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Abstract. The paper presents a modelling and identification of a piezo-
electric actuator and the feed-forward controller design. A commercial
piezoelectric bender, model PL140, from Physik Instrumente Co. is con-
sidered. Its physical model is derived using Euler-Bernoulli beam the-
ory. The model is designed to generate experimental data without using
a real actuator. Nevertheless, this model is unsuitable for control design
due to its complex structure. For the purpose of control, a Hammer-
stein model is proposed. Its structure comprises a static non-linear com-
ponent that characterizes hysteresis and a dynamic linear component
represented by a stochastic auto-regressive model with external inputs
(ARX model). The non-linear component of the Hammerstein model
is represented by a shallow neural network. The parameters of the ARX
model are estimated by the Bayesian approach. The feedforward con-
troller is based on the independently inverted part of the developed
Hammerstein model. The results are illustrated by simulations using
the proposed physical model.

Keywords: Piezoceramic actuator - Hammerstein model - Hysteresis -
ARX model - Bounded noise - Bayesian estimation - Feed-forward con-
troller - Physical modelling - Euler-Bernoulli beam theory.

1 Introduction

Current developments in materials science are driven by the demand for in-
novative applications and devices. Piezoelectric actuator (PEA) is such a type
of device. It has significant potential as an active structural component of mi-
cromanipulators across different fields of electronics and biomedicine [6].

Principle of PEA consists in electro-mechanical coupling, inverse piezoelec-
tric effect, through which input electrical energy is converted into output force
or motion. Piezoelectric materials are in the form of single crystals, piezoelectric
ceramics (PZT) or polymers. For a precise positioning, PZT is mostly used due
to a favourable ratio of input energy and range of motion [20].
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The precision of the motion is significantly influenced by the inherent non-
linearity of PEAs under dynamic operating conditions. This non-linearity is main-
ly due to hysteresis. Therefore, appropriate modelling methods able to handle
this type of nonlinearity are required [10]. The behaviour of materials can be
represented utilizing continuum mechanics. However, the associated partial dif-
ferential equations are too complex for direct analytical solution. Consequently,
numerical computations utilizing the finite element method (FEM) are employed
to resolve these equations in a computationally efficient manner [8].

While the developed model is suitable for simulation, it remains too complex
for control tasks. Consequently, alternative, simpler approximate models are be-
ing investigated for the non-linear modelling of PZT actuators. They integrate
black-box modelling with a physical understanding of systems exhibiting hystere-
sis [9]. They can be represented through operator superposition or differential
equations [5]. In this context, a Bouc-Wen (BW) model, belonging to the sec-
ond group, is often used [9]. As it only describes a static relationship, it is fre-
quently augmented with a dynamic linear component, such as transfer function
or an auto-regressive model with external inputs (ARX model). This combina-
tion of static non-linear and dynamic linear components corresponds to the Ham-
merstein model concept [5]. Currently, the required control model is also often
identified using artificial neural networks (ANNs) [17].

This paper builds on results presented in [12]. There, two mathematical mod-
els of the commercial piezoelectric bender PL140 of Physik Instrumente (PI) Co.
were developed: (i) a physically based Simulink model, a substitute of the real
piezo bender, aimed to serve as a data generator without the need for a real
piezoelectric actuator, and (ii) a data-driven Hammerstein model to be used
in control problems. The aforementioned Hammerstein model is used to design
a feedforward controller that compensates a hysteresis nonlinearity.

The paper is organized as follows. Section 2 deals with physical modelling
and related simulation model of specific piezoelectric bender. In Section 3, an iden-
tification of a data-driven Hammerstein model is presented. Section 4 intro-
duces a feed-forward controller. The simulation experiments using both physical
and data-driven models are described in Section 5.
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Fig. 1. PEA bender PL140 (top) and its main dimensions (bottom) [12]
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2 PHYSICAL MODEL

This section summarises mathematical-physical modelling of the PEA. PICMA
bender PL140 is considered as the PEA representative here, see Fig. 1. The result
of the modelling is a model that is realised in MATLAB/Simulink. It serves
as a substitute of the real PEA. In subsequent sections, static and dynamic
analysis are introduced and the simulation model is described.

