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Abstract. We address the problem of learning belief functions from em-
pirical data when observations may be imprecise. Our approach is based
on the interpretation of belief functions as lower envelopes of sets of prob-
ability measures. Empirical data are first transformed into statistically
justified lower bounds on event probabilities using confidence intervals.
These bounds define a feasible polytope of belief functions compatible
with the data. Since this polytope generally contains infinitely many be-
lief functions, we propose to select representative solutions by optimizing
linear criteria over the polytope.
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1 Introduction

Data-based belief function learning involves constructing a belief function that
is consistent with empirical data. In this paper, we address situations in which
some of the data may be uncertain, imprecise, or partially ambiguous. Unlike
most probabilistic model learning approaches, ours naturally handles such data
and utilizes all the information it contains.

This paper approaches the problem from a geometric perspective, represent-
ing belief functions as points in a multidimensional vector space. In this repre-
sentation, all belief functions that are consistent with constraints derived from
the data form a convex polytope.

In general, the information extracted from data does not directly define a be-
lief function, but rather a set of admissible belief functions. Therefore, learning
a belief function reduces to identifying the feasible polytope induced by these
constraints and selecting a representative solution within it via an appropriate
optimization criterion. The key feature of this approach is that the constraints
derived from data and the considered selection criteria are all linear functions.
This allows for efficient computation using linear programming solvers and pro-
vides a clear geometric interpretation of the solution space.
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Statistical confidence intervals play a central role in deriving constraints from
empirical data by providing interval estimates of event probabilities. In partic-
ular, Jeffreys confidence intervals (or other equally-tailed confidence intervals)
provide the necessary information for constructing probability interval estimates.
Combined with the accepted Fagin-Halpern semantics of the belief function,
these intervals form the basis of the proposed process.

Only the lower bounds of the confidence intervals may be sufficient to define
the required belief function. The reason for this will be clarified in Section 3.4,
where the dual role of belief and plausibility is discussed.

The paper is organized as follows. Section 2 introduces the notation, and
Section 3 presents the basic ideas of the proposed data-driven belief function
learning approach. Section 4 describes the computational procedures based on
polyhedral geometry. Section 5 reports results from computational experiments
with artificially generated data, illustrating the three proposed optimality crite-
ria and the efficiency of the computational procedures. The final section discusses
open questions arising from this contribution.

2 Notation and Preliminaries

Let 2 = {wi,...,w,} be a finite frame of discernment. We denote by 2 the
power set of {2.

Each belief function is uniquely determined by a basic probability assignment,
which is a mapping

m: 2% = 0,1]
satisfying
m(0) =0, Z m(A) = 1.
ACQ

Subsets A C 2 such that m(A) > 0 are called focal elements. If all focal elements
are singletons, the belief function (see below) will be referred to as a Bayesian
belief function. Note that such a belief function coincides with a classical prob-
ability measure on {2.

A basic probability assignment m and the corresponding belief function are
linked by the following invertible transform:

belm(A) =Y m(B),  m(A) = > (-=1)1FI=1Dbel,,(B), (1)

BCA BCA
for all A C 2. The corresponding plausibility function pl,, : 2% — [0,1] is given
by
pl(A)= Y m(B). (2)

BNA#0D
Belief and plausibility functions are related by the duality

pl,,(A) =1 — bel,, (A°), (3)

where A¢ = 2\ A denotes the complement of A.
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3 From Imprecise Data to Belief Functions

In this section, we describe the ideas behind the proposed process of data-based
belief function learning. The process assumes the availability of empirical data,
some of which may be noisy. More precisely: We assume that the data are pro-
duced by a random process that generates a series of outputs from a finite frame
of discernment (2. We assume that each trial produces exactly one element from
the frame of discernment. However, due to limitations of the observation pro-
cess, the outcome may not be identified uniquely. Instead, the observer reports a
subset B C (2 such that w € B, representing an imprecise observation of the true
outcome. We call such a B a reported outcome. We assume that the reported set
is the most specific one available from the observation, i.e., it contains exactly the
information provided by that trial and no additional uncertainty/information is
introduced.

The proposed belief function learning process is based on the Fagin—Halpern
interpretation of belief functions [6]. According to this interpretation, belief and
plausibility functions are viewed as the lower and upper envelopes of a family
of probability measures, respectively. This interpretation suggests converting
empirical data into inequalities that the probabilities of events must satisfy.
Classical tools of mathematical statistics, namely confidence intervals, facilitate
this transformation.

Thus, the proposed learning process is realized in two steps. First, information
from data is condensed into a monotonic set function representing lower bounds
on event probabilities. In the second step, this function serves as a basis for
finding a resulting belief function that best fits these bounds.

In what follows, it is important to distinguish between the reported outcome
and the actual outcome, which is always a single element w € 2.

3.1 The Role of Confidence Intervals

To derive constraints on event probabilities, we consider, for each subset A C {2,
an associated binary experiment indicating whether the true outcome w belongs
to respective A. (It is obvious that if w € A for k of total n realizations, then
w € A° for in (n — k) realizations.) The probability that a single trial of the
data-generating process produces an outcome satisfying w € A will be denoted
by p(A). Classical statistical methods provide point or interval estimates of this
unknown parameter. For a given confidence level 1 — a, a two-sided confidence
interval [a, b] for p(A) provides lower and upper bounds such that, under repeated
sampling, the interval contains the true value with probability 1 — a.
Equivalently,

@
Pr(a > p(4)) = Pr(b <p(4)) = 3,
where Pr(+) refers to probability induced by the random sampling process, while
p(A) itself is a fixed (non-random) parameter.

Since we have accepted the generalized probability interpretation of belief
functions, belief and plausibility functions can be viewed as the lower and upper
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envelopes of sets of probability measures. If we were to model only the afore-
mentioned binary experiment, we could define

bel(A) =1 —pl(A°) =a, and pl(A) =1—bel(A°) =b.

If |£2| > 2, we propose to apply the above binary construction separately to
each pair {A, A°}