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Occam’s Razor in Pooling of Probability Densities

Miroslav Kérny

Abstract—Geometric and linear poolings often serve for the
fusion of the knowledge contained in a finite set of probability
densities. Their pros and cons are relatively well understood.
Many other ways have also been studied. A recent insightful
survey paper by Koliander et al inspects a range of pooling
ways based on various axioms, optimisation and supra-Bayesian
handling. The gained extensive option set makes the proper
choice of the pooling function harder. This paper reduces the
extent of unjustified options. It provides the optimisation-based
selection among available options. Its steps are justified by well-
established, axiomatically supported, minimum relative entropy
and approximation principles. The text applies Occam’s razor
to its theoretical tools, too. It simplifies the user’s choice of the
pooling function and its weights. This weakens the possibility of
a bad choice and opens the way to a range of applications.

Index Terms—information entropy, minimum relative entropy
principle, probability density function, forgetting

I. INTRODUCTION

N information fusion combines the knowledge expressed

in various forms that originate from different sources.
It includes, for instance, the fusion of data [1], the fusion
of classifiers [2], multi-sensor fusion [3], online parameter
estimation with forgetting [4], and many others [5]. Since
the seminal work of [6], it is known that information is
a characteristic of underlying probabilistic measures. They
provide the most advanced knowledge quantification used,
for instance, in agents’ collective learning [7]. The popular
large language models [8] represent a striking example of
the probability strength. It stresses the importance of the
information-fusion way that combines a finite collection of
probability densities (pd").

Geometric and linear poolings are standard, but competitive
fusion ways of the knowledge quantified by pds. The papers
of [12], [13], [14] represent permanent attempts to refine the
pooling. The survey paper of [5] with an extensive list of
references summarises such attempts. It added a range of
methods on how to pool pds. The authors justified pooling
functions using axiomatic, optimisation and supra-Bayesian
ways. Their insightful study, however, makes the choice of
the pooling method harder as it extends the wide option set
and thus the extent of possible poor choices.

The current reductionist paper proposes a narrow and still
sufficiently rich pooling basis. It uses only two axiomatic,
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well-established principles: the minimum relative entropy
principle, [15], [16], and the approximation principle, [17],
[16]. This choice applies Occam’s razor: “Do not multiply
entities without necessity!” to the set of theoretical tools. This
informally applied dictum is deeply discussed in [18].

The text complements the discussion of the pooling in [5].
Mainly, it decreases the user’s effort spent on the choice
of the proper pooling function and its parameters. The text
extends the study on the pds’ handling in [19]. Practically,
a hybrid of arithmetic and geometric pooling arises (see
Fig.1 in the core Sec.II-B). It inherits the strong points of
these popular techniques and suppresses their weaknesses.
Methodologically, the combination results from the addressed
problem formulation, not from an ad hoc design.

A. Notation

Throughout: sans-serif fonts mark mappings; A : B :etc.
label assumptions and various claims; := defines the left-
hand side by the assignment; v means a set of vs, specified
only if needed; decorated mnemonic labels are used, e.g., ¢
is a cover-set label in the set ¢ of the cardinality ¢, < oo;

° marks the optimality; supp(p) := {v € v : p(v) >
0} is the supportof the pd p; o is the implicitly normalised
equality; the set indicator x,(v) := 1 if v € v, otherwise

Xv(v) == 0; D(p||lq) = f'u p(v) IH(ZEZ;

entropy, [20], of a pd pair p, q; the dominating measure used
in definitions of pds is formally marked as Lebesgue’s one.

)dv is the relative

B. Used Principles

Operationally, the used minimum relative entropy principle
chooses a single pd serving to a subsequent optimising de-
cision making. This aim singles out the optimising pooling
category of [5] as the proper one. The pd choice respects the
processed partial knowledge while keeping the constructed pd
near to its prior approximation.

The quest for computational feasibility calls for the accom-
panying use of the approximation principle. It guides how to
approximate a given pd. Both principles measure the similarity
of pds. They single out the relative entropy with the proper
argument order as the adequate divergence. The 1%¢ principle
is the main tool, the 2" one supports its use.

Principle 1 (Minimum Relative Entropy Principle): Let a
random variable v € v have a partially known pd p € p # (.
Let the pd ap be the given prior approximation of the proper

pd p. Then,
p(v)In <ap0((1;))> dv (1)

optimally fuses the knowledge (v, p, ap); often, ag ¢ p. O

p® € Argmin D(p||ag) := Argmin/
pEP peEP

v
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Principle 1, giving (1), is a proposition in [15] and in [16].
The axioms that imply its validity are weak.