2.1 Static Model of Piezo Bender

Let the beam forming the piezo bender be as follows: (i) straight originally,
and slight any taper; (ii) working only in linear elastic deformation; (iii) slen-
der that length ¢ (= L/n, number of segments n = 1 here) to height (thick-
ness) b ratio greater than 10; (iv) with only small deflections, less than 1/10
of the span, and additionally: (v) regular and homogeneous, and (vi) stressed
by a uniform load. Then, in this case, the equation governing the beam’s de-
flection z (designation according to deflections in z-axis) can be approximated
simply using full differential equation of deflection line:
v q

20 = -5 1
where I is the Young’s modulus and J, is quadratic moment of cross-section
for neutral axis y, J, = bh®/12. Thereafter, it can be written the following:

4(€) = B J, 2"V (€) = —q = const. (2)

where ¢ is a uniform load (force per unit length). Then, by the integration relative
to position ¢, the following is obtained:

T(€) = B.J, 21 (¢) = —/q(f)dé“ - —/qu gEt e T(0) = 0= ¢ = 0

TE)=q& v=1-§ dr=—d§, {=l—a2 = T(x)=q(l—x) (3)

where T'(x) is a shear force. In similar way, it is possible to obtain:
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where M (z) is a bending moment. Furthermore, subsequent integration is:
M@ 1
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where ¢(x) is a bending angle.
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Finally, the last integration leads to:

1 1 1
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___4 T, a1, 1y
2(z) = EJy<24(£ x) 66 (¢ x)+8€> (6)

where z(x) is a bending deflection. For static deflection modelling, the relation
between a uniform load ¢ and input voltage u is necessary to calibrate. An illus-
tration of the obtained formulas (2)-(6) is depicted in Fig. 2, for values in Table 1.
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Fig. 2. Courses of static force effects and deflection quantities
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2.2 Dynamic Model Beam Theory for Piezo Bender

Transient or dynamic behaviour of real physical deformable bodies can be de-
scribed using the general theory of continuum mechanics [4]. Considering a prism-
shaped piezo bender (Fig. 1), a beam, a simplification by Euler-Bernoulli beam
theory can be used [15]. This theory will be considered and applied to model
construction in this section. The obtained model is considered as a model substi-
tuting a real piezo ceramic beam. We consider that used PEA is built from a ho-
mogeneous isotropic linear elastic piezoceramic material. Its stress o is related
to the strain ¢ by 0 = E ¢, where F is already mentioned the Young’s modu-
lus. Then, general constitutive equations [4] considering strains in space are:

oc=Ce—e"E, (7)
d=eec+e E, (8)

where E,, C, ¢, e, d and € are the electric field, compliance tensor, strain field,
electric displacement field, piezo stress coefficient tensor and permittivity tensor
at constant or zero strain, respectively.

The required beam equations can be separated from (7) and (8). Let us pro-
ceed from strain along axis z (simplifying a general three-dimensional problem
to a one-dimensional one, o — (2 A z), i.e. corresponding directions):

dpy
zx\L) = Ay 9
€ = €xa(m, 2) de(m) (9)
E, - E, = % (10)
d u
0= 0pz(T,2) = —C11 2 dicy (x) — 6315 (11)

where ¢;1 = E and FE, is electric field perpendicular to plane zy and v is input
voltage of surface electrodes of PEA. Then, the moment from the stress field is

My(z) = — //z 0wz, 2) dS (12)
Calculating the double integral in (12), the bending moment is expressed as:

d
M,(z)=EI dfcy () +abesiu (13)

where I = 1/12 ab® is the second moment of area of the rectangular cross-section.
Let us continue by developing the equation for electric displacement (8), again
simplifying to the relevant one-dimensional subspace, as:

d,(z,2) = €31 €pe(v,2) + € E, (14)

_ d e, U
d.(z,2) = —ez1 2 dz (x)+6b

dg = # d.dS =es abdyp, (16)

(15)
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where dgq is infinitesimal accumulated bend charge, given by a bend angle change.
Thus, the charge ¢ for a specific bend can be expressed as follows

q=e31ab(py(Trr1) — py(rr)) (17)

Then, the resulting Euler-Bernoulli beam equations for torque and charge are:

My(x):El%(aj)—Fabeglu (18)
eal
q= eslab(%(ﬂfkﬂ)—@y(xk))*'Tu (19)

The equations (13)-(19) leads to the state-space finite-element form (22) of one
element of the modelled beam divided into n elements:

