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ARTICLE INFO ABSTRACT
2020 MSC: Using the #—fuzzy measure introduced by Ghafari, Saadati, and Mesiar [Fuzzy Sets and Systems
60G48 2022], we develop the concept of martingale within s«—fuzzy measure spaces. In particular, we es-
28E10 tablish s«—fuzzy analogues of a Doob decomposition, Doob’s maximal inequality, optional stopping
gggj; theorems for both bounded and unbounded stopping times, and martingale convergence results.
The analysis is carried out at the level of «—fuzzy integrals, reflecting the intrinsic nonlinearity of
Keywords: the model. It is supported by the «—fuzzy conditional expectations and the fuzzy Radon-Nikodym
#—Fuzzy measure type representations. These results provide a coherent dynamic framework for martingales under
Triangular norm #—fuzzy measures.

Fuzzy martingale
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1. Introduction and preliminaries

Fuzzy measure theory and fuzzy integration provide a powerful nonlinear framework for modeling uncertainty beyond classi-
cal probability. Foundational developments in triangular norm-based structures and decomposable fuzzy measures have led to rich
integration theories and functional inequalities, particularly in *—fuzzy and t-norm-based spaces [1-3]. Recent advances include
Radon-Nikodym-type theorems for monotone and x—fuzzy measures, which play a central role in defining fuzzy conditional expecta-
tions and integral representations [4-6]. Analytical and computational aspects of fuzzy integrals, especially Choquet-type integrals,
have also been actively studied, enabling both theoretical development and practical applications [7,8].

On the probabilistic side, classical martingale theory and stopping results remain fundamental references [9,10], while proba-
bilistic metric spaces provide a natural bridge between probability and fuzziness [11,12]. Explicit notions of fuzzy martingales have
been previously introduced, though in limited settings, highlighting the need for a more systematic martingale framework under gen-
eralized fuzzy measures [13]. Related developments on random fuzzy measures and coherent upper conditional previsions further
demonstrate the growing interaction between fuzzy measures, stochastic structures, and nonlinear expectations [14,15]. Motivated
by these works, the present paper develops a comprehensive martingale theory in *—fuzzy measure spaces, extending classical results
such as Doob decomposition, maximal inequalities, and optional stopping to a fully «—fuzzy integral setting.
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$\varsigma > 0$


$ct$


$\ast : [0,1]^2 \to [0,1]$


$s_1, s_2, s_3, s_4 \in [0,1]$


$s_1 \ast s_2 = s_2 \ast s_1$


$s_1 \ast (s_2 \ast s_3) = (s_1 \ast s_2) \ast s_3$


$s_1 \ast 1 = s_1$


$s_1 \ast s_2 \leq s_3 \ast s_4$


$s_1 \leq s_3$


$s_2 \leq s_4$


$ct$


$s_1 \ast _{P} s_2 = s_1 s_2$


$t$


$s_1 \ast _{M} s_2 = \min \{s_1, s_2\}$


$t$


$s_1 \ast _{L} s_2 = \max \{s_1 + s_2 - 1, 0\}$


$t$


$s_1 \ast _{H} s_2 = \begin {cases} 0, & \text {if } s_1 = s_2 = 0, \\ \dfrac {s_1 s_2}{s_1 + s_2 - s_1 s_2}, & \text {otherwise}, \end {cases}$


$t$


\begin {equation*}\ast _{i=1}^{k} s_i = s_1 \ast s_2 \ast \cdots \ast s_k,\end {equation*}


$k \in \{2, 3, \ldots \}$


$ct$


$cat$


$s \ast s < s$


$s \in I^o$


${I = [0, 1]}$


$(x, y) \in (0, 1)^2$


$n \in \mathbb {N}$


$\overbrace {x \ast \ldots \ast x}^{n \text { times}} < y$


$\ast _{P}, \ast _{H}$


$\ast _{L}$


$cat$


$\ast _{M}$


$cat$


$ct$


$h: I \to [0, +\infty ]$


$h(1) = 0$


\begin {equation*}s_1 \ast s_2 = h^{-1} (\min \{h(0), h(s_1) + h(s_2)\}),\end {equation*}


$s_1, s_2 \in I$


$h$


$\ast $


$\ast _{P}$


$h_{P}(s) = -\ln s$


$\ast _{L}$


$h_{L}(s) = 1 - s$


$\ast _{H}$


$h_{H}(s) = \frac {1 - s}{s}$


$h(0) = +\infty $


\begin {equation*}s_1 \ast s_2 = h^{-1} (h(s_1) + h(s_2)),\end {equation*}


\begin {equation*}h(s_1 \ast s_2) = h(s_1) + h(s_2).\end {equation*}
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$\sigma $


$X$


$\ast $


$cat$


$\ast $


$\mathcal {F} \times (0, +\infty )$


$\pi : \mathcal {F} \times (0, +\infty ) \rightarrow [0,1]$


$\pi (\emptyset , \varsigma ) = 1$


$\varsigma \in (0, +\infty )$


$A \in \mathcal {F}$


$\pi (A, \cdot )$


$\lim _{\varsigma \to +\infty } \pi (A, \varsigma ) = 1$


$A_i \in \mathcal {F}, i = 1, 2, \ldots $


$A_i \cap A_j = \emptyset $


$i \neq j$


\begin {equation*}\pi \left (\bigcup _{i=1}^{+\infty } A_i, \varsigma \right ) = \ast _{i=1}^{+\infty } \pi (A_i, \varsigma ), \quad \text {for all } \varsigma \in (0, +\infty ).\end {equation*}


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$A \in \mathcal {F}$


$\pi (A, \varsigma ) = 1$


$\varsigma \in (0, +\infty )$


$\ast $


$x \in X$


$x$


$\ast $


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


\begin {equation*}L_+ = \{f : X \to [0, +\infty ) \mid f \text { is measurable function}\}.\end {equation*}


$\phi $


$L_+$


$\phi = \sum _{i=1}^n a_i \chi _{E_i}$


$a_i > 0$


$i = 1, \ldots , n$


$\{E_i\}_{i=1}^n$


$\mathcal {F}$


$\ast $


$\phi $


\begin {equation*}\int _X \phi \,\pi (\cdot , \varsigma ) = \int _{X} \sum _{i=1}^n a_i \chi _{E_i}\,\pi (\cdot , \varsigma ) = \ast _{i=1}^n \pi \left (E_i, \frac {\varsigma }{a_i}\right ).\end {equation*}


$A \in \mathcal {F}$


$\displaystyle \int _A \phi \,\pi (\cdot , \varsigma ) = \displaystyle \int _X \phi \chi _A\,\pi (\cdot , \varsigma )$


$f$


$L_+$


$\ast $


$f$


\begin {equation*}\int _X f\,\pi (\cdot , \varsigma ) = \inf \left \{\int _X \phi \,\pi (\cdot , \varsigma ) \mid 0 \leq \phi \leq f, \phi \text { is a simple function}\right \}.\end {equation*}


$f \in L_+$


$\ast $


$\displaystyle \int _X f\,\pi (\cdot , \varsigma ) > 0$


$\phi _1$


$\phi _2$


$L_+$


$\phi _1 = \sum _{i=1}^n a_i \chi _{E_i}$


$\phi _2 = \sum _{j=1}^m b_j \chi _{F_j}$


$\phi _1 \leq \phi _2$


\begin {equation*}\int _X \phi _1\,\pi (\cdot , \varsigma ) \geq \int _X \phi _2\,\pi (\cdot , \varsigma ),\end {equation*}


$\varsigma \in (0, +\infty )$


$\ast $


$A \in \mathcal {F}$


$\varsigma > 0$


$f, g \in L_+$


$0 < \displaystyle \int _A f\,\pi (\cdot , \varsigma ) \leq 1,$


$f \leq g$


$A$


$\displaystyle \int _A f\,\pi (\cdot , \varsigma ) \geq \displaystyle \int _A g\,\pi (\cdot , \varsigma )$


$c > 0$


$\displaystyle \int _X c \,\pi (\cdot , \varsigma ) = \pi \left (X, \frac {\varsigma }{c}\right )$


$f = 0$


$\displaystyle \int _X f\,\pi (\cdot , \varsigma ) = 1$


$\{f_n\}$


$L_+$


$f_n \leq f_{n+1}$


$n \in \mathbb {N}$


$f = \lim _{n \to +\infty } f_n = \sup _{n \in \mathbb {N}} f_n$


\begin {equation*}\int _{X} f\,\pi (\cdot , \varsigma ) = \lim _{n \to +\infty } \int _{X} f_n\,\pi (\cdot , \varsigma ).\end {equation*}


$\{f_n\}$


$L_+$


\begin {equation*}\int _{X} \liminf _{n \to +\infty } f_n\,\pi (\cdot , \varsigma ) \geq \liminf _{n \to +\infty } \int _{X} f_n\,\pi (\cdot , \varsigma ).\end {equation*}


$\{f_n\}$


$L_+$


\begin {equation*}f_n(\cdot , \varsigma ) \to f(\cdot , \varsigma ) \quad \text {almost everywhere.}\end {equation*}


$f \in {L_+}$


\begin {equation*}\int _{X} f \,\pi (\cdot , \varsigma ) = \lim _{n \to \infty } \int _{X} f_n\,\pi (\cdot , \varsigma ).\end {equation*}


$(X, \mathcal {F}, m)$


$\ast = \ast _H$


$t$


$\pi (A,\varsigma ) = \frac {\varsigma }{\varsigma + m(A)}$


$\ast $


$\ast = \ast _P$


$t$


$\pi (A,\varsigma ) = e^{-\frac {m(A)}{\varsigma }}$


$\ast $


$\ast $


$cat$


$h$


\begin {align}\label {c m}\pi (A,\varsigma ) = h^{-1}\left (\min \left \{h(0),\frac {m(A)}{\varsigma }\right \}\right ),\end {align}


$\ast $


$\ast $


$f \in L_+$


$C, D \in \mathcal {F}$


$C \cap D = \emptyset $


\begin {equation*}\int _{C \cup D} f\, d\pi (\cdot , \varsigma ) = \int _C f d\pi (x, \varsigma ) \ast \int _D f\, d\pi (\cdot , \varsigma ), \quad \text {for all } \varsigma > 0.\end {equation*}


$\ast $


\begin {equation*}\int _{C \cup D} f d\pi = \inf \left \{ \int _{C \cup D} \phi \,\pi (\cdot , \varsigma ) : 0 \leq \phi \leq f,\ \phi \text { is a simple function} \right \},\end {equation*}


\begin {equation*}\int _C f d\pi = \inf \left \{ \int _C \psi \,\pi (\cdot , \varsigma ) : 0 \leq \psi \leq f,\ \psi \text { is a simple function} \right \},\end {equation*}


\begin {equation*}\int _D f d\pi = \inf \left \{ \int _D A \,\pi (\cdot , \varsigma ) : 0 \leq A \leq f,\ A \text { is a simple function} \right \}.\end {equation*}


\begin {equation*}\int _{C \cup D} f \,\pi (\cdot , \varsigma ) \leq \int _C f \,\pi (\cdot , \varsigma ) \ast \int _D f \,\pi (\cdot , \varsigma ).\end {equation*}


$\psi , \theta $


$0 \leq \psi \leq f\chi _C$


$0 \leq \theta \leq f\chi _D$


$\phi = \psi + \theta $


$0 \leq \phi \leq f\chi _{C \cup D}$


$\phi $


$C$


$D$


\begin {equation*}\int _{C \cup D} \phi \,\pi (\cdot , \varsigma ) = \int _C \psi \,\pi (\cdot , \varsigma ) \ast \int _D \theta \,\pi (\cdot , \varsigma ).\end {equation*}


$\ast $


\begin {equation*}\int _{C \cup D} f \,\pi (\cdot , \varsigma ) \leq \int _C \psi \,\pi (\cdot , \varsigma ) \ast \int _D \theta \,\pi (\cdot , \varsigma ).\end {equation*}


$\psi , \theta $


\begin {align}\label {-1} \int _{C \cup D} f \,\pi (\cdot , \varsigma ) \leq \inf _{\psi } \int _C \psi \,\pi (\cdot , \varsigma ) \ast \inf _{\theta } \int _D \theta \,\pi (\cdot , \varsigma ) = \int _C f d\pi \ast \int _D f \,\pi (\cdot , \varsigma ).\end {align}


\begin {equation*}\int _C f \,\pi (\cdot , \varsigma ) \ast \int _D f \,\pi (\cdot , \varsigma ) \leq \int _{C \cup D} f \,\pi (\cdot , \varsigma ).\end {equation*}