Principle 2 (Approximation Principle): Let v € v be a ran-
dom variable with the known pd p ¢ a. Let its approximation
a € a # () be needed. The pd

p(v)

0 : o . p(v)
a’ € Argr;lelgl D(plla) := Argrglégl /vp(v) In (a(v)) dv (2

serves as the optimal approximation of the pd p. O
Principle 2, giving (2), is a proposition in [17] and in [16].
The axioms that imply its validity are weak.
Remarks 1 (On Principles):

The principles serve to solve the pooling task, Prop. 1.
Importantly, the principles are not selected ad hoc. They
are propositions of an axiomatic decision-making theory
called fully probabilistic design [21]. This implies that the
problem is deductively solved. Weak explicit conditions
imply the solution optimality.

The principles delimit the order of the argument in the
relative entropy. It fits the use of information theory in
statistical inference [22].

The principles give nontrivial solutions differing from the
“reference pds” ag, p if they are not in the sets over which
the minimisations run. O

II. POOLING PROBLEM AND ITS SOLUTION

The use of the above principles under assumptions spelt
in this section leads to our main result, Prop. 1. It de-
scribes the optimal pooling of a given collection of pds
(ack(v))vew,cec,kek Into a single p®(v) serving to decision
making optimising under uncertainty. The text explains the
indices’ meaning.

Fig. 1 (left) provides a prototype of the addressed pooling
for which neither the geometric nor the arithmetic pooling
suits. Weakly overlapping echo chambers [23] are a real
example of such cases. Fig. 1 (right) shows the result implied
by Prop. 1. Linear and geometric poolings serve comparison.

A. Adopted Assumptions A : B : C :

The random variable v € v is modelled by the partially
known pd p(v) with the support supp(p) = wv. The used
knowledge about p consists of:

A : given cover sets (V.)cce covering v: v = Ugeceve With
vz N, of the zero dominating measure if ¢ # ¢, ¢,¢ €
c:={1,...,¢cc}, cc < 00;

B : a given pd ag a priori approximating p with supp(ag) =
supp(p) = v. It gets the form

a()(’l}) = Zbcol’co(’l}) Wlth ch = / ao(’l})d'l}
cEc Ve
with the restrictions r.o(v) := M; (3)
c0

C: given pooled pds provide’ (ack)eces k € k =
{1,..., ek}, kg < 00, with supp(acx) 2 v. and

2The notation neglects dependencies of ¢z on ¢ € ¢, cf. Fig. 1.

POOLED PDS (lines); RESTRICTIONS (triangles)

0.07
4

PD VALUES

.
0 5 10 15
cover set, cover set, cover set,

PD DOMAIN (black dots mark cover-set bounds)

POOLED PDS (lines); OPTIMAL PD (red stars)

LINEAR AND GEOMETRIC POOL (black — and +)
0.035 T T

0.025+

PD VALUES

ootst

0.0051

cover set‘ cover set2 cover 5913

PD DOMAIN (black dots mark cover—set bounds)

Fig. 1.

Top: The pooled are linear and constant pds (blue and red lines) (see
C :). They suit neither arithmetic nor geometric pooling. The non-empty
intersection of their supports implies covering. Triangles, having the same
colour as the pooled pds, mark the related restrictions.

Bottom: The pooled linear and constant pds (blue and red lines) from Fig. 1
repeat. Red stars mark the pd p°, see Proposition 1.

The optimal forgetting, (9) for uniform ac.—2,0, fe=2,0 := 0, in the local
geometric pooling is f2_, = [0.5306, 0.4694]. The optimal beliefs into the
restrictions r2 of the optimal p° (8) are b° = [0.1122,0.6815,0.2063].

Linear & geometric poolings (black -,+) with weight 0.5 serve comparison.

restrictions r.x(v) o ack(v)xo, (v) approximating restrictions

re(v) := W, be. ::/ p(v)dv, 4

which are given by the partially known p on v., Ve € c. O
The definition (4) implies the identity

p(v) = Zbcrc(v). 3
cec

The pds (r;)ccc and the beliefs (b.)ccc (4), i.e. probabilities
of v., depend on the partially known p € p. The assumed
supp(ag) = supp(p) = v, (B :), allows to use Principle 1
for opting p°® as a minimiser of the relative entropy of p €
p toits prior approximation agp (3). Principle 2 expresses the

knowledge in the pooled pds, C :, via the set

pi=pyi= {p: (Dlrellrer) < B < 00) o e}
ﬂ = (ﬁc)cec S /6 = {60 S [Oﬂ OO)» (S C}' (6)
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Choice (6) says that the restrictions (r.;)rex (4) of all pooled
pds (ack)ker (C :) approximate r. locally on v, (r. restricts
the pd p on v.). The optional bounds 5 in (6) quantify how
well (rek)kek approximate r.