FC zZC
TC | _ pc
=K (20)
TR PR

b'e b'e f
+ = (21)
0 q
where
12 6/ —-12 6/ 156 22¢ 54 —137¢
K—ﬂ 60 402 —6022¢2 7 m 220 402 13¢ —3¢2
/3 ~12 —6¢ 12 —6¢ | 420 54 13¢ 156 —22¢
60 202 —64 442 —130 —12¢ —22¢ 442
T eal
Upiezo = |0 ez1ab 0 —egrabl’, 6piezozT

with added dumping matrix B, the final form is

o fo] = o) e[l @

where m = pab/l is the element mass with density p and ¢ as element length
and L = n/ total beam length, a and b are cross-sectional parameters: width
and thickness respectively (see Fig. 1), x = [zc ¢c 2r ¢r|? is generalized coor-
dinate vector, e3; is a piezoelectric stress-charge coupling element and e is elec-
trical permittivity. The set (22) can be numerically solved in n-element chain,
where terms K, M, B (= zero matrix but b1; # 0), ¢ and f = [Fo 7c Fr7r)T
are stiffness matrix, mass matrix, stiffness finite element matrix, damping ma-
trix, accumulated charge trough PEA and generalized force effects, respectively,
with appropriate dimensions [3].
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Table 1. Parameters of PL140 - PIC251 used in Simulink model in Fig. 3.

Symbol Description Value
L length 40 mm
a width 11mm
b thickness 0.55 mm
Chiezo capacitance 8.2 uF
Urated rated voltage range +30V
Zfree free deflection at Urated + 1mm
Fhiock blocking force at urated +05N
fn first natural frequency 160 Hz

The relations between available datasheet and material parameters, in equa-
tions and in MATLAB/Simulink model, are summarised as follows [15]

20 Fblock 4 Fblock 63 b 4 Fblock Zfree
= - ) = - ) = — | Chiezo 23
31 3ab Urated Zfree @ b3 ‘ al P " ufated ( )

where parameters on the right sides of equations (23) are: Fylock, @, D, Urated, Zfree
and Chiezo — blocking force, dimensions, rated drive voltage and free deflection
at Urated, PeamM capacitance, respectively. Its values are summarised in Table 1.

2.3 Simscape Model

In the context of the mentioned physical analysis, MATLAB/Simulink with Sim-
scape block libraries offers a convenient preconfigured way of building a simu-
lation model of a real beam, as opposed to programming the equations above,
see Fig. 3. This model consists of the main block of Piezo Bender block [13] that
represents piezoelectric bimorph beam. It is connected trough mechanical trans-
lational and rotational reference via ideal force and torque sensors to the ground
on one side and on other side left free via translational and rotational free ends.
They are connected with ideal translational and rotational motion sensors. In-
put voltage of PEA is provided by a controlled voltage source. The bending
block simulates bending when an electric potential is applied across its layers
and generates an electric potential when it is bent. This model (Fig. 3) is used
in following sections. Note that the output signal is denoted y to be consistent
with automatic control theory instead of the physical notation z in text above.

PS-Simulink

Ideal Converter y = y(t)

Translational

Piezo Bender Actuator (T )F Motion Sensor
7 B
_ YV o ly
Controlled [ [ T & v PS-Simulink d
onated |2 () | Vottage Ideal PS-Simulink Mechanical ~ Converter —’6
soure | \&/ 3/ | sensor Force Sensor 4 Converter F = F(t) Translational V= V(t) = dy/dt hi
A T Mechanical ,, [ | Referencel
T — T dphi
Simulink-PS V= " L] phi
I ' F
Converter 4 § PSSimuink - Refersnce Piezo Bender | ree End
Converter u [V] L "
Mechanical prs o Rro— ¢ Rotational PS-Simulink
voltage Rotational /&—{Raph 1 Free End Converter fi = fi(t)
Reference deal PS-Simulink o
Torque Sensor Converter T = T(t) phi
1 ‘D)
input0 B SN dphi voltage
—L_ Electrical c PS-Simulink
= T é)
Reference Conn1 Ideal Mechanical Converter
Rotational goato o omg = dfildt
Motion Sensor  geerencot
Fig. 3. Created Simulink model comprising Simscape blocks.
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3 DATA DRIVEN MODEL

This section deals with an identification of a data-driven model of a PEA. For this
purpose we have chosen a Hammerstein model [5]. It is suitable for modelling
a PEA because its structure effectively separates the actuator’s complex be-
haviour into two manageable parts. The model uses a static nonlinear func-
tion to describe the inherent hysteresis and connects it in series with a dy-
namic linear function that represents the frequency-dependent characteristics
of the electromechanical system [19]. The mentioned linear function is frequently
represented by a dynamic transfer function [5]. The Hammerstein model facil-
itates the analysis of a PEA by separating the nonlinear hysteresis component
from the linear dynamic characteristics. It is also convenient to use in various
control algorithms and simulation tools [7].