$\phi $


$0 \leq \phi \leq f\chi _{C \cup D}$


$\psi = \phi \chi _C$


$\theta = \phi \chi _D$


$\psi , \theta $


$0 \leq \psi \leq f\chi _C$


$0 \leq \theta \leq f\chi _D$


\begin {equation*}\int _C \psi \,\pi (\cdot , \varsigma ) \ast \int _D \theta \,\pi (\cdot , \varsigma ) = \int _{C \cup D} \phi \,\pi (\cdot , \varsigma ).\end {equation*}


\begin {equation*}\int _C f \,\pi (\cdot , \varsigma ) \ast \int _D f \,\pi (\cdot , \varsigma ) \leq \int _C \psi \,\pi (\cdot , \varsigma ) \ast \int _D A \,\pi (\cdot , \varsigma ) = \int _{C \cup D} \phi \,\pi (\cdot , \varsigma ).\end {equation*}


$\phi $


\begin {align}\label {-2} \int _C f d\pi \ast \int _D f \,\pi (\cdot , \varsigma ) \leq \int _{C \cup D} f \,\pi (\cdot , \varsigma ),\end {align}


\begin {equation*}\int _{C \cup D} f \,\pi (\cdot , \varsigma ) = \int _C f \,\pi (\cdot , \varsigma ) \ast \int _D f \,\pi (\cdot , \varsigma ).\tag *{\qedhere }\end {equation*}


$C_1, C_2, \dots , C_n \in \mathcal {F}$


\begin {equation*}\int _{\bigcup _{i=1}^n C_i} f d\pi = \ast _{i=1}^n \int _{C_i} f d\pi .\end {equation*}


$(X,\mathcal {F},\pi ,\ast )$


$\ast $


$\ast $


$h$


$A\in \mathcal {F}$


$\varsigma >0$


$a, b>0$


\begin {align}\label {19} \pi \left (A, \frac {\varsigma }{a+b}\right ) \ge \pi \left (A, \frac {\varsigma }{a}\right ) \ast \pi \left (A, \frac {\varsigma }{b}\right ).\end {align}


$\pi (A, \cdot )$


$h$


$h^{-1}$


\begin {align}\label {20} h\left (\pi \left (A, \frac {\varsigma }{a}\right ) \ast \pi \left (A, \frac {\varsigma }{b}\right )\right ) & = \min \left \{h(0), h\left (\pi \left (A, \frac {\varsigma }{a}\right )\right ) + h\left (\pi \left (A, \frac {\varsigma }{b}\right )\right )\right \} \notag \\ & \geq \min \left \{h(0), 2h\left (\pi \left (A, \frac {\varsigma }{a + b}\right )\right )\right \} \notag \\ & \geq h\left (\pi \left (A, \frac {\varsigma }{a + b}\right )\right ).\end {align}


$h^{-1}$


\begin {equation*}\pi \left (A, \frac {\varsigma }{a+b}\right ) \ge \pi \left (A, \frac {\varsigma }{a}\right ) \ast \pi \left (A, \frac {\varsigma }{b}\right ),\end {equation*}


$(X,\mathcal {F},\pi ,\ast )$


$\ast $


$A \in \mathcal {F}$


$\varsigma > 0$


$f, g \in L_+$


\begin {align}\label {21} \int _A (f + g)d\,\pi (\cdot , \varsigma ) &\geq \int _A f d\pi (\cdot , \varsigma ) \ast \int _A g\, d\pi (\cdot , \varsigma ).\end {align}
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$(X,\mathcal {F},\pi ,\ast )$


$\ast $


$cat$


$h$


$h(0)=+\infty $


$(1)$


$Y \in L_+$


$A \in \mathcal {F}$


$\varsigma > 0$


$h\left (\displaystyle \int _AY\,d\pi (\cdot , \varsigma )\right )$


$\mathcal {F}$


$(2)$


$A \in \mathcal {F}$


$\varsigma > 0$


$Z_\varsigma $


$\varsigma $


$\lim _{\varsigma \to +\infty } Z_\varsigma = 0$


\begin {equation*}h^{-1}\left (\int _A Z_\varsigma \, d\nu \right )\end {equation*}


$\ast $


$\mathcal {F}$


${\nu }$


$\varsigma >0$


$A\in \mathcal {F}$


\begin {equation*}\mu _Y(A) := h\left ( \int _A Y\, d\pi (\cdot ,\varsigma ) \right ).\end {equation*}


$\int _{\varnothing } Y\, d\pi = 1$


$h(1)=0$


\begin {equation*}\mu _Y(\varnothing )=0.\end {equation*}


$0 < \int _A Y\, d\pi \le 1$


$h$


\begin {equation*}0 \leq \mu _Y(A) < +\infty \quad \text {for all } A\in \mathcal {F}.\end {equation*}


$A, B\in \mathcal {F}$


$A \cap B=\varnothing $


\begin {equation*}\int _{A \cup B} Y\, d\pi = \int _A Y\, d\pi \ast \int _B Y\, d\pi .\end {equation*}


$h$


$h(a\ast b)=h(a)+h(b)$


\begin {equation*}\mu _Y(A \cup B) = \mu _Y(A) + \mu _Y(B).\end {equation*}


$\{A_k\}_{k \ge 1}\subset \mathcal {F}$


$B_m=\bigcup _{k = 1}^m A_k$


\begin {equation*}\mu _Y(B_m)=\sum _{k = 1}^m \mu _Y(A_k).\end {equation*}


$\ast $


\begin {equation*}\int _{\bigcup _{k=1}^{\infty } A_k} Y\, d\pi = \lim _{m\to \infty } \int _{B_m} Y\, d\pi ,\end {equation*}


$h$


\begin {equation*}\mu _Y\!\left (\bigcup _{k=1}^{\infty } A_k\right ) = \sum _{k=1}^{\infty } \mu _Y(A_k).\end {equation*}


$\mu _Y$


$\mathcal {F}$


$\varsigma > 0$


$\nu $


$A \in \mathcal {F}$


\begin {equation*}\mu _{Z_\varsigma }(A) := h^{-1}\left (\int _A Z_\varsigma \, d\nu \right ).\end {equation*}


$\int _{\varnothing } Z\, d\nu = 0$


$h^{-1}(0) = 1$


\begin {equation*}\mu _{Z_\varsigma }(\varnothing ) = 1.\end {equation*}


$0 \le \int _A Z\, d\nu < +\infty $


$h^{-1}$


\begin {equation*}0 < \mu _{Z_\varsigma }(A) \le 1 \quad \text {for all } A \in \mathcal {F}.\end {equation*}


$A, B\in \mathcal {F}$


$A \cap B = \varnothing $


\begin {equation*}\int _{A \cup B} Z\, d\nu = \int _A Z\, d\nu \,{+} \int _B Z\, d\nu .\end {equation*}


$h^{-1}$


$h^{-1}(a) \ast h^{-1}(b) = h^{-1}(a + b)$


\begin {equation*}\mu _{Z_\varsigma }(A \cup B) = \mu _{Z_\varsigma }(A) \ast \mu _{Z_\varsigma }(B).\end {equation*}


$\{A_k\}_{k \ge 1}\subset \mathcal {F}$


$B_m=\bigcup _{k = 1}^m A_k$


\begin {equation*}\mu _{Z_\varsigma }(B_m) = \ast _{k = 1}^m \mu _{Z_\varsigma }(A_k).\end {equation*}


\begin {equation*}\int _{\bigcup _{k=1}^{\infty } A_k} Z\, d\nu = \lim _{m \to \infty } \int _{B_m} Z\, d\nu ,\end {equation*}


$h$


\begin {equation*}\mu _{Z_\varsigma }\!\left (\bigcup _{k=1}^{\infty } A_k\right ) = \ast _{k=1}^{\infty } \mu _{Z_\varsigma }(A_k).\end {equation*}


$\lim _{\varsigma \to +\infty } Z_\varsigma = 0$


$A \in \mathcal {F}$


$h^{-1}$


$\lim _{\varsigma \to +\infty } \pi (A, \varsigma ) = 1$


$h^{-1}$


$\mu _{Z_\varsigma }$


$\varsigma $


$\mu _{Z_\varsigma }$


$\ast $


$\mathcal {F}$


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$f, g \in {L_+}$


\begin {equation*}\int _A f \, d\pi (\cdot , \varsigma ) = \int _A g \, d\pi (\cdot , \varsigma ), \quad \text {for all } A \in \mathcal {F},\,\, \varsigma > 0,\end {equation*}


\begin {equation*}f = g \quad \text { {$\ast $--fuzzy a.e.}}.\end {equation*}


$(X, \mathcal {F}, \pi _1, \ast )$


$(X, \mathcal {F}, \pi _2, \ast )$


$\ast $


$\pi _2(A, \varsigma ) = 1$


$A \in \mathcal {F}$


$\pi _1(A, \varsigma ) = 1$


$\pi _2$


$\pi _1$


$\pi _2 \ll \pi _1$


$(X, \mathcal {F}, \pi _1, \ast )$


$(X, \mathcal {F}, \pi _2, \ast )$


$\ast $


$A, B \in \mathcal {F}$


$A \cap B = \emptyset $


$A \cup B = X$


$\pi _1(A, \varsigma ) = 1$


$\pi _2(B, \varsigma ) = 1$


$\pi _1, \pi _2$


$\pi _2 \perp \pi _1$


$\ast $


$\pi $


$\ast $


\begin {equation*}\pi (X, \varsigma ) > 0 \qquad \text {for each } \varsigma > 0.\end {equation*}


$\ast $


$\pi $


$\sigma $


$A_i \in \mathcal {F}$


$i = 1,2,\ldots $


\begin {equation*}\pi (A_i, \varsigma ) > 0 \quad \text {for each } i \qquad \text {and}\qquad X = \bigcup _{i=1}^{\infty } A_i.\end {equation*}


$\pi $


$\ast $


$(X,\mathcal {F},\pi ,\ast )$


$\ast $


$\pi $


$\sigma $


$\ast $


$(X,\mathcal {F},\pi ,\ast )$


$\sigma $


$\ast $


$\ast $


$\pi _2, \pi _1$


$\ast $


$(X, \mathcal {F}, \ast )$


$\ast $


$\lambda , \rho $


$(X, \mathcal {F}, \ast )$


$\rho \ll \pi _1$


$\lambda \perp \pi _1$


$\pi _2 = \lambda \ast \rho $


$\pi _2 = \lambda \ast \rho $


$\lambda \perp \pi _1$


$\rho \ll \pi _1$


$\ast $


$\pi _2$


$\pi _1$


$\ast $


$\pi _2 \ll \pi _1$


$\pi _1$


$f: X \to [0, \infty )$


\begin {equation*}d\pi _2 = f \, d\pi _1,\end {equation*}


\begin {equation*}\pi _2(A, \varsigma ) = \int _A f \, d\pi _1(\cdot , \varsigma ) \quad \text {for all } A \in \mathcal {F}.\end {equation*}


$f$


$\ast $


$\pi _2$


$\pi _1$


$\frac {d\pi _2}{d\pi _1}$


$\ast $


$\ast $


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


${f} \in L_{+}$


$\ast $


$f$


$\ast $


$X$


\begin {equation*}E_\ast [{f}](\varsigma ) = \int _{X} {f} d\pi (\cdot , \varsigma ), \quad \forall \varsigma > 0.\end {equation*}


${f} \in L_{+}$


$\ast $


$\mathbb {E}_{\ast }[{f}](\varsigma ) > 0$


$\varsigma > 0$


$\ast $


$*$


$(X, \mathcal {F}, \pi , *)$


$\mathcal {G} \subseteq \mathcal {F}$


$\sigma $


$*$


$f \in L_+$


$\mathcal {G}$


$\mathcal {G}$


$g$


$L_+$


\begin {equation*}\int _A g \, d\pi (\cdot , \varsigma ) = \int _A f \, d\pi (\cdot , \varsigma )\end {equation*}


$A \in \mathcal {G}$


$\varsigma > 0$


$g$


$g = E_*(f \mid \mathcal {G})$


$*$


$*$


$(X, \mathcal {F}, \pi , *)$


$*$


$h$


$\mathcal {G} \subseteq \mathcal {F}$


$\sigma $


$*$


$f \in L_+$


$*$


$E_*(f \mid \mathcal {G})$


\begin {equation*}E_*(f \mid \mathcal {G}) = f \quad \text {fuzzy a.e.}\end {equation*}


$\varsigma >0$


$A\in \mathcal {F}$


\begin {equation*}\mu _{{f}}(A) := h\left ( \int _A {f}\, d\pi (\cdot ,\varsigma ) \right ).\end {equation*}