Remarks 2 (On Assumptions & Existence of the Solution):
Let us stress that the pooled pds ag, acx (with the restric-
tions rex, k € ko := {0} U k) may arise from different
knowledge sources exploiting even completely different
content. They have to model the same variable v € v.
For each ¢ € ¢, pds (fek)kek, are not in a full contradic-
tion as they have supports identical with v, = supp(r.).
This guarantees the existence of minimisers implied by
elementary properties of the relative entropy [20], [22].
Finite bounds 3 in (6) thus also exist. O

Low values of (3, for which a solution of (1) on the set

p := pg (6) exists, well exploit the processed knowledge.
The adopted choice seeks the smallest set pg. It leads to the
highest but finite achieved minimum of D(pl||ag). This gives
the optimal bounds (6)

e A D 7
6 rgrggg;gm (pllao)- (7

B. Main Result: Pooling Design
This part constructively demonstrates the key methodolog-
ical claim of the paper by designing the optimal pooling.
Proposition 1 (Pooling):
D : Assumptions A :, B :, C :, and Principle 1 with the set
(6) for B := B° (7), approximately (see proof) provide

o > b2ri(v), ¢ € e, with b o beg exp[—D(rg|reo)]
cee
pfen
re = rp, (v) = e C]’f k(”) . ko:={0} UK,
fm [kew, rox” (v)dv
fc = [chyfcl--wfcck,]a fcke[ovl}v chkzl' (8)

keko

The forgetting factors (f.).cc depend on: » the prior belief-
expressing (beg > 0)cce (3); » the belief reflecting Kuhn-
Tucker’s multipliers (bex, > 0)cee,kek, and; » the normalisa-
tions nc == (3_j.cp, bek) > 0 ¢ € c. They read

b
for = -2 cee, ke k.
n

C

The forgetting factors

2. maximising — ch In (/ f"‘ v) 9)
Ve keko

cee

make the bounds in (6) (approximately) the tightest ones 3. ~
2, see (7). The sole normalisation n. > 0 has no influence

on the optimal p° (8).

€ : The optimal forgetting factors (3. )cec kek, (9) exist. The

forgetting factors f2 are unique if (In(rcx(v)))ker, for the

¢ € c are linearly independent. The optimal factors meet the

well-solvable necessary conditions

/ In(rep(v))rpe (v)dv = A¢, ¢ € ¢, Vk € ko with (10)

real Lagrange’s multiplier A, giving ), ko for=1 c€ec
Proof It deals with Kuhn-Tucker’s functional (KT) [24] with
multipliers (ber, > 0)cee,kek respecting the inequalities in (6).
On D : KT is an affine map of relative entropies, smallest for
their equal arguments. Under (3)— (6), it holds

KT := D pHaO Z bck rc||rck) ﬁc)
cec,kek
= Z [/ bere(v (bcrc(v) )dv
cce chrCO(U)

g (rom () )]

kek

The covering v = U.ccv. and the relative entropy definition
are employed. The unknown (b.).c.—dependent part of KT
can be directly rewritten as the relative entropy of the op-

timised (be)ece (4) to (z}g o begexp ( — D(rcHrCO))) It
cee

gives the optimal (b2 := b?).c. dependent on yet unspecified
(re)cee. The minimum value of this part over (be)cec is

103" beo exp[-D(rel[re0)]]-

cec

(an

The partially minimised KT should be optimised over (r.).cc.
It cannot be done explicitly. KT is bounded from above via
Jensen’s inequality. The bound?® is minimised. This is the ap-
proximation stated in the proposition. Jensen’s bound on (11)

is —In [ e beo expl-Dlrel o)) < X, beoD(rel o).
For ko := {0} Uk, n¢ := > e ber > 0 (b > 0),

KT<ch/ re(v % dv.