Fig. 4 shows a block diagram of the Hammerstein model. The block NLS
specifies a static hysteresis nonlinearity, while the block LD represents a dy-
namic linear component of the piezoelectric actuator. The signals wus, z¢, v,
and y; denote an input, an unobservable hidden variable, noise, and an output,

respectively; t€ {1,2,-- -t} denotes a discrete time.
Vi
u z Ui O\ Y
t t t t
— NLS » LD >

Fig. 4. Block diagram of Hammerstein model [12] consisting of a static nonlinear part
NLS and a dynamic linear part LD that is influenced by an additive noise v;

In general, there exists a dependency between the linear and the non-linear
component of the Hammerstein model. This dependency has to be taken into ac-
count during identification. However, under specific conditions, the linear compo-
nent can be isolated from the non-linear component and both parts can be iden-
tified independently [2]. The procedure starts with the identification of the LD
part using a special signal that does not activate the nonlinearity. Then, LD part
is used together with new output data y; to estimate the hidden quantity z;. Fi-
nally, using z; and the relevant input data u;, the NLS part is identified. This
approach will be detailed in subsequent subsections.

3.1 Linear Dynamic part of Hammerstein model

The LD part of Hammerstein model (Fig. 4) is often represented by an auto-
regressive model with external input (ARX model) [5]. Here, we consider a sto-
chastic ARX model of the the second order, as it is a well established represen-
tation of electro-mechanical systems [18]. Further, the involved noise is assumed
to be bounded and uniformly distributed. The advantage of this is that, contrary
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to a model with normal noise, this model provides a guaranteed estimate, i.e.
a set in which the estimated parameter is guaranteed to be located. Another
benefit is that we do not need to know the statistical properties of the noise, but
only its bounds.

The 2"¢ order ARX model with a uniform noise is defined as follows

Ye = a1 Y1+ as Yo +bous +byus_y +baus_o 4+ v =] 0+ vy (24)

ve ~ Uy, (=1, 1)

where T' denotes the transposition, y; is an observable output, u; is a known in-
put, ¥y = [Ys—1,Yi—2, Us, Us_1,Us_2) " is a regression vector, § = [a, az, by, by, bz
is a vector of unknown regression coefficients, v; is a uniform white noise, inde-
pendent and identically distributed and U, (—r, ) denotes a uniform distribution
of v on the support (-r,r).

Equivalently, the nominal part of ARX model (24), ¥ 6, can be described
by the following transfer function

- b0+b12_1+b22:_2
T l—apzl—ag 22

Gs(z7) (25)

To estimate the regression coefficients of ARX model (24) from input-output
data, we use the Bayesian approach [11]. There, a system of interest is described
by the following probability density functions (pdfs):

prior pdf f(©) = f(©1d(0)), (26)
observation model f(y¢|us,d(t —1),0),

where © is an unknown parameters vector.

Bayesian parameter estimation consists in the recursive evolution of the pos-
terior pdf f(©|d(t)) that starts from the prior pdf f(©) (26):

F(Od(t)) o f(yelue, d(t —1),0) f(Old(t = 1)), te{1,2,---, T}  (27)

where d(t) = [ds, d¢—1, - - -, d1] is a sequence of observed data records, d; = (yt, ut),
o means the equality up the normalising constant. Note that here is no formal
distinction of a random variable, its realization and pdf argument.

By considering the ARX model (24) as the observation model (26), with ©
comprising both # and r, the application of (27) results in gradually increasing
complexity of the support of f(©|d(t)). Therefore, an approximate solution has
to be implemented.