$\mu _{{f}}$


$\mathcal {F}$


$\mu _{{f}}|_{\mathcal {G}}$


$\mathcal {G}$


$\nu :=\mu _{1}$


$\mu _{{f}}|_{\mathcal {G}} \ll \nu |_{\mathcal {G}}$


$\mathcal {G}$


$Y$


\begin {align}\label {measures-equiv-0} \mu _{{f}}(A) = \int _A Y\, d\nu , \quad \forall A\in \mathcal {G}.\end {align}


$\pi _1(A, \varsigma ):= h^{-1}\left (\displaystyle \int _A Y\,d\nu \right )$


$\pi (A, \varsigma ) = 1$


$A \in \mathcal {F}$


\begin {equation*}\int _A {f}\, d\pi (\cdot , \varsigma ) = 1 = h^{-1}\left (\int _A Y\,d\nu \right ),\end {equation*}


$\pi _1(A, \varsigma ) = 1$


$\pi _1 \ll \pi $


$\mathcal {G}$


$E_{\ast }({f}\mid \mathcal {G})\in {L_+}$


\begin {equation*}h\left (\int _A E_{\ast }({f}\mid \mathcal {G})\, d\pi (\cdot ,\varsigma )\right ) = \int _A Y\, d\nu , \quad \forall A\in \mathcal {G}.\end {equation*}


\begin {equation*}\int _A E_{\ast }({f}\mid \mathcal {G})\, d\pi (\cdot ,\varsigma ) = \int _A {f}\, d\pi (\cdot ,\varsigma ), \quad \forall A\in \mathcal {G}.\end {equation*}


\begin {equation*}E_{\ast }({f}\mid \mathcal {G}) = {f}\quad \text { $\ast $--fuzzy a.e.}\end {equation*}


$E_{\ast }^1({f}\mid \mathcal {G})$


$E_{\ast }^2({f}\mid \mathcal {G})$


$A \in \mathcal {G}$


\begin {equation*}\int _A E_{\ast }^1({f}\mid \mathcal {G})\, d\pi (\cdot ,\varsigma ) = \int _A E_{\ast }^2({f}\mid \mathcal {G})\, d\pi (\cdot ,\varsigma ),\end {equation*}


$E_{\ast }^1({f}\mid \mathcal {G})$


$E_{\ast }^2({f}\mid \mathcal {G})$


$\mathcal {G}$


$A \in \mathcal {G}$


$(Y,\mathcal {F},\pi ,\ast )$


$\ast $


$\{\mathcal {F}_n\}_{n\ge 0}$


$\sigma $


$\mathcal {F}$


$\{{{f}}_n\}_{n\ge 0}\subset L+$


$\{{f}_n\}$


$\ast $


${f}_n$


$\mathcal {F}_n$


$n\ge 0$


$n\ge 0$


$\varsigma >0$


\begin {equation*}\int _Y {f}_n\, d\pi (x,\varsigma ) > 0;\end {equation*}


\begin {equation*}{f}_n = E_\ast ({f}_{n+1} \mid \mathcal {F}_n) \qquad \text { {$\ast $--fuzzy a.e.} in } \mathcal {F}_n.\end {equation*}


$\{{f}_n\}$


$\ast $


\begin {equation*}{f}_n \le E_\ast ({f}_{n+1} \mid \mathcal {F}_n) \qquad \text { {$\ast $--fuzzy a.e.} in } \mathcal {F}_n.\end {equation*}


$\{{f}_n\}$


$\ast $


\begin {equation*}{f}_n \ge E_\ast ({f}_{n+1} \mid \mathcal {F}_n) \qquad \text { {$\ast $--fuzzy a.e.} in } \mathcal {F}_n.\end {equation*}


$\{{f}_n\}_{n\ge 0}\subset L_+$


$\ast $


\begin {equation*}\int _A {f}_n\,d\pi (\cdot , \varsigma ) = \int _A {f}_{n + 1}\,d\pi (\cdot , \varsigma ), \qquad \forall \,A\in \mathcal {F}_{n},\;\varsigma >0.\end {equation*}


$\{{f}_n\}_{n\ge 0}\subset L_+$


$\ast $


\begin {equation*}\int _A {f}_n\,d\pi (\cdot , \varsigma ) \geq \int _A {f}_{n + 1}\,d\pi (\cdot , \varsigma ), \qquad \forall \,A\in \mathcal {F}_{n},\;\varsigma >0,\end {equation*}


$\{{f}_n\}_{n\ge 0}\subset L_+$


$\ast $


\begin {equation*}\int _A {f}_n\,d\pi (\cdot , \varsigma ) \leq \int _A {f}_{n + 1}\,d\pi (\cdot , \varsigma ), \qquad \forall \,A\in \mathcal {F}_{n},\;\varsigma >0,\end {equation*}


$n \geq 0$


$A \in \mathcal {F}_n$


$\mathcal {F}_n \subseteq \mathcal {F}_{n + 1}$


$A \in \mathcal {F}_{n + 1}$


$\displaystyle \int _A {f}_{n + 1}(x)\,d\pi (x, \varsigma )$


\begin {equation*}\int _A {f}_{n+1} \, d\pi (\cdot , \varsigma ) \;=\; \int _A {f}_n \, d\pi (\cdot , \varsigma ) \qquad \text {for all } A \in \mathcal {F}_n,\end {equation*}


$\ast $


\begin {equation*}E_\ast ({f}_{n+1} \mid \mathcal {F}_n) = {f}_n \quad \text {{$\ast $--fuzzy a.e.}}\end {equation*}


$\{{f}_n\}_{n \ge 0}\subset L_+$


${f}_0$


${f}_n$


$\mathcal {F}_{n - 1}$


$n \ge 1$


${f}_{n+1}\ge {f}_n$


$n$


$T: X \to \{0,1,2,\dots \}$


$\{\mathcal {F}_n\}$


$n \ge 0$


$\{x\in X: T(x)=n\}\in \mathcal {F}_n$


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{{f}_n\}_{n \geq 0} \subset L_+$


$T: X \to \{0,1,2,\dots \}$


$\{\mathcal {F}_n\}_{n \geq 0}$


$n \geq 0$


$x \in X$


$\{{f}_n^T\}_{n \geq 0}$


\begin {equation*}{f}_n^T:= {f}_{T \wedge n}.\end {equation*}


$T$


$\{x\in X: T(x)=n\}\in \mathcal {F}_n$


${f}_n^T$


$\mathcal {F}_n$


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\{\mathcal {F}_n\}$


$\mathcal {F}_m \subseteq \mathcal {F}_n$


$m \leq n$


${f} \in L_+$


\begin {equation*}E_\ast \big (E_\ast ({f} \mid \mathcal {F}_n) \mid \mathcal {F}_m\big ) = E_\ast ({f} \mid \mathcal {F}_m) \quad \text { {$\ast $--fuzzy a.e.}}\end {equation*}


${f}_n = E_\ast ({f} \mid \mathcal {F}_n)$


${f}_m = E_\ast ({f} \mid \mathcal {F}_m)$


${f}_n$


$\mathcal {F}_n$


\begin {equation*}\int _A {f}_n \, d\pi (\cdot , \varsigma ) = \int _A {f} \, d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_n, \; \varsigma > 0.\end {equation*}


$k_m = E_\ast ({f}_n \mid \mathcal {F}_m)$


$k_m$


$\mathcal {F}_m$


\begin {equation*}\int _A k_m \, d\pi (\cdot , \varsigma ) = \int _A {f}_n \, d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_m, \; \varsigma > 0.\end {equation*}


$\mathcal {F}_m \subseteq \mathcal {F}_n$


$A \in \mathcal {F}_m$


$\mathcal {F}_n$


${f}_n$


\begin {equation*}\int _A {f}_n \, d\pi (\cdot , \varsigma ) = \int _A {f} \, d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_m, \; \varsigma > 0.\end {equation*}


\begin {equation*}\int _A k_m \, d\pi (\cdot , \varsigma ) = \int _A {f} \, d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_m, \; \varsigma > 0.\end {equation*}


${f}_m = E_\ast ({f} \mid \mathcal {F}_m)$


\begin {equation*}E_\ast \big (E_\ast ({f} \mid \mathcal {F}_n) \mid \mathcal {F}_m\big ) = E_\ast ({f}_n \mid \mathcal {F}_m) = k_m = E_\ast ({f} \mid \mathcal {F}_m) \quad \text {{$\ast $--fuzzy a.e.}}\end {equation*}


$\{{f}_n\}_{n \geq 0}$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


\begin {equation*}{f}_n = E_\ast ({f}_{n+1} \mid \mathcal {F}_n) \quad \text { {$\ast $--fuzzy a.e.}}, \forall n \geq 0,\end {equation*}


$m \geq n$


\begin {equation*}{f}_n = E_\ast ({f}_m \mid \mathcal {F}_n) \quad \text { {$\ast $--fuzzy a.e.}}\end {equation*}


$m$


$m = n+1$


$m = n + 2$


\begin {align*}{f}_n & = E_\ast ({f}_{n+1} \mid \mathcal {F}_n) \\ & = E_\ast (E_\ast ({f}_{n+2} \mid \mathcal {F}_{n + 1}) \mid \mathcal {F}_n) \\ & = E_\ast ({f}_{n+2} \mid \mathcal {F}_n).\end {align*}


$\ast $


$\ast $


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$h$


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{X_n\}_{n \geq 0}$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


\begin {align}\label {Doob} \int _A M_n\,d\pi (\cdot , \varsigma ) = \int _A X_n\,d\pi (\cdot , \varsigma ) \ast \int _A B_n\,d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_n, \,\, \forall \varsigma > 0,\end {align}


$(1)$


$\{M_n\}_{n \geq 0}$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


$(2)$


$\{B_n\}_{n \geq 0}$


$\ast $


$B_0 = 0$


$\ast $


$(X,\mathcal {F},\pi ,\ast )$


$\ast $


$\ast $


$h :[0, 1] \to [0, +\infty ]$


$\{X_n\}_{n \ge 0}$


$\ast $


$\{\mathcal {F}_n\}_{n\ge 0}$


$n\ge 0$


\begin {equation*}\mu _n(A) := h\!\left ( \int _A X_n\, d\pi (\cdot ,\varsigma ) \right ), \qquad A\in \mathcal {F}_n,\end {equation*}


$\varsigma > 0$


$h$


$h(0) = +\infty $


$\mu _n$


$\mathcal {F}_n$


$A\in \mathcal {F}_n$


$\{X_n\}$


$\ast $


$h$


\begin {equation*}\mu _n(A) \ge \mu _{n+1}(A),\end {equation*}


$\{\mu _n(A)\}_{n \ge 0}$


$A\in \mathcal {F}_n$


$\nu $


$(X, \mathcal F)$


\begin {equation*}\nu := \sum _{n=0}^\infty 2^{-(n+1)}\,\mu _n.\end {equation*}


$\nu = 0$


$\mu _n \geq 0$


$n \geq 0$


$\mu _n = 0$


$n \geq 0$


$\mu _n\ll \nu $


$n \geq 0$


$\mathcal F_n$


$Y_n \in L^1(\nu )$


\begin {equation*}\mu _n(A)=\int _A Y_n\,d\nu , \qquad A\in \mathcal F_n.\end {equation*}


$(\mu _n)$


\begin {equation*}\int _A Y_n\,d\nu \ge \int _A Y_{n+1}\,d\nu , \qquad A\in \mathcal F_n,\end {equation*}


$\{Y_n\}_{n\ge 0}$


$\{\mathcal F_n\}_{n \geq 0}$


$\nu $


$\{\widetilde M_n\}_{n \ge 0}$


$\{\widetilde B_n\}_{n\ge 0}$


\begin {equation*}\widetilde M_n = Y_n + \widetilde B_n,\end {equation*}


\begin {align*}\widetilde B_n &= \sum _{j = 1}^n \left (\mathbb {E}_{\nu }(Y_{j - 1} \mid \mathcal {F}_{j - 1}) - \mathbb {E}_{\nu }(Y_j \mid \mathcal {F}_{j - 1})\right ),\end {align*}


$\mathbb {E}_{\nu }$


$\nu $


$\{\widetilde M_n\}$


$\nu $


$\{\widetilde B_n\}$


$\widetilde B_0 = 0$


$Y_n \ge 0$


$n \ge 0$


$\widetilde M_n \ge 0$


$n \ge 0$


$h^{-1}\left (\displaystyle \int _A \widetilde M_n\,d\nu \right )$


$h^{-1}\left (\displaystyle \int _A \widetilde B_n\,d\nu \right )$


$\ast $


$\pi _1(A, \varsigma ):= h^{-1}\left (\displaystyle \int _A \widetilde M_n\,d\nu \right )$