cee erko ()
A simple algebra provides this upper bound. The summands
are just multiplied by ratios n./n.. n. > 0 normalises b.j, to
forgetting factors (fex)kek,- The normalisation n. > 0 in (12)
as b.g > 0 (3), and Kuhn-Tucker’s multipliers (ber > 0)kck-
The upper bound (12) is the weighted sum of relative entropies
and it is minimised by

(12)

bek
=ry (v ocHrfC’“v, fek = , k€ k.
keko Zkeko
Clearly, fer € [0,1], k € ko, and >, for =1, c€ec

On & : The reached minimum (9) is the negative sum of n,
times logarithms of the normalisation integrals of the optimal
re = ry, minus f-independent ) __.n.B3.. The minimisers of
the addends in (9) depend on the forgetting factors, not on the
positive normalisation n.. Thus, the sole n.-values have no
influence on the pd p° (8). The maximising forgetting values
guarantee the tightest bounds (allowed by the adopted Jensen’s
approximation) and thus the (implicitly) smallest 3 in (6).
For each ¢ € ¢, the optimising forgetting factors f. > 0,
constrained by » -, k, Jek = 1, are to be the stationary points,
i.e. have to meet (10). The real A\. is Lagrange’s multiplier

(shifted by 3.) making Y-, cp fer =1

31t is the tightest bound unless additional assumptions are enforced [9].
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The arguments of In(-) in (9) have, for k:,lfc € ko,

Hessian_, ; = — [ In(rex(v)) In(rz(v))rs. (v)dv

+/ ln(rck(v))rfc(v)dv/ In(r ;. (9))rs. (0)do, Ve e c.
Ve Ve

Thus, the Hessian is the negative covariance of
n(reo(v)), ..., In(re, (v))] with respect to ry (v) (8).
For ¢ € ¢, it is negative definite for linearly independent
(In(rex(v)))kek,- The maximised, continuous, unimodal
function is thus strictly convex. Even the non-strict
convexity makes the solution of (10) simple. The optimal
P°(V) = > cce biXw, (V)re(v) (8) is due to (5). O
III. WRAP UP: TECHNIQUE, METHODOLOGY & PRACTICE

The addressed task and its solution have many links to other
pooling ways. They are worth inspecting. The implementations
also need extra effort. It mainly concerns data-based updating
of inputs of the solution (8), and the covering (v.)ccc-
Technically:

The optimal pd p® (8) linearly pools the geometric means
of compatible pds. The linear pooling is the special case
for ¢, = 1 and non-overlapping supports of the pooled
pds. For ¢, = 1, it pools geometrically.
The exponents f. € [0,1] flatten the respective pds,
which is the main role of forgetting [25]. It acts as the
stabilised forgetting: the more (r.x)xck, are forgotten, the
stronger is the influence of the pd r.o.
The knowledge in a pd r. is not incorporated if f. ~ 0.
It happens if the multiplier b.; = 0 (the constraint in the
set (6) are inactive). It indicates that the forgetting factors
influence how seriously a knowledge piece is included in
the pd p°: they quantify trust into pds (rex)kek,-
The pooled pds (ack)kek, pds may (sequentially) incor-
porate knowledge contained in the observed data. Bayes’
rule and its generalisation [26] serve this purpose.
Principle 1 allows the (hard) optimisation of the user’s
options, including the choice of the covering.
The belief b. (4) says how probable (as per p(v)) is
v € wv.. The desirable uniform (b.)cee (principle of
insufficient reasons [27]) could be sought by a covering
redefinition. Its prior design groups pds (ack)rer With
the supports’ intersection v,, Fig. 1.
Our result is valid even if the sets (v:).ce do not cover
the whole v. It only needs supp(ap) = v = supp(p), see
the assumption B :. This way focuses on highly probable
parts of v and takes ag as a “background”.
A use of a collection of pds potentially decreases sens-
ing, modelling, processing and computational complexity.
However, the latter is increased by the optimised pooling.
A proper balance has to be sought. O
Methodologically:
It is important that the result is the deductive outcome.
It has clear, general, parsimonious and widely applicable
conditions of its validity.
Deductive results need no simulations to verify their
validity. Real-life applications are, however, vital. The
paper enables them. O

Practically
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The burden on the pooling users connected with the
choice of an appropriate method is greatly reduced. This
allows them to focus on their specific tasks.

The tasks using probability pooling (fusion of experts’
priors [14] and forgetting [4] for Bayesian parameter es-
timation, multi-sensor data fusion [3], collective learning
[7] and many others [5]) get the balanced compromise
between geometric and arithmetic pooling.
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