In [14], the estimation algorithm is proposed that provides the approximate
posterior pdf on parameters, f(©|d(t)). Its support, represented by a polytope
with a constant number of faces, recursively circumscribe the original com-
plex support. The expected values of both the model regression parameters 6



10 L. Kuklisova Pavelkova and K. Belda

and the noise bound r are obtained as follows:

N u+ 1
0 =tu, l_1,0] 5 vwlvy, (28)
_|vgv
0 1
. a+1 1-— -1 max(l,,0)
r= Uy V= .
a 1- 'yo‘“ Up,

where « corresponds to the number of processed data, [l,,_1, 0] denote n—1 rows
of unit n matrix, column vectors /, u and the square matrix v are the approximate
statistics that define the approximate support S of f(©|d(t)) as follows:

5, ={0:0,>0,1<vO < u}, (29)

O,, = 1/r is the n-th entry of the vector © = [-01 ©,,, ©,]. The matrix v has
the upper triangular form with unit diagonal.

The update of S, consists of the extension of v by one row, which corresponds
to the vector ¥, = [T 1], and the extension of [ by —1 and u by 1. Then,
the orthogonal rotation is performed, which zeroes the last rows of [, v, and u
and maintains the triangular form of v. For algorithmic details see [14]. Note that
the noise range r is estimated together with the model parameters, therefore it
is not required to have a prior knowledge of it.

3.2 Nonlinear static part of Hammerstein model

The static nonlinear component of the Hammerstein model, NLS, can be identi-
fied using a dataset comprising u; and 2z, as illustrated in Fig. 4. The inputs u,
are accessible. The hidden variables z; can be predicted utilizing the inverse es-
timated ARX model that characterizes the LD component, together with the y;
produced by the Simscape model, Fig. 3, that is excited by the input signal u;.

Since LD is described by the ARX model (24) with input z; and output y,
see Fig. 4, the inverse model with input y; and output z; is expressed as:

1 . 1

— (Y —a1Yp—1 — Q2 Yh—2 —br2e—1 —baze_o — V) = 2 — —; (30)
bo bO

where a1, ag, by, by and by correspond to the regression parameters of the ARX
model (24). Assuming the uniform noise v, z; is uniformly distributed on the sup-
port [2; — /by, 2t + r/bg] with the mean 2.

The NLS part of Hammerstein model will be represented by a shallow neural
network (NN) A with input us, one hidden layer and output z, i.e.,

In MATLAB, N is represented by a idNeuralNetwork object, which is defined
by the number of hidden layers including number of nodes and activation func-
tion for each layer. Here, we have set structure of N to consist of three layers
with “tanh” activation function. For an identification of N, the Matlab function
nlarz is used.

Zt =
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3.3 Identification Procedure of Hammerstein model

This subsection will summarize the identification of the two parts of the Ham-

merstein model described above into a concise procedure.

The identification utilises two data sets, Di and Ds, where inputs are de-
scribed below and corresponding outputs are generated by Simscape model, de-
picted in Fig. 3:

D1 — Input sequence in D; correspond to the pseudo-random binary sequence
(PRBS). It is a signal that shifts between two levels in a certain pattern
such that its mean value and covariance function are quite similar to those
of a white noise process. It can be generated by using shift registers for real-
izing a finite state system, and is a periodic signal. The period is chosen to be
of the same order as the number of samples in the experiment, or larger [16].
Using the PRBS input signal, the nonlinearity will not appear, as it re-
mains unexcited [2]. As a consequence, the hidden variable z; equals to u,
in Fig. 4, which allows to identify the linear component of LD independently
of the nonlinear component.

D2 — Data set D5 is intended for the identification of the NLS part. Therefore,
the input sequence in Dy has to be sufficiently diversified. For this purpose,
we have chosen sin wave input. Assuming that NLS is static and u; and z; are
available (see Fig. 4), the structural information on the unknown NLS can
be derived from its graphical representation [2]. We can estimate the hidden
z; using the output sequence in Dy data set and inverted linear part LD that
has been identified in the previous step by using the data set D;.

The complete identification of data-driven model of P1.140 based on the Ham-
merstein model according to Fig. 4 is summarised as follows:

i) generate data set D; using the Simscape model in Fig. 3, excited by the PRBS
signal;

ii) estimate the parameters of the LD block in the Hammerstein model, Fig. 4,
using the data set D; and formula (28), whereas LD is represented by ARX
model (24);

iii) generate data set Dy using the Simscape model, Fig. 3, excited by sin wave-
form signal with amplitude corresponding to the maximum voltage value;

iv) predict the z; in Hammerstein model, Fig. 4, as outputs of the inverse ARX
model (30) where the output sequence in Dy plays the role of input data;

v) identify the NLS block in Hammerstein model using input sequence in Ds,
output data Z; from iv) and the mapping (31).