$\pi _2(A, \varsigma ):= h^{-1}\left (\displaystyle \int _A \widetilde B_n\,d\nu \right )$


\begin {align*}\int _A \widetilde M_n\, d\nu &= \int _A Y_n\,d\nu + \int _A \widetilde B_n\,d\nu .\end {align*}


$\pi _1(A, \varsigma ) = 1$


$A \in \mathcal {F}$


\begin {align*}0 = h\left (\pi _1(A, \varsigma )\right ) & = h\!\left ( \int _A X_n\, d\pi (\cdot ,\varsigma ) \right ) + h\left (\pi _2(A, \varsigma )\right ),\end {align*}


$\pi (A, \varsigma ) = \pi _2(A, \varsigma ) = 1$


$\pi , \pi _2 \ll \pi _1$


$\pi _1, \pi _2 \ll \pi $


$\pi (A, \varsigma ) = 1$


$\int _A X_n\,d(\cdot , \varsigma ) = 1$


$\varsigma > 0$


$\mu _n(A) = h\!\left ( \int _A X_n\, d\pi (\cdot ,\varsigma ) \right ) = 0$


$\int _A Y_n\,d\nu = 0$


$Y_n = 0$


$\nu $


$A$


$n \ge 0$


$\widetilde B_n = 0$


$\nu $


$A$


$n \ge 0$


$\widetilde M_n = 0$


$\nu $


$A$


$n \ge 0$


$\pi _1(A, \varsigma ) = 1$


$\pi _2(A, \varsigma ) = 1$


$\{M_n\}_{n \geq 0}$


$\{B_n\}_{n \geq 0}$


$\ast $


$A \in \mathcal F_n$


\begin {equation*}h\left (\int _A M_n\,d\pi (\cdot , \varsigma )\right ) = \int _A \widetilde M_n\,d\nu , \qquad h\left (\int _A B_n\,d\pi (\cdot , \varsigma )\right ) = \int _A \widetilde B_n\,d\nu .\end {equation*}


$\ast $


$M_n$


$B_n$


$L_+$


$A\in \mathcal {F}_n$


$A\in \mathcal {F}_n$


\begin {align*}h\left (\int _A M_n\,d\pi (\cdot , \varsigma )\right ) &= \int _A \widetilde M_n\,d\nu \\ & = \int _A Y_n\,d\nu + \int _A \widetilde B_n\,d\nu \\ & = h\left (\int _A X_n\,d\pi (\cdot , \varsigma )\right ) + h\left (\int _A B_n\,d\pi (\cdot , \varsigma )\right ) \\ & = h\left (\int _A X_n\,d\pi (\cdot , \varsigma ) \ast \int _A B_n\,d\pi (\cdot , \varsigma )\right ),\end {align*}


\begin {equation*}\int _A M_n\,d\pi (\cdot , \varsigma ) = \int _A X_n\,d\pi (\cdot , \varsigma ) \ast \int _A B_n\,d\pi (\cdot , \varsigma ),\end {equation*}


$\{\widetilde M_{n}\}$


$A \in \mathcal F_n$


\begin {equation*}\int _A \widetilde M_{n+1}\,d\nu = \int _A \widetilde M_n\,d\nu ,\end {equation*}


$h^{-1}$


\begin {equation*}\int _A M_{n+1}\,d\pi (\cdot ,\varsigma ) = \int _A M_{n}\,d\pi (\cdot ,\varsigma ), \qquad A \in \mathcal F_n,\end {equation*}


$\{M_n\}$


$\ast $


$\{\widetilde B_n\}$


\begin {equation*}\widetilde B_n \le \widetilde B_{n+1} \quad \nu \text {-a.e. for all }, \forall n \ge 0.\end {equation*}


$A \in \mathcal F_n$


\begin {align*}\int _A \widetilde B_n\,d\nu \le \int _A \widetilde B_{n+1}\,d\nu &\implies h\left (\int _A B_n\,d\pi (\cdot ,\varsigma )\right ) \le h\left (\int _A B_{n+1}\,d\pi (\cdot ,\varsigma )\right ) \\ & \implies \int _A B_{n}\,d\pi (\cdot ,\varsigma ) \ge \int _A B_{n+1}\,d\pi (\cdot ,\varsigma ),\end {align*}


$\{B_n\}_{n \geq 0}$


$\{\widetilde B_n\}_{n \geq 0}$


$\widetilde B_n$


$\mathcal F_{n-1}$


$n \ge 1$


$A \in \mathcal F_{n-1}$


$\displaystyle \int _A \widetilde B_n\,d\nu $


$\mathcal F_{n - 1}$


\begin {equation*}h\left (\int _A B_n\,d\pi (\cdot ,\varsigma )\right ) = \int _A \widetilde B_n\, d\nu , \qquad A \in \mathcal F_{n-1},\end {equation*}


$\ast $


$B_n$


$\mathcal F_{n - 1}$


$\mathcal F_{n-1}$


$\{B_n\}_{n \geq 0}$


$\widetilde B_0 = 0$


$A \in \mathcal {F}$


\begin {equation*}h\left (\int _A B_0\,d\pi (\cdot ,\varsigma )\right ) = \int _A \widetilde B_0\,d\nu = 0 \implies \int _A B_0\,d\pi (\cdot ,\varsigma ) = 1 \implies B_0 = 0, \quad \text { {$\ast $--fuzzy a.e.}}\end {equation*}


$\ast $


\begin {equation*}\int _A M^{(i)}_n\, d\pi (\cdot ,\varsigma ) = \int _A X_n\, d\pi (\cdot ,\varsigma ) \;\ast \; \int _A B^{(i)}_n\, d\pi (\cdot ,\varsigma ), \quad i=1,2,\end {equation*}


$A \in \mathcal {F}_n$


$h$


\begin {align*}\int _A \widetilde M_{n}^{(i)}\,d\nu = \mu _n(A) + \int _A \widetilde B_{n}^{(i)}\,d\nu \quad i = 1, 2,\end {align*}


\begin {equation*}\mu _n(A) = \int _A \widetilde M_{n}^{(1)}\,d\nu - \int _A \widetilde B_{n}^{(1)}\,d\nu = \int _A \widetilde M_{n}^{(2)}\,d\nu - \int _A \widetilde B_{n}^{(2)}\,d\nu .\end {equation*}


$\{\widetilde M^{(i)}_n\}_{n \ge 0}$


$\{\widetilde B^{(i)}_n\}_{n \ge 0}$


$i = 1, 2$


\begin {equation*}\int _A \widetilde M_{n}^{(1)}\,d\nu = \int _A \widetilde M_{n}^{(2)}\,d\nu , \quad \int _A \widetilde B_{n}^{(1)}\,d\nu = \int _A \widetilde B_{n}^{(2)}\,d\nu .\end {equation*}


$h$


\begin {equation*}\int _A M^{(1)}_{n}\, d\pi (\cdot ,\varsigma ) = \int _A M^{(2)}_{n}\, d\pi (\cdot ,\varsigma ), \quad \int _A B^{(1)}_{n}\, d\pi (\cdot ,\varsigma ) = \int _A B^{(2)}_{n}\, d\pi (\cdot ,\varsigma ),\end {equation*}


$A\in \mathcal {F}_n$


$\ast $


$\mathcal {F}_n$


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{E_n\}_{n \geq 0}$


$\ast $


$\varsigma , \lambda > 0$


\begin {align}\label {7} \pi \left (\left \{\max _{1 \leq k \leq n} E_k \geq \lambda \right \}, \frac {\varsigma }{\lambda }\right ) \geq \int _X E_n\,d\pi (\cdot , \varsigma ).\end {align}


\begin {equation*}\tau := \min \left \{k \leq n: E_k \geq \lambda \right \}, \quad \tau (\emptyset ) = n + 1,\end {equation*}


\begin {equation*}A := \left \{\max _{1 \leq k \leq n} E_k \geq \lambda \right \}.\end {equation*}


$\{\tau = k\}$


$\mathcal {F}_k$


$\tau $


$x \in X$


\begin {equation*}A = \bigcup _{k = 1}^n\{\tau = k\}.\end {equation*}


$x \in A$


$1 \leq k \leq n$


$E_k \geq \lambda $


$k'$


$k$


$x \in \{\tau = k\}$


$x \in \bigcup _{k = 1}^n\{\tau = k\}$


$x \in \bigcup _{k = 1}^n\{\tau = k\}$


$1 \leq k \leq n$


$\tau = k$


$\max _{1 \leq k \leq n} E_k \geq E_k \geq \lambda $


$x \in A$


$\{E_n\}_{n \geq 0}$


$\ast $


$\ast $


\begin {align*}\int _{\{\tau = k\}} \lambda \,d\pi (\cdot , \varsigma ) &\geq \int _{\{\tau = k\}} E_k\,d\pi (\cdot , \varsigma ) \notag \\ & \geq \int _{\{\tau = k\}} E_n\,d\pi (\cdot , \varsigma ),\end {align*}


\begin {align}\label {8} \pi \left (\{\tau = k\}, \frac {\varsigma }{\lambda } \right ) &\geq \int _{\{\tau = k\}} E_n\,d\pi (\cdot , \varsigma ).\end {align}


$\{\tau = k\}$


$1 \leq k \leq n$


$k = 1,\ldots , n$


$\ast $


\begin {align*}\pi \left (A, \frac {\varsigma }{\lambda }\right ) & \geq \int _A E_n\,d\pi (\cdot , \varsigma ) \\ & \geq \int _X E_n\,d\pi (\cdot , \varsigma ),\end {align*}


$A \subseteq X$


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{M_n\}_{n \geq 0}$


$\ast $


$\{\mathcal {F}_n\}$


$T$


$\{M_n^T\}_{n \geq 0}$


$\ast $


$\mathcal {F}_n$


\begin {equation*}M_n^T:= M_{T \wedge n},\end {equation*}


$T \wedge n = \min \{T, n\}$


$\{x\in X: T(x)=n\}\in \mathcal {F}_n$


$M_n^T$


$\mathcal {F}_n$


$\ast $


\begin {equation*}\int _A M_{T \wedge (n + 1)}\,d\pi (\cdot , \varsigma ) = \int _A M_{T \wedge n}\,d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_n, \,\, \forall \varsigma > 0.\end {equation*}


$\varsigma > 0$


$A \in \mathcal {F}_n$


\begin {equation*}A = (A \cap \{T \leq n\}) \cup (A \cap \{T \geq n + 1\}).\end {equation*}


$\{M_n\}_{n \geq 0}$


$\ast $


\begin {align*}\int _A M_{T \wedge (n + 1)}\,d\pi (\cdot , \varsigma ) &= \int _{(A \cap \{T \leq n\})} M_{T \wedge (n + 1)}\,d\pi (\cdot , \varsigma ) \ast \int _{(A \cap \{T \geq n + 1\})} M_{T \wedge (n + 1)} \,d\pi (\cdot , \varsigma ) \\ & = \int _{(A \cap \{T \leq n\})} M_T\,d\pi (\cdot , \varsigma ) \ast \int _{(A \cap \{T \geq n + 1\})} M_{n + 1} \,d\pi (\cdot , \varsigma ) \\ & = \int _{(A \cap \{T \leq n\})} M_{T \wedge n}\,d\pi (\cdot , \varsigma ) \ast \int _{(A \cap \{T \geq n + 1\})} M_n \,d\pi (\cdot , \varsigma ) \\ & = \int _{(A \cap \{T \leq n\})} M_{T \wedge n}\,d\pi (\cdot , \varsigma ) \ast \int _{(A \cap \{T \geq n + 1\})} M_{T \wedge n} \,d\pi (\cdot , \varsigma ) \\ & = \int _A M_{T \wedge n}\,d\pi (\cdot , \varsigma ).\end {align*}


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$h$


$(h(0) = +\infty )$


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{M_n\}_{n \geq 0}$


$\ast $


$T$


$\varsigma > 0$


\begin {equation*}\int _X M_T\,d\pi (\cdot , \varsigma ) = \int _X M_0\,d\pi (\cdot , \varsigma ).\end {equation*}


$n \geq 0$


$\varsigma > 0$


\begin {equation*}\int _X M_{n + 1}^T\,d\pi (\cdot , \varsigma ) = \int _X M_n^T\,d\pi (\cdot , \varsigma ).\end {equation*}


$n \in \mathbb {N}$


\begin {equation*}\int _X M_n^T\,d\pi (\cdot , \varsigma ) = \int _X M_0^T\,d\pi (\cdot , \varsigma ).\end {equation*}


