).
By a direct calculation, one can check that
~ ? rs ? - s Y',
RID — RIT — RUDD),
Since (f — f)(Y) is controlled by X, Theorem 4.11 and (43) yield
T.M = v M 3
B2 Safpg I/ = fllzr I+ [Xgg, ) ST = flica
Next, we estimate
1 ~ A1 IA1 A1
Iy < [f(Y) —f(Y)]2A +[f(Y) f(Y)]2 W I2 +I2 .

We deal with 141 and I, > by the means of Theorem 4.11 and (43) similarly as with /3 | and
I3 2, respectively. We obtain

141 Sqplq 130 = Solen + 1y0 = Jolwn + pazg, (X, X) +dy, gy (), (¥, Y)
and

lin <ID(f = Dlle=Vsg | oy 1 = Flica.
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o <T,M
where we have used [Y]B$/M SeBq

(43). Combining the estimates above, we deduce

1 which follows from Lemma 4.10 and assumption

O N
dx 3.5, (Y- S0 (. FT) Sabpg 10— Folgm
~ Al <. g _4 . q ~ o~y
_ 2 o FAl o FAl . / 5 Al
+If f”CZ,l + p%’q,)w X, X)2 + (T r)? dX,Xs@ff)ﬂ_q ((Y,Y"), (x,y))".
(44)

Recalling the convention from Section 2.1, let C(T', M, o, B, p, g) be the constant non-
decreasing in T and M verifying (44). Let To € (0, T] be such that

1
1 1 SN
o<t n (@=3)(5 A0
2 2C(T, M, o, B, p,q)

Restricting ourselves to [0, To], (44) and the particular choice of Ty implies

dyx.zg, (V- FO). (T FTF))

<20(T, M, &, B, p. ) <|yo —Solde' + 1 = FUE + pag X Xﬁ“) .
Lemma 4.10 then yields
Y = V1gg, Sapg 10 = Solen + pzg, XX+ £ = F Dy,
+ oy, XX+ IR =R lyo
Saipig 10— Jolen + pag, (X, X) +dy fg,, (X Y)Y

q
AL

.M < gnl = N
Sa,ﬂ,q |y0 _y0|]12§m + ”f_f”CZl +p%%5q(x7 X)ZAl.
The bound can be extended to the whole interval [0, T] in a finite number of steps similarly

as in Theorem 5.2. O

6 Concluding Remark

The class of (exponential) Besov—Orlicz spaces forms a natural scale of function spaces in
which various stochastic processes can be analyzed [4, 7, 23, 34, 35]. As these processes are
commonly used to model random fluctuations influencing the dynamics of a physical system,
it is natural to analyze differential equations of the form

t
Y, = yo+ f F(¥odXs, €[0T, (45)
0

for T € (0,00), y € R", f : R" — R™" sufficiently smooth, and a function X €
ngﬁ,q([O, T1; R™) fora € (0, 1), B € (0,00), g € (0,00],and m,n € N.

We have recently shown in [6] that if « € (1/2,1) and if f € C;‘I(R’"; R™*1) " the
integral in equation (45) can be given meaning as a Young-type integral and the equation
admits a unique solution of Besov—Orlicz regularity. The result, for example, applies to SDEs
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driven by scalar fractional Brownian motions with Hurst parameter H € (1/2, 1) or, more
generally, to Hermite processes [32, 33].

In this article, we have treated the rough case of « € (1/3, 1/2]. In this case, path X has
to be endowed with a two-parametric map X, that plays the role of the iterated integral. We
have defined the space of Besov—Orlicz rough paths, the notion of a Besov—Orlicz rough
integral, the space of controlled Besov—Orlicz rough paths, shown that the rough integral is
a controlled Besov—Orlicz rough path, established the stability of controlled Besov—Orlicz
rough gaths under composition with regular maps, and used these results to show that if
fecy ! (R™; R™*™), equation (45) in which the integral is understood as the Besov—Orlicz
rough integral admits a unique solution that is again a controlled Besov—Orlicz rough path.
This result, for example, applies to SDEs driven by scalar continuous local martingales with
Lipschitz continuous quadratic variation, fractional Brownian motions with Hurst parameter
H e (1/3, 1/2] or, more generally, fractionally filtered Hermite processes with self-similarity
parameter H € (1/3, 1/2] [1].

In principle, the case @ < 1/3 can also be treated and indeed, many of the steps described
above extend to this case in a routine manner. There is however one notable difference - the
branched iterated integrals appear. For a formal illustration, we follow [17] and assume that
a € (1/4, 1/3]. Consider the equation

n t
MFZ/ fiY)dXi, 5.t €0, 7],
i=1°"

where f; = (fil, fiz, o SR - R™ i =1,2, ..., n, are smooth vector fields and
X = (X', X%,...X") e C%([0, T]; R") for simplicity. By using Taylor’s expansion and
iterating the above equation in itself, we obtain the approximation

n t
8Ysi Y fiy (Vo) / dxy)
s

i1=1

" " : t V] . )
+2 2 J”iﬁ'(Ys)(aj,ﬁl)(Ys)/ / dx2dxit

Ji=li1 =1

m n . . t v V] . . )
+ Y Y A@L @)@, fin f / / X3 dx2dxi
Jr.p=liiz,i3=1 s Js Js
1 m n ) _ , ; " . . . A
T3 Z Z ) (Ys)fif(Ys)(aj,,jzﬁ,)(Ys)f (/ dX'j) (/ dez) dx;!
Jisja=li1,iz,iz=1 s s s
with the remainder being of order | — s|**. If we understand a rough path as a function with

values in the (level 3) truncated tensor algebra T1(3) (R™) [13, Chapter 7], then we would be
enhancing the original path X by the first three iterated integrals but it would not be possible
to encode the branched integral

t V3 . U3 X .
/ ( / dxlvsl) ( / dx;zz)dx;;.
S s S

The situation can be resolved in two ways: Either we impose a rule that allows to evaluate
the product §X38X™ in terms of the already given iterated integrals (such rule is usually
called the shuffle product formula) by requiring that the state space for the considered rough
path is the (level 3) free nilpotent group G (R") C T1(3) (R™); cf., e.g., [13, Chapter 7]. This
approach leads to the notion of (weak) geometric rough paths [13, Chapter 9]. Alternatively,
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we can replace the state space T1(3) (R™) for the considered rough path by the (truncated)
Hopf algebra generated by the set of labeled rooted trees (the so-called Connes—Kreimer
Hopf algebra) [16, 17]. This allows to postulate the behavior of the branched integral as well
as the iterated integrals. The two approaches are intimately connected [2, 17] but while the
former approach is more classical (see, e.g., [22]), the latter allows for some simplifications,
for example, in establishing the stability of controlled paths under composition with regular
functions. We refer to, e.g., [8, 28] for some further developments of branched rough paths
and to, e.g., [14] for further example of their use.
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