4 Feed-forward Controller

In this section, a feed-forward controller is proposed. It consists of a serial cou-
pling of an inverse dynamic model and an inverse hysteresis model, see the block
diagram in Fig. 5.
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PEA
w 1 2 T u z Y
—5 p' S NLST A NLs S LD i

\4

A 4

Fig. 5. Feedforward controller consisting of the inverse ARX model (LD™!) and inverse
hysteresis (NLS™!) with reference w;

4.1 Inverted LD part of Hammerstein model

The inverse ARX model LD ™! is already available. It is identical to the for-
mula (30) used for the identification of NLS part in Hammerstein model, Fig. 4.
In comparison to [12], we have added here a term bou; to make the inverse
model physically realizable in online mode. Note that model in [12] was only
used for a one-time hysteresis identification where the whole data set was han-
dled together, so the missing by did not matter.

4.2 Inverted NLS part of Hammerstein model

The construction of the inverse hysteresis model NLS™! is not so straightforward
as relationship between involved variables z; and u; is non-linear. There are many
numerical methods to invert non-linear functions. Here, we adopt a numerical
technique based on optimal k-vector range searching [1]. This technique allows
to invert one dimensional analytic or tabulated non-linear function, z = g(z),
in assigned ranges of interest. It needs to carry out initial preprocessing for each
function but the inversion itself is then very fast. Therefore, the method is ap-
propriate when multiple inversions of the same function are required, as is our
case.

The offline preprocessing process involves the construction of a k-vector, i.e.
the vector of indexes containing information about the nonlinearity of the sorted
database. Specifically, the k-vector indicates the number of elements below a map-
ping function for specific values. The mapping function is a straight line that
starts at the minimum and ends at the maximum.

Before k-vector is constructed, the non-linear function z = g(x) has to be
discretized and its output values sorted in the ascending order. Using the re-
sulting sorting indexes, the inputs are rearranged according to the outputs.
Also, the maximum absolute difference § between consecutive y-values to de-
fine a searching range for root finding is computed.

Once the k-vector is built, the inversion of z = g(x) can be performed online.
To find a corresponding = value for a specific output z, consists in finding roots
{z,} of the equation

g({zr}) — 2 = 0. (32)

For a given value z,, the searching range [zq4, 2p] = [z — /2, 2 + 6/2] is set.
Then, the k-vector is used to find indices (kq, ks) corresponding to the search-
ing range, which provide a subset of z-values (xs) that are close to the roots.
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The retrieved z-values are sorted and distinct roots are identified by checking
the distance between consecutive z-values. If the distance is less than a threshold,
they belong to the same root.

The above procedure cannot be used directly in our case. The resulting hys-
teresis curve is not a function, but can be divided into two parts correspond-
ing to two nonlinear functions where the separator is the line passing through
the turning points. Thus, we obtain two sets of inputs and outputs (databases),
Dy, and Dy, where Dy, corresponds to the lower part of the curve and Dy
corresponds to the upper part of the curve. We then create the corresponding
k-vectors, kr, and ky. For their subsequent use, we then need to add a decision
rule for choosing the set to use. We assume the hysteresis property that the out-
put response is delayed after the input signal. This means that if the current
input value is higher than the previous one, then we use Dy and if it is lower,
then we use Dy,

5 EXPERIMENTS

In this section, the results of Hammerstein model identification, Fig. 4, as pre-
sented in [12], are summarized, followed by the description of feed-forward con-
troller setting and illustrating its performance.

5.1 Identification of Hammerstein model

Data for the identification of Hammerstein model are generated by the Simscape
model of piezoelectric bender PL140, see Fig. 3. Through the input block 1 en-
ter various input data that correspond to a voltage. Output deflection of piezzo
bender is provided by the output block 2. The identification process is performed
according to the procedure described in Subsection 3.3 with the sampling fre-
quency T, = 10~3s.

Fig. 6. The course of the parameter estimate a; (left) and az (right) in ARX model (24)
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Table 2. Point estimates of the ARX model (24) representing LD part in Fig. 4

al as bo b1 ba
1.196 -0.972 0.004 0.004 0.003

First, the D; data set, see Section 3.3, are generated for the subsequent
estimation of the ARX model (24) parameters. As an example, the time courses
of the regression coefficients a; and as estimates are shown in Fig. 6. It is evident
that while the estimates converge to specific values, they do not stabilize and
instead oscillate around these values. The time courses of by, b1 and by are similar.