$T \wedge 0 = 0$


$M_0^T = M_0$


$T$


$N \in \mathbb {N}$


$T \leq N$


$T \wedge N = T$


$n = N$


\begin {align*}\int _X M_0\,d\pi (\cdot , \varsigma ) & = \int _X M_N^T\,d\pi (\cdot , \varsigma ) \\ & = \int _X M_{T \wedge N}\,d\pi (\cdot , \varsigma ) \\ & = \int _X M_T\,d\pi (\cdot , \varsigma ),\end {align*}


$\varsigma > 0$


$\ast $


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$h$


$(h(0) = +\infty )$


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{X_n\}_{n \geq 0}$


$\ast $


$T$


$\varsigma > 0$


\begin {equation*}X_T \le X_0 \quad \text {$\ast $--fuzzy a.e.}\end {equation*}


$\ast $


\begin {align}\label {9} \int _A M_n\,d\pi (\cdot , \varsigma ) & = \int _A X_n\,d\pi (\cdot , \varsigma ) \ast \int _A B_n\,d\pi (\cdot , \varsigma ), \quad \forall A \in \mathcal {F}_n, \,\, \forall \varsigma > 0,\end {align}


$\{M_n\}$


$\ast $


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{B_n\}_{n \geq 0}$


$\ast $


$B_0 = 0$


\begin {equation*}M_n^T(x):= M_{T \wedge n}(x),\end {equation*}


$T \wedge n = \min \{T, n\}$


$\{x\in X: T(x) = n\} \in \mathcal {F}_n$


$M_n^T$


$\mathcal {F}_n$


$\{M_n^T\}_{n \geq 0}$


$\ast $


$\varsigma > 0$


\begin {align}\label {10} \int _X M_T\,d\pi (\cdot , \varsigma ) = \int _X M_0\,d\pi (\cdot , \varsigma ).\end {align}


$A = X$


$\varsigma > 0$


\begin {align*}\begin {cases} \int _X M_T\,d\pi (\cdot , \varsigma ) = \int _X X_T\,d\pi (\cdot , \varsigma ) \ast \int _X B_T\,d\pi (\cdot , \varsigma ), \\ \int _X M_0\,d\pi (\cdot , \varsigma ) = \int _X X_0\,d\pi (\cdot , \varsigma ) \ast \int _X B_0\,d\pi (\cdot , \varsigma ). \end {cases}\end {align*}


\begin {align*}\int _X X_0\,d\pi (\cdot , \varsigma ) & = \int _X X_T\,d\pi (\cdot , \varsigma ) \ast \int _X B_T\,d\pi (\cdot , \varsigma ) \\ & \le \int _X X_T\,d\pi (\cdot , \varsigma ),\end {align*}


\begin {equation*}X_T \le X_0 \quad \text {$\ast $--fuzzy a.e.}\end {equation*}


$\ast $


$\{f_n\}$


$L_+$


$\ast $


$\inf _{n\geq 0} \displaystyle \int _X f_n(x) d\pi (x, \varsigma ) > 0$


$\varsigma > 0$


$\epsilon > 0$


$\delta > 0$


$A \in \mathcal {F}$


$\pi (A, \varsigma ) > 1 - \delta $


\begin {equation*}\int _A f_n(x) d\pi (x, \varsigma ) > 1 - \epsilon \quad \text {for all } n \geq 0.\end {equation*}


$(X, \mathcal F, \pi ,\ast )$


$\ast $


$h$


$\varsigma > 0$


$\{M_n\}_{n \ge 0}$


$\ast $


$\{\mathcal F_n\}_{n \ge 0}$


$\{M_n\}_{n\geq 0}$


$\ast $


$T$


$\displaystyle \int _X M_T\,d\pi (\cdot , \varsigma ) > 0$


\begin {equation*}\int _X M_T\,d\pi (\cdot , \varsigma ) = \int _X M_0\,d\pi (\cdot , \varsigma ).\end {equation*}


$\{M_{T\wedge n}\}_{n\ge 0}$


$\ast $


$T\wedge n = \min \{T,n\}$


$T\wedge n$


\begin {equation*}\int _X M_{T\wedge n}\, d\pi (\cdot ,\varsigma ) = \int _X M_0\, d\pi (\cdot ,\varsigma ), \qquad \forall n\ge 0.\end {equation*}


$T\wedge n \uparrow T$


$n \to \infty $


\begin {equation*}M_{T\wedge n} \longrightarrow M_T\quad \text { $\ast $--fuzzy a.e},\end {equation*}


$\{M_n\}_{n\ge 0}$


$\ast $


$\{M_{T\wedge n}\}_{n\ge 0}$


$\ast $


$\varsigma >0$


$\ast $


$\{M_{T\wedge n}\}_{n\ge 0}$


\begin {equation*}\lim _{n\to \infty } \int _X M_{T\wedge n}\, d\pi (\cdot ,\varsigma ) = \int _X M_T\, d\pi (\cdot ,\varsigma ).\end {equation*}


$\int _X M_0\, d\pi (\cdot ,\varsigma )$


$n \geq 0$


\begin {equation*}\int _X M_T\, d\pi (\cdot ,\varsigma ) = \int _X M_0\, d\pi (\cdot ,\varsigma ),\end {equation*}


$(X, \mathcal {F}, \pi , \ast )$


$\ast $


$h$


$(h(0) = +\infty )$


$\{\mathcal {F}_n\}_{n \geq 0}$


$\{X_n\}_{n \geq 0}$


$\ast $


$T$


$\varsigma > 0$


\begin {equation*}X_T \le X_0 \quad \text {$\ast $--fuzzy a.e.}\end {equation*}


$\ast $


$(X, \mathcal F, \pi ,\ast )$


$\ast $


$h$


$\varsigma > 0$


$\{M_n\}_{n \ge 0}$


$\ast $


$\{\mathcal F_n\}_{n \ge 0}$


$M \in L_+$


$A \in \mathcal {F}$


$\varsigma > 0$


\begin {equation*}\lim _{n \to \infty } \int _A M_n\,d\pi (\cdot , \varsigma ) = \int _A M\,d\pi (\cdot , \varsigma ).\end {equation*}


$\varsigma > 0$


$n \ge 0$


$\mu _n: \mathcal {F}_n \to [0, +\infty )$


\begin {equation*}\mu _n(A) := h\left (\int _A M_n\, d\pi (\cdot , \varsigma )\right ), \qquad A\in \mathcal {F}_n.\end {equation*}


$h$


$\mu _n$


$\mathcal {F}$


$\nu $


$(X, \mathcal F)$


\begin {equation*}\nu := \sum _{n=0}^\infty 2^{-(n+1)}\,\mu _n.\end {equation*}


$\nu = 0$


$\mu _n \geq 0$


$n \geq 0$


$\mu _n = 0$


$n \geq 0$


$\nu $


$Y_n \in L^1(\nu )$


\begin {equation*}\mu _n(A) = \int _A Y_n\, d\nu , \qquad \forall A\in \mathcal {F},\ \forall n\ge 0.\end {equation*}


$A \in \mathcal {F}_n$


\begin {equation*}h\left (\int _A M_n\, d\pi (\cdot , \varsigma )\right ) = \mu _n(A) = \int _A Y_n\, d\nu .\end {equation*}


$\{M_n\}_{n \ge 0}$


$\ast $


$\{Y_n\}_{n \ge 0}$


$\{Y_n\}_{n \ge 0}$


$L^1(\nu )$


$h$


$\mu _n(X)=\int _X Y_n\,d\nu $


$n$


$\{Y_n\}$


$L^1(\nu )$


$\varepsilon >0$


$\delta >0$


$\nu (X\setminus A)<\delta $


\begin {equation*}\mu _n(A) = h\left (\int _A M_n\, d\pi (\cdot ,\varsigma )\right ) = \int _A Y_n\, d\nu > \mu _n(X) - \varepsilon , \qquad \forall n\ge 0.\end {equation*}


\begin {equation*}\int _{X \setminus A} Y_n\, d\nu < \varepsilon , \qquad \forall n\ge 0,\,\, \forall A \in \mathcal {F}_n.\end {equation*}


$\{Y_n\}$


$Y$


\begin {equation*}Y_n \longrightarrow Y \quad \text { $\nu $-a.e.}, \qquad \int _A Y_n\,d\nu \longrightarrow \int _A Y\,d\nu , \quad \forall A \in \mathcal {F},\end {equation*}


\begin {equation*}\lim _{n \to +\infty } h\left (\int _A M_n\, d\pi (\cdot , \varsigma )\right ) = \int _A Y\,d\nu < +\infty .\end {equation*}


$h$


\begin {align}\label {measures-equiv} \lim _{n \to +\infty } \int _A M_n\, d\pi (\cdot , \varsigma ) = h^{-1}\left (\int _A Y\,d\nu \right ) > 0.\end {align}


$h^{-1}\left (\displaystyle \int _A Y\,d\nu \right )$


$\ast $


$\pi _1(A, \varsigma ):= h^{-1}\left (\displaystyle \int _A Y\,d\nu \right )$


$\pi (A, \varsigma ) = 1$


$A \in \mathcal {F}$


\begin {equation*}\lim _{n \to +\infty } \int _A M_n\, d\pi (\cdot , \varsigma ) = 1 = h^{-1}\left (\int _A Y\,d\nu \right ),\end {equation*}


$\pi _1(A, \varsigma ) = 1$


$\pi _1 \ll \pi $


$M \in L_+$


\begin {equation*}h^{-1}\left (\int _A Y\,d\nu \right ) = \int _A M\,d\pi (\cdot , \varsigma ),\quad \forall A \in \mathcal {F},\,\, \varsigma > 0,\end {equation*}


\begin {equation*}\lim _{n \to +\infty } \int _A M_n\, d\pi (\cdot , \varsigma ) = \int _A M\,d\pi (\cdot , \varsigma ),\quad \forall A \in \mathcal {F}, \,\, \varsigma > 0.\end {equation*}


$\ast $


$\ast $


$\ast $


$\ast $
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Classical martingale theory relies fundamentally on linear expectations induced by sigma-additive probability measures. In con-
trast, fuzzy probability models replace linear additivity with nonlinear aggregation governed by triangular norms, leading to sub-
stantially different analytical behavior. While several notions of fuzzy martingales have emerged in probabilistic metric spaces and
possibility theory, these approaches often lack a measure-theoretic foundation that is compatible with integration and conditioning.
The GSM fuzzy measure framework, introduced in [1,2,4,16], provides a robust nonlinear integration theory via triangular norm-
based measures and additive generators. This structure allows fuzzy martingale problems to be systematically transferred to classical
measure-theoretic settings, enabling the development of fuzzy counterparts of a Doob decomposition, maximal inequalities, optional
stopping, and convergence theorems. Importantly, the results hold at the level of fuzzy integrals rather than pointwise fuzzy variables,
reflecting the intrinsic nonlinearity of the model.

While the mentioned works focus on the construction of fuzzy measures and nonlinear integrals, the present paper develops
a genuine dynamic theory by introducing fuzzy conditional expectations, stopping times, and martingale-type convergence results
within the fuzzy measure framework.

Now, we recall the fundamental concepts that form the foundation of our work. Throughout the paper, all equalities and inequal-
ities involving #—fuzzy integrals are understood pointwise with respect to the parameter ¢ > 0, which is fixed but arbitrary.

Definition 1.1. [3,11] A continuous triangular norm (shortly, a ct-norm) is a continuous binary operation *: [0, 1]*> — [0, 1] such
that for all sy, s,, 53,54 € [0, 1]:

(@) s; %5y =155 % s; and sy * (55 % 53) = (5 * 5) * 533
() sy x1=sy;
(c) sy * 55 < s3% 54 whenever s; < s3 and s, < s4.

Some examples of the cs-norms are as follows:

1. sy #p s, = 55, (the product -norm);
. S| *p 8 = min{s,s,} (the minimum r-norm);
3. sy % s, = max{s; + s, — 1,0} (the Lukasiewicz ¢-norm);

N

0, ifs; =5,=0

4. sy kp sy = S15 (the Hamacher z-norm).

————=, otherwise,
S1+ 85y — 85185y

We define

*f:l S; =S| % Sy % ek Sy,

for k € {2,3,...}. Note that, a ct-norm is said to be Archimedean (cas-norm) when s * s < s for every s € I° (interior of I = [0, 1]) or
n times

. 2 . . —
equivalently, for all (x, y) € (0, 1), there exists an integer n € N such that x % ... % x < y. For example #p,*; and %; are cat-norms
but #,, is not a car-norm. A ct-norm is Archimedean if and only if there is a strictly decreasing continuous function & : I — [0, +o],
h(1) = 0, such that

si % s = ™! (min{A(0), h(s) + h(sy)}),

for every s,, s, € I. The mapping & is said to be an additive generator of . For example the additive generator for % is hp(s) = —1Ins,
for % itis h;(s) =1— s and for =y itis hy(s) = l;j the generator is strict i.e., 4(0) = +o0, so in this case, we have

sy % 55 = h™' (h(s)) + h(sy)),
and as a consequence, we have
h(sy * $5) = h(sy) + h(s,).