The required point parameter estimates are set as the median values
from the steady-state part of the relevant time courses. The specified values
of all regression coefficients are summarised in the Table 2. Note that the paper
[12] considers the 2"¢ order ARX model without zero delayed input. Here, we
have added it to obtain physically feasible inverted ARX model, i.e. with output
depending only on current and past inputs and outputs.

Second, the Dy data set, see Section 3.3, are generated to be used for esti-
mating the hidden variable z; and the subsequent identification of the non-linear
part NLS represented by (31). In the experiment, we have used a shallow neu-
ral network with three layers and the hyperbolic tangent activation function.
Its structure is defined by the Matlab function idNeuralNetwork. Model param-
eters are then identified using MATLAB function nlarz.

The estimated hysteresis curve, i.e. relationship between the applied input
voltage u and the mean of the hidden variable Z is depicted in the left part
of Fig. 7.

5.2 Feed-forward Control

The proposed feed-forward controller (FFC), see Fig. 5, consists of LD~ part
(30) and NLS™! part obtained by the procedure described in Section 4.2. The re-
quired splitting of hysteresis curve is depicted in the right part of Fig. 7.

The FFC was tested with a Simulink model, Fig. 3, as a substitute of the real
piezo-bender PL140. We set the reference w; as a sine wave with amplitude 1
that corresponds to the maximal catalogue deflection of PL.140. Then, the output
of feed-forward controller was computed, i.e., the input control sequence uy,
and fed into the Simulink model through input block 1. The part of simulation
results are shown in Fig. 8 (left).

The performance of the controller is shown in Fig. 8 (right), where the static
relationship between input voltage and output deflection is depicted and com-
pared with the relationship between input to the NLS™! block and output de-
flection.

The accuracy of the proposed compensator would be further improved by not
using the roots (32) directly for the inversion, but instead to take them as an ini-
tial guess for another root finder, eg Newton-Raphson iterations.
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Fig. 7. Input-output representation of NLS part of Hammerstein model, Fig. 4 (hys-
teresis), [12] (left) and splitting of the hysteresis curve into two non-linear functions
with averaged z-values (right)

reference original —compensatedr‘ Yy l

original o compensated |i

I L MM N
: : itime (s) : : : : : : :
0 0.5 1 1.5 2 2.5 -30 -20 -10 0 10 20 30

Fig. 8. Part of the time course of the feed-forward control of PEA — blue (left) and re-
lationship between input voltage and piezo actuator deflection without hysteresis com-
pensation — yellow and with compensation — blue (right)

6 CONCLUSION

This paper focuses on the description of the PL140 piezoelectric actuator using
both an accurate physical model and a simplified data-driven model. The phys-
ical model is built on a physical analysis and the manufacturer’s datasheets
and it is intended to serve as a substitution for the original piezoelectric actu-
ator to provide experimental data. The use of this allows for the performance
of various experiments without the need for costly measuring devices and with-
out the risk of damaging the original actuator. The developed data-driven model
is meant for a future model-based micro-positioning control implementation.
The chosen identification scheme, specifically the Hammerstein model, allows
for independent estimation of the linear dynamic and nonlinear static compo-
nents, providing flexibility in selecting both the linear model and the function
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that characterizes the nonlinear static part. The choice of the uniform ARX
model was motivated mainly by the simplicity of the estimation algorithm. In ad-
dition, the knowledge of the noise bound r is unnecessary, as it is estimated si-
multaneously with the model parameters. A function representing the nonlinear
static component was effectively identified using a shallow neural network model
from MATLAB toolbox.

The above mentioned models have been presented in paper [12]. The current
paper builds on the previously reported results by utilizing both parts of the pro-
posed Hammerstein model to design a feed-forward controller. The inversion
of the linear ARX model is straightforward, as it consists only in swapping its
input and output. The inversion of hysteresis model utilizes a numerical tech-
nique based on a k-vector range searching. In order to use this method, we first
need to divide the data describing the hysteresis curve into two parts correspond-
ing to two non-linear functions.

Future research will focus on incorporating the proposed data-driven model
and developed feed-forward controller (hysteresis compensator) into an output-
feedback model predictive control scheme. Feedforward-feedback control utilizes
advantages of both approaches and is typically used for high-speed and high
precision operations of PEAs [10]. We also plan to test the proposed algorithms
on a real piezo actuator.
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