Definition 1.2. [2] Let X be a set and F be a c-algebra consisting of subsets of X. Let  be a cat-norm. A x-fuzzy measure on
F % (0,+00) is a probability distribution function z : F X (0, +c0) — [0, 1] such that

(i) =(@,¢) =1, for every ¢ € (0, +);
(ii) For any A € F, n(A,-) is increasing, left-continuous and lim_, o 7(A,0) = 1;
(iii) If A, € F,i=1,2,..., are pairwise disjoint (4; N A; = @, if i # j), then

+oo
7r<U A,-,g) :*;"f 7(A;,¢), forall ¢ € (0,+00).
i=1

The quadruple (X, F, z, ) is called a «—fuzzy measure space.

Definition 1.3. Let (X, F, x, %) be a *-fuzzy measure space. A set A € F with z(4,¢) = 1 for each ¢ € (0, +) is called a *-fuzzy null
set. If a statement about points x € X is true except for x in some null set, we say that it is true *—fuzzy almost everywhere (abbreviated
x—fuzzy a.e.).
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Definition 1.4. Let (X, F, r, %) be a *-fuzzy measure space. Define
L, ={f:X —[0,4) | f is measurable function}.

Let ¢ be a simple function in L, with standard representation ¢ = ZLI a4 xE, where g¢; >0, i=1,...,n, and {Ei}f':1 is a pairwise
disjoint system of non-empty sets from F. The x-fuzzy integral of ¢ is defined as

_ [ - 3
/)(qbﬂ("G)__/)(;aiXE'”(’g)_*i=lE(Ei’ai>'

IfAeF, then/¢n(~,g)= / Gxan(,0).
A X

Definition 1.5. Let f be a function in L,. The %-fuzzy integral of f is defined by
/ f n(-,¢) =inf {/ ¢r(,¢)|0< ¢ < f,¢is asimple function}.
X X

A function f € L, is called *-fuzzy integrable if / fr(,6)>0.
X

Theorem 1.6. Let ¢, and ¢, be simple functions in L, with standard representations ¢, = Y.\, a; xE, and ¢, = Z;n=1 bixr, If ¢, < by,

then
/ b 7(0) > / 2 7).
X X

for all ¢ € (0, +c0).

Corollary 1.7. [2] The «—fuzzy integral is monotone decreasing with respect to the integrated function. Specifically, for any measurable set
A €F, ¢>0and functions f,g € L, we have

L 0</fﬂ(-,g)sl,
A
2. If f <gonA, then / faC.0) Z/gn(-,g),
A A
3. For any constant ¢ > 0, / crn(,¢)= n(X, g),
X c
4. If f = 0 almost everywhere, then/ fr(,¢)=1
X

Theorem 1.8. [2]If {f,} is a sequence in L, such that f, < f,., foreveryn €N, and f =lim,_, ,, f, = sup,cn f,, then

/ffr(~,§)= lim /f,,ﬂ(~,€)~
X n—+0oo X

Lemma 1.9. [2] Let { f,} be a sequence of fuzzy functions/variables in L, then

/ liminf £, z(-,¢) > liminf / Fu 7 0).
X n—too [y

n—+oco

Theorem 1.10. [2] Let { f,} be a sequence of fuzzy functions/variables in L, such that

fn(6) = f(-,¢) almost everywhere.
Then f € L, and

/ffr(~,g)= lim/f,,ﬂ(ug)-
X n—eo Jx

Example 1.11. [2] Let (X, F,m) be a classical measure space.

1. For =+ (Hamacher r-norm), z(A,¢) = gﬂi D is a #-fuzzy measure.
m(A)

2. For x=#p (product t-norm), z(A,¢) =e ¢ isa #-fuzzy measure.
3. More generally, if * is a car-norm generated by A, then

(A, ¢)=h"! (min {h(O), @}) @

is a s-fuzzy measure named canonical *-fuzzy measure.

Lemma 1.12. Consider f € L, and disjoint sets C, D € F with C n D = §J, then

/ fdn(-,¢)= / fdn(x,¢) * / fdn(-,¢), forallg¢>D0.
cuD c D

3
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Proof. Using definition of the x—fuzzy integral for general functions, we have

fdr = inf{ ¢dr(,6) : 0<p < f, ¢isasimple function},

CuD

/fdir:inf{/lplr(~,g) :0<y < f, wisasimple function},
c c

CuD

/ fdr =inf {/ Azn(,¢) : 0< AL f, Aisasimple function}.
D D
First, we prove the following inequality

/ fﬂ(ug)S/fﬂ(wQ)*/fﬁ(',g)-
cuD c D

Consider simple functions y,0 with 0 <y < f -, 0<60 < f yp, define ¢ =y + 6. Then 0 < ¢ < f y-,p and ¢ is simple. Since C and
D are disjoint, by Definition 1.4 we have

/ ¢n<-,g)=/w(-,o*/en(-,g).
CuD C D

Thus, by the decreasing property of the «—fuzzy integral, we get

fﬂ(-,g)s/um(ug)*/Gn(-,g).
CuD C D

Taking the infimum on v, 6

fﬁ(ng)Sinf/v/ﬂ(',G)*inf/5’75(',§)=/fd7f*/fﬂ(’,g)- (2)
cub v Jc ¢ Jp c D

Now, we show the reverse inequality

/fn(-,g)*/fn(-,g)s/ £ (o).
C D CuD

Consider simple function ¢ with 0 < ¢ < f ycyp, define y = ¢y, 0 = ¢ xp. Then y, 0 are simple with 0 <y < f 4, 0<60 < f yp, and

/W”('»g)*/9ﬂ(',€)=/ ¢ x(,6).
C D CuD

Thus

/fﬂ(',g)*/fﬂ(',G)S/W”(',Q)*/Aﬂ(',€)=/ dr(-,0).
c D c D cup

Taking the infimum on ¢

/fdﬂ.’*/fﬂ.’(',g)ﬁ/ f (.0, 3)
C D CubD

From inequalities (2) and (3), we conclude that

/ fﬂ(',€)=/f7f(',€)*/fﬂ(',€)- O
cub c D

Remark 1.13. Using Lemma 1.12 and for pairwise disjoint sets C,,C,, ...,C, € F we get

/ fdr =*:’_l/fd7r.
o1 Ci e

Lemma 1.14. Let (X, F,r,+) be a x—fuzzy measure space, where « is a cat-norm generated by the additive generator h. Then for every
A €F,every ¢ >0, and all a,b > 0, we have

ﬂ(A,aib) zzc(A,g) *ﬂ(A,%). )
Proof. Note that z(A,-) is increasing and h and h~! are strictly decreasing. So, we can write
n(x(4.5) e m(a.5)) = min {n0.n(x(4.5)) +#(x(4.5)) }
> min {h(O), 2h 7z<A, ﬁ))}

(
> h(x(4,—=)). (5)

a+b

From (5), we take h~! and we obtain

(4 o) zn(a5) ()

which is exactly (4). This completes the proof. O
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Lemma 1.15. [1] Let (X, F, x, %) be a «—fuzzy measure space. Then for every A€ F, every ¢ >0, and all f,g € L., we have

/(f+g)dﬂ(~,€)2/fdﬁ(',g)*/gdﬂ(ng)- ©)
A A A

Lemma 1.16. Consider x—fuzzy measure space (X, F, z, x), where * is a cat—norm with a strict additive generator h (i.e., h(0) = +o0). Then,

(1) ForanyY € L, A€ F, and ¢ > 0, the function h / Y dr(, g)) is a classical measure on F.

4
(2) For any set A € F, any ¢ > 0, and any real-valued function Z_ that is decreasing and continuous in ¢ with a positive integral, satisfying
the condition lim__, ., Z. = 0, the function

()

is a *-fuzzy measure on the sigma-algebra F, where v represents a classical measure.

Proof. (1). Fix ¢ > 0. For A € F, define the set function

ty(A) := h</der(~,g)>~
A

Since ij Y drz =1 and A(1) = 0, we have
uy (@) =0.

Because 0 < /[, Y dz < 1 and h is decreasing, it follows that
0< puy(A) <40 forall AeF.

Let A, B € F with An B =@. By Lemma 1.12, we have

/ Ydlr:/de'*/der.
AUB A B

Applying the additive generator s and using h(a * b) = h(a) + h(b), we obtain
uy(AU B) = py(A) + py (B).
Let {A; };»1 C F be pairwise disjoint and define B,, = |J;_, A;. By finite additivity,

py(By) = Y puy(Ap).
k=1

Using the monotone convergence property of the x—fuzzy integral,

/ Ydr = lim/ Ydnrn,
U[?:lAk m—co [ p

m

and the continuity of 4, we conclude that

/"Y<U Ak> = Z Hy (Ag).
=1 =1

Therefore, uy is a classical measure on 7.
(2). Fix ¢ > 0 and the classical measure v. For A € F, define the set function

Hz (A) :=h‘1</A ng\/).

Since [, Z dv =0and h~'(0) = 1, we have
Hz (@)= 1.

Because 0 < [, Zdv < +oco and h~! is decreasing, it follows that
0< yZC(A) <1 forall AeF.

Let A, B € F with An B =@. By Lemma 1.12, we have

/ Zdv:/Zdv+/Zdv.
AUB A B

Applying the additive generator 4~! and using A~'(a) * h='(b) = h~!(a + b), we obtain

1z, (AU B) = iz (A) * iz (B).
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Let {A; };» C F be pairwise disjoint and define B,, = | J;_, A;. By finite additivity,
Mzg(Bm) =*Z':| ﬂzg(Ak)-

Using the monotone convergence property of the classical integral,

/ Zdv:lim/ Zdv,

m

and the continuity of 4, we conclude that
0
MZ€<U Ak> =2, Hz (Ap)-
k=1

Finally, we find that as lim__,,, Z. =0, coupled with the arbitrariness of A € 7 and the continuity of h~!, we conclude that
lim_,, 7(A,¢) = 1. Additionally, continuity is preserved, and since h~! is a decreasing function, it follows that u 2, is increasing
as ¢ increases. Thus, u z qualifies as a *—fuzzy measure on F. This completes the proof. O

Lemma 1.17. [4] Let (X, F, r, %) be a *—fuzzy measure space and let f,g € L. Then

/fdzr(~,g) =/gd7r(-,¢), foralA€F, ¢ >0,
A A
if and only if

f=g =xfuzzyae..

1.1. Fuzzy Radon-Nikodym theorem

Definition 1.18. [4] [Absolute Continuity] Consider (X,F,z,,*) and (X, F, 7, *) two x—fuzzy measure spaces. If z,(A,¢) =1 for
every A € F whenever r,(A, ¢) = 1, then we say that z, is absolutely continuous with respect to =, and write 7, < ;.

Definition 1.19. [4] [Mutual Singularity] Consider (X, F, z;, *) and (X, F, ,, *) two *—fuzzy measure spaces. If there exist A, B€ F
suchthat AnB=0, AUB =X, n1(A,¢) =1 and 7,(B,¢) = 1, then we say r,, 7, are mutually singular and write z, L z,.

Definition 1.20. [2] [Bounded Measures] A %-fuzzy measure z is a bounded *-fuzzy measure if
n(X,¢)>0 for each ¢ > 0.

A =-fuzzy measure r is o-bounded if there exist sets A; € F for i = 1,2, ... such that
(o]
7(A;,¢) >0 foreachi and X = U A..

If = is a bounded *-fuzzy measure, then (X, F, r, %) is called a bounded - fuzzy measurable set. Similarly, if = is a o-bounded *-fuzzy
measure, then (X, F, x, %) is called a o-bounded *-FMS.

Theorem 1.21. [4] [«—Fuzzy Lebesgue-Radon-Nikodym Theorem] If r,, =, are sigma-bounded =—fuzzy measures on (X, F, =), then there
exist unique sigma-bounded «-fuzzy measures A, p on (X, F, *) such that:

1. pxm
2. Al
3. my=A%p

The decomposition z, = A * p with properties A L z; and p < =, is called the x—fuzzy measure space Lebesgue decomposition of =, with
respect to ;.

Corollary 1.22. [4] [«-Fuzzy Radon-Nikodym Derivative] If =, < x|, then there exists a x,-integrable function f : X — [0, o) such that
dmy = fdry,

or equivalently,

(A, ) = /Afdnl(-,g) fordll AeF.

dmy

The function f is called the +—fuzzy Radon-Nikodym derivative of =, with respect to r;, denoted by Tn

6
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2. =-Fuzzy expectation

Now, we define the fundamental concept of expectation and related topics in the sense of *—fuzzy measure space.

Definition 2.1. Consider s#—fuzzy measure space (X, F, z, *). For a +—fuzzy integrable function f € L, the «—fuzzy expectation of f
is defined as its «—fuzzy integral over X

ELFIC) = / Fdr(.). Ve > 0.
X

A function f € L, is called »—fuzzy integrable if E,[f](¢) > 0 for all ¢ > 0.
Now, we are ready to define the conditional expectation in the sense of *—fuzzy measure.

Definition 2.2. Consider the %-fuzzy measure space (X, F, z, *). Let G C F be a sub-s-algebra. A x-conditional expectation of f € L,
given G is a G-measurable function g in L, such that

/ gdr(¢) = / fdn(.c)
A A

for A € Gand ¢ > 0. If such a g exists, then we write g = E.(f | §).

Theorem 2.3 (Existence and Uniqueness of the x-Fuzzy Conditional Expectation). Consider the x-fuzzy measure space (X, F, z, %), in
which x* is a cat-norm with a strict additive generator h. Let G C F be a sub-c-algebra. Then, for every nonnegative x-fuzzy integrable function
f € L, there exists a unique *-conditional expectation E.(f | G) such that

E(f1Q=f fuzzyae.
Proof. Fix ¢ > 0. For A € F, define the set function

py(A) :=h</Afdﬂ(-,€)>-

By Lemma 1.16, u, is a classical finite measure on F, and in particular, 4| is a finite measure on G. Let v := y,. Clearly, u/|; < v|g.
Hence, by the classical Radon-Nikodym theorem, there exists a nonnegative G-measurable function Y such that

W(A):/de, VA €. @)
A

Denote by 7,(A,¢) := h~! </ Y dv) .If 7(A,¢) = 1 for some A € F, then by the definition of fuzzy null sets and from (7) we obtain
A

/fdzr(~,g)= 1= h—1</ de>,
A A

and we conclude 7,(4, ¢) = 1, which shows 7| < z. By Corollary 1.22, there exists a G-measurable function E (f | §) € L, satisfying

h(/ E*(flg)dzr(~,g)> =/de, VA €C.
A A

Combining the above equations yields

/AE*(f | Q)d”(',§)=/Afd7f(',§), VAEG.
From Lemma 1.17, we conclude
E(f|1Q=f #fuzzya.e.
Finally, suppose that EJ{ (f | ¢) and Eg( /| ©) both satisfy the defining property. Then, for all A € G

/ ENf |G dn(,¢) = / E2(f | §)dn(-¢).
A A

which shows that EI(f | §) and E2(f | §) are G-integrally equivalent (Their integrals over all A € G are equal). This completes the
proof. O

Definition 2.4. Assume that (Y, F, 7, %) is a *—fuzzy measure space. Let {F,},5( be an increasing sequence of sub-c-algebras of 7 (
a filtration), and { f,},59 C L+ a sequence of nonnegative measurable functions.

1. The sequence {f,} is called a «—fuzzy martingale if
(a) f, is F,—measurable for each n > 0;
(b) foralln>0and ¢ > 0,

/fn dn(x,¢) > 0;
Y
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(c) the fuzzy conditional expectation satisfies
fo=E.(fur1 | ) x—fuzzy a.e. in F,.
2. The sequence {f,} is called a «—fuzzy submartingale if
fn S E(fur1 | FY) x—fuzzy a.e. in F,.
3. The sequence {f,} is called a *—fuzzy supermartingale if
fn 2 E(fur1 | F) +—fuzzy a.e. in F,.

Remark 2.5. Assume that {f,},5o C L, is a »—fuzzy martingale sequence, then

/f,, dr(-,¢) = / Sup1d7(,6), VAEF, ¢>0.
A A

If {f,},>0 C L, is a *—fuzzy submartingale sequence, then by the decreasing property of the fuzzy integral, we have

/fndzr(l,g)z/f“_l dn(-,¢), YAeF, ¢>0,

If {f,},>0 C L, is a #—fuzzy supermartingale sequence, then by the decreasing property of the fuzzy integral, we have

/f,,dfr( §)</f,,+1 dn(-,¢), VAEF, ¢>0,
for all n > 0.

Note: Let A € F,,, since F,, C F,,,;, we get, A € F,, and so the integral / Sup1(x) dr(x, ¢) is well defined. In the following, we require

to show
/fn+l dr(-,¢) = /fndn(~,g) forall A€ F,,
A A

that, by the definition of *-fuzzy conditional expectation, is equivalent to

E.(fu1 | F) = f, =fuzzyae.

Definition 2.6. A sequence {f,},»o C L, is predictable if f, is constant and f, is F,_;—measurable for » > 1. It is increasing if
i1 = f, for all n.

Definition 2.7. Amap T : X — {0,1,2,...} is called stopping time with respect to {F,} if for each n > 0 the set {x € X : T(x) =
n} € F,. Stopping times are defined relative to the underlying sigma-algebra, not the «—fuzzy measure.

Definition 2.8. Let (X, F,x,*) be a «—fuzzy measure space and {F,} - be a filtration. Let {f,},.0 € L, be a processand T : X —
{0,1,2,... } be a stopping time with respect to {F,},5,. For each n > 0, and x € X, the stopped process {fnT }ns0 is defined by

f{ =S
Note that since 7 is a stopping time, {x € X : T(x) = n} € F,, and so fnT is 7, measurable.
Lemma 2.9. Consider «—fuzzy measure space (X, F,r,*) and a filtration {F,} with F,, C F, for m < n. For any f € L,, we have
E (E.f|F)|Fp) =Ef | F,) #fuzzyae.
Proof. Let f, = E.(f | F,) and f,, = E.(f | F,,). Note, f, is F,-measurable and satisfies
/f,, dn(-,¢) = / fdz(-,¢), VA€ETF,, ¢>0.
Now, let k,, = E,(f,, | F,,). Then k,, is F,,-measurable and satisfies
/Akm drn(-,¢) = A fndn(-,6), VAETF,, ¢>0.
Since F,, C F,, any A € F,, is also in F,,, so from the definition of f, we have
/Af,, dn(-,¢) = A fdz(-,c), VAETF,, ¢>0.
Combining the above, we obtain
/A kydn(,¢)= A fdz(.,c), VAEF,, ¢>0.
But this is exactly the defining property of f,, = E.(f | F,,). It follows that

E(Ef I F)|Fp) = Efy | Fp) = ky = E(f | F,) s-fuzzy ace.
This completes the proof. O
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Corollary 2.10. If {f,},0 is a *—fuzzy martingale with respect to {F, },0, iL.e.,
fo=E.(fu1 | F,) +fuzzy ae, Vn>0,

then for all m > n,
fo=E.(fu | F,) =+fuzzyae.

Proof. We proceed by induction on m. For (m = n + 1), this is the martingale property itself. Now, for m = n + 2, we apply Lemma 2.9
to get

fn = E*(frH—l | Fn)
= E*(E*(frH-Z | Fn+l) | Fn)
= E*(fn+2 | Fn)'

This completes the induction and the proof. O
3. Main theorems

All results in this paper are formulated at the level of x—fuzzy integrals, reflecting the intrinsic nonlinearity of «—fuzzy measures.
Pointwise (x—fuzzy a.e.) statements are not addressed unless explicitly stated.

Theorem 3.1. Let (X, F,x,*) be a +—fuzzy measure space with strict generator h, {F,},>o be a filtration, and {X,},5 be a sequence of
positive #-fuzzy supermartingales with respect to {F,},s(. Then, there exists a unique decomposition

/M,,dﬂ(-,g)=/X,,dﬂ(',€)*/B,,dﬂ(ng), VA€F,, ¥¢>0, (€))]
A A A
such that

(1) {M,},5¢ is a *—fuzzy martingale with respect to {F,},0,
(2) {B,},x0 is predictable and decreasing in the »—fuzzy integral level with B, = 0 *—fuzzy a.e.

Proof. Let (X, F,r,*) be a +—fuzzy measure space, where * is a cat-norm with additive generator 4 : [0, 1] — [0, +c0], and let { X, },5(
be a positive *—fuzzy super martingale with respect to a filtration {F,},5,. For each n > 0, define the set function

1, (A) 1= h(/ X, d7r(~,g)>, AET,
A

where ¢ > 0 is fixed but arbitrary and the generator 4 is assumed to be strict i.e., h(0) = +c0. By Lemma 1.16, u,, is a classical measure
on F,. For A € F,, since {X,} is a #—fuzzy supermartingale and A is decreasing,

Uy(A) 2 py i1 (A),

so {u,(A)},so is decreasing for each A € 7. Define a finite measure v on (X, F) by

[o]
vi= Z 2=+l
n=0

If v =0, then from the fact that y, > 0 for all n > 0, it immediately follows that x, = 0 for all n > 0. Then u, < v for all n > 0. By the
Radon-Nikodym theorem, there exists an F,-measurable fuzzy variable Y, € L!(v) such that

yn(A):/Yndv, AEF,
A

The monotonicity of (u,) implies

/Yndvz/Yanv, A€ETF,
A A

so {Y, },>0 is a classical supermartingale with respect to {F,},-o and v. By the discrete-time Doob decomposition theorem (see [9,10]),
there exist unique processes { M, }us0 and (B, }us0 such that

M,=Y,+B,,

where

n

B,=Y (E,(Y,_ | Fiu) - E,(Y; | Fioy),
j=1

where E, is the classical conditional expectation with respect to v, {M,} is a v-martingale, {B,} is predictable and increasing, and
B, =0. Since Y, > 0 for all n > 0, then from the decomposition it can be concluded that M, > 0 for every n > 0.

9
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Now, from Lemma 1.16 (item 2), we know that A~! < / Mn d v) and h! / B, dv> are #—fuzzy measures. Denote by z,(4,¢) :=

A A
}rl(/ M, dv) and 7,(A,¢) := A~ </ §ndv>. Note that
A A
/M,,dv:/Y,,dv+/l~3,,dv.
A A A

If 7,(A,¢) = 1 for some A € F, then
0=h(z(A9) = h(/ X, dﬂ(u;)) + h(my(4,0)),
A

implying 7(A, ¢) = m,(A,¢) = 1, and we conclude 7, 7, < 7. Next we show that z,, 7, <« z. If 7(A, ¢) = 1 then we have fA X,d(-¢) =1
for all ¢ > 0. Therefore y,(A) = h(f, X, dz(-,¢)) =0 and so [, Y, dv =0 implying ¥, =0 v-a.e. on A for all n > 0. Therefore B,=0
v-a.e. on A for all n > 0 and so 1\7n =0 v-a.e. on A for all n > 0. Hence 7,(A,¢) = 1 and 7,(A,¢) = 1.

By Corollary 1.22, there exist the unique processes { M, },-, and {B,},>, by specifying their +—fuzzy integrals for each A € F,,

h(/ M,,d;r(~,g)) =/A7,,dv, h(/ B,,d;r(-@)) =/§,,a’v.
A A A A

By the existence result for the «—fuzzy integral, such M, and B, belong to L, for each A € F,,. For all A € F,, we have

h</ M,,dzr(«,g)) =/1\7ndv
A A
=/Yndv+/§ndv
A A
=h</ Xndzr(-,g)> +h</ B,,dzr(~,€)>
A A

=h</ X,,dﬂ(‘,(;)*/Bndﬁ(uG)),
A A
which implies

/M,,dfr(-,g):/Xndn(-,g)*/Bndﬂ(~,g),
A A A

which is (8). Since {ﬁ .} is a classical martingale, for all A € F,, we have

/M,H_ldv:/ﬁndv,
A A

and taking the inverse function 4~! implies that
/ M, dx(,¢)= / M, dx(¢), AET,
A A

and so, { M,,} are »—fuzzy martingales. Because { B, } is increasing in the classical sense,
E,, < §n+l v-a.e. for all ,Vn > 0.

Thus, for any A € F,,,

/En dv§/§n+| dv = h</ Bndzr(-,g)) gh(/ By dlr(-,g)>
A A A A
= /Bndﬂ(-,g)Z/BnH dn(-,¢),
A A

so { B, },>o is a decreasing process in integral level. Classically, {B,) 2>0 is predictable, i.e. B, is F,_,-measurable for n > 1. Thus, for

every A€ F,_, / B, dv depends only on F,_,. Note,
A

h(/ B,,d;r(~,g)> =/§,,dv, AEF, .
A A

and so the x-fuzzy integrals of B, over sets in F,_; are determined by 7,_,. Hence {B, },5( are predictable. Note that B, =0, so for
all A € F, we have

h</ Bodzr(-,g)> =/§0dv=o = /Bodﬂ(-,g):l = B, =0, sxfuzzya.e.
A A A

10
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This argument can be easily verified with the contradiction argument. Finally, suppose that two «—fuzzy Doob decompositions satisfy

/ MW dr(-,¢) = / X, dn(.,¢) * / BV dr(,¢), i=12,
A A A

for all A € F,,. Applying the generator h yields
/AM;“ dv =, (A) + /A BVdyv i=12,

or equivalently

= [0 [ v [0 [ 50
A A A A

Since the family {1\7,(1”},,20 is a classical martingale, and {Ef,”},,zo is a predictable increasing process (i = 1,2), therefore, by the
uniqueness of the classical Doob decomposition,

[ o [FDa [ Ba [ B
A" 4 " A" a "

Finally, since h is strictly monotone, this implies

/ MY dr(.¢) = / M dx(-.0), / B d(-.¢) = / B? dx(-.c).
A A A A

for all A € F,. Hence, the «—fuzzy Doob inequality is unique up to F,-integral equivalence. [
Now, we will state and prove Doob’s maximal inequality for the x—fuzzy setting. We present it in the following theorem.

Theorem 3.2. Let (X,F,x,*) be a »—fuzzy measure space, {F,},so be a filtration, and {E,} s be a sequence of positive +—fuzzy sub-
martingales. Then for any ¢, A > 0, we have the following inequality

¢
”({1?1?;’&‘2/1}’;) Z/)(E,,dn(-,g). 9

Proof. Define
ri=min{k<n:E 21}, t@®=n+l,

and

A= { max E; 2/1}.
1<k<n

Note that {z = k} is F;-measurable (z is a function of x € X). We show that

Indeed, if x € A, there are some 1 < k < n such that E; > 1. Let k¥’ be the smallest k. By definition x € {r = k}. So x € J;_,{r = k}.
If x € |J;_, {r = k}, there are some 1 < k < n such that r = k, or equivalently max, <, E; > E, > A, which implies x € A. Now, using
the assumption that {E, }, is a positive #—fuzzy submartingale and the decreasing property of the «—fuzzy integral, we obtain

/ }Ldﬂ('7€)2/ E dn(-,¢)
{r=k) {r=k)

2/ E,d=(.¢),
(=K}

which implies

€ ,
w(tr=41.5) 2 /(T:k;E” ) (10)

Note that {r = k} with 1 < k < n are disjoint sets. From (10), we multiply over k = 1, ...,n (with %) and apply Lemma 1.12, and we
obtain

n(A,%) > /A E,dx(-¢)

> / E,dn(-¢),
X

since A C X and the x—fuzzy integral is decreasing in the domain. Therefore (9) is valid. This completes the proof. [
Next, we proceed with the optional stopping theorem in the bounded case. First, we need the following proposition.

Proposition 3.3. Let (X, F,x,*) be a *—fuzzy measure space, {F,},>, be a filtration, and { M, },», be a »—fuzzy martingale with respect to
{F,}. Let T represents a stopping time. Then, {M}, is a =-fuzzy martingale with respect to F,,.

11
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Proof. Recall
Mr? = MT/\n’

where T'An=min{T,n} and {x € X : T(x) =n} € F,, so MnT is 7, «—fuzzy measurable. We have to show that

/MT,\(,,+1)d7r(~,g) = / My, dn(-¢), VAEF,, Y¢>0.
A A

Let ¢ > 0 and A € F, and note that,
A=AN{T <npHhUAN{T 2 n+1}).

From Corollary 2.10 and since { M, } -, is a *—fuzzy martingale, we obtain

/MT/\(nJrl)d”("g):/ MT/\(n+1>d”('s€)*/ My puiry da(-,€)
A (An{T<n}) (An{T2n+1))
=/ Mrdﬁ(ug)*/ M, dx(-,¢)
(An{T<n}) (AN{T2n+1})
=/ MTN,dIL'(-,g)*/ M, dn(-,¢)
(An{T<n)) (An{T>n+1})

=/ MTA,,d:r(-,g)*/ My, dz(-,6)
(AN{T<n}) (AN{T2n+1})

= / My dz(-,).
A
O

Theorem 3.4. Let (X, F,x,*) be a *—fuzzy measure space with strict generator h (h(0) = +o0), {F,},5¢ be a filtration, and {M,,},, be a
«—fuzzy martingale, and T be a bounded stopping time. Then, for any ¢ > 0, we have

/Mszr(~,g):/M0d7r(~,g).
X X

Proof. Recall from Proposition 3.3 that for any » > 0 and ¢ > 0,

/MnTH dﬂ(-,g):/Mann(-,g).
X X

By induction on n € N, we obtain

/Manzr(v,g):/MOT da(,¢).
X X

Note that T A0 = 0, so MOT = M,. Since T is bounded, there exists N € N such that T < N. Therefore, T A N =T. Taking n = N, we
obtain

/Modfr(-,g)=/M,Cd7r(-,g)
X X

= / My da(-,¢)
X

= / Mpdn(.,¢),
X

for any ¢ > 0. This completes the proof. O
Now, we proceed with the optional stopping theorem in the bounded case for #—fuzzy super martingales.

Corollary 3.5. Let (X, F,r,*) be a +—fuzzy measure space with strict generator h (h(0) = +0), {F,},s¢ be a filtration, and {X,},>, be a
x—fuzzy super martingale, and T be a bounded stopping time. Then, for every ¢ > 0, we have

Xr <X, s—fuzzyae.
Proof. By Theorem 3.1, there exists a «—fuzzy a.e. decomposition
/A M, dr(-,¢) = /AXn dn(-,¢) * /A B,dz(-,c), VAE€TF,, V¢>0, an

such that { M, } is a *—fuzzy martingale with respect to {F,},>¢, and {B,},o is predictable and decreasing (in the *—fuzzy integral
sense) with B = 0. Define

MT(x) = Mp,,(x),

12
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where T An=min{T,n} and {x € X : T(x) = n} € F,, SO MnT is 7, measurable. By Proposition 3.3, {M,,T},,ZO is a #-fuzzy martingale
and by Theorem 3.4 for any ¢ > 0, we have

/Mrd”(',€)=/Modﬂ(n€)- (12)
X X
Take A = X. For any ¢ > 0, we use (11) and we obtain

Jx My da(,¢) = [y Xrda(.¢) % [y Brdz(.¢),
Jx Mydx(-,¢) = [y Xodn(-,¢) = [ Bydxn(-,¢).

Now, we apply (12) and we obtain

/Xodzr(-,g)=/XTd7r(-,g)*/Bszzr(~,g)
X X X

< / Xy dn(-,¢),
X

or equivalently
Xr <X, sfuzzy a.e.
This completes the proof. O
Recall: «—fuzzy integral is a decreasing operator. (see Corollary 1.7.)

Definition 3.6. A sequence {f,} in L, is uniformly «—fuzzy integrable if

1. inf,,zo/ fn(x)dz(x,¢) > 0 for all ¢ > 0;
X
2. For every € > 0, there exists 5 > 0 such that for all A € F with z(A,¢) > 1 — § we have

/ fo(x)dr(x,5)>1—¢ foralln>0.
A

Theorem 3.7. Let (X,F,x,*) be a x—fuzzy measure space with strict continuous generator h, and fix ¢ > 0. Let {M,},5¢ be a *fuzzy
martingale with respect to the filtration {F,} (. Assume that { M}, is uniformly +—fuzzy integrable. Let T be an unbounded stopping time

with / My dz(-,¢) > 0. Then,
X

/MTd”(',€)=/Mod7f(‘,€)~
X X

Proof. From Proposition 3.3, we know that {Mr,,},»o is a *—fuzzy martingale, where T' A n = min{T,n}. Since T A n is bounded,
Theorem 3.4 yields

/ My, dr(¢) = / Mydz(-.¢),  Vn>0.
X X
Note that T Ant T as n — oo, SO

My, — M; x—fuzzy a.e,

Since {M,},, is uniformly »—fuzzy integrable, the stopped sequence { My,,},o is also uniformly #-fuzzy integrable. Fix ¢ > 0. We
apply Theorem 1.10 to the *—fuzzy martingale { Mr,,},>0, and we obtain

lim/MTMdn(~,g)=/Mszr(~,g).
X X

n—oo

Since the left-hand side is equal to f '« Mydz(-,¢) for all n > 0, it follows that

/Mrdﬂ(~,€)=/Modﬂ(-,€),
X X

which completes the proof. O

Corollary 3.8. Let (X, F,x,*) be a x—fuzzy measure space with strict generator h (h(0) = +c0), {F,},50 be a filtration, and {X,},>, be a
+—fuzzy super martingale, and T be a unbounded stopping time. Then, for every ¢ > 0, we have

Xr <X, #=fuzzyae.
Proof. The proof is similar to that of Corollary 3.5. O
Now, we state and prove the existence of integral limits for the uniformly «—fuzzy integrable martingales.

13
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Theorem 3.9. Let (X, F,r,+) be a +—fuzzy measure space with strict continuous generator h, and fix ¢ > 0. Let {M, } -, be a uniformly
#—fuzzy integrable martingale with respect to filtration {F,},s(. Then, there exists a M € L, such that for any A € F and ¢ > 0,

lim / M,dr(-,¢)= / Mdx(,¢).
n—oo A A
Proof. Fix ¢ > 0. For each n > 0, define the set function u, : 7, — [0, +o0) by
1, (A) :=h</ M,,dﬂ(~,g)>, A€EF,.
A

By Lemma 1.16 and the strict additivity of 4, each ,, is a finite classical measure on F. Define a finite measure v on (X, F) by

[o9]
vi= Z 2=y
n=0

If v = 0, then from the fact that y, > 0 for all n > 0, it immediately follows that y, = 0 for all n > 0. Now, the Radon-Nikodym theorem
yields nonnegative v-integrable functions ¥, € L!(v) such that

1, (A) = / Y,dv, VAEF,¥nx0.
A

In particular, for any A € F,,

h</ M, dzr(-,g)) :Mn(A):/Y,, dv.
A A

Note that since {M,,},, a *—fuzzy martingale and h is strictly decreasing, (Y}, is a classical martingale. We now show that the
family (Y}, is uniformly integrable in L!(v). By Definition 3.6 and the strict monotonicity of h, the quantities y,(X) = [, Y, dv are
uniformly bounded in #, so {Y,} is bounded in L'(v). Moreover, Definition 3.6 implies that for every ¢ > 0 there exists § > 0 such that
whenever v(X \ A) < § we have

;4,,(A)=h</ M,,dzr(~,g)> =/Yndv>;4n(X)—e, Vn > 0.
A A
Equivalently,

/ Y,dv<e, Vn>0, VAEF,.
X\A

Hence {Y,} is uniformly integrable. Now, by the classical martingale convergence theorem, there exists a random variable Y such
that

Y, —Y v-ae, /Yndv—>/de, VAETF,
A A
or equivalently

lim h</ Mndzr(~,g)> :/de<+oo.
n—+oo A A

Since h is continuous, we obtain

lim /M,, dr(-,¢)=h"" (/ de> > 0. (13)
n—+oo |4 A

From Lemma 1.16 (item 2), we know that A~! Y dv ) is a #-fuzzy measure. Denote by 7,(4,¢) := h! </ Y dv>. If n(A,¢) =1 for
A

A
some A € F, then by the definition of fuzzy null sets and from (13) we obtain

lim /M,,d;r(-,g)=1=h—1(/de),
n—+oo A A

and we conclude 7, (4, ¢) = 1, which shows z; « #. Finally, by Corollary 1.22, we have a M € L, such that

h’1</de> :/Mdﬂ(-,g), VYAEF, ¢>0,
A A

implying
n—+oo

lim /Mndzr(A,g):/Mdzr(yg), VAEF, ¢>0.
A A

This completes the proof. O

14
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4. Conclusion

In this paper, we developed a systematic martingale theory within *—fuzzy measure spaces. *—fuzzy conditional expectations and
stopping times were introduced, allowing the formulation of martingale, submartingale, and supermartingale concepts in the fuzzy
setting. We established «—fuzzy versions of a Doob decomposition, maximal inequality, optional stopping theorems for both bounded
and unbounded stopping times, and martingale convergence results. All results were formulated at the level of «—fuzzy integrals, which
naturally capture the nonlinear structure induced by triangular norms. Together, these results provide an integral-level extension of
classical martingale theory to fuzzy measure spaces and lay the groundwork for further developments in fuzzy stochastic analysis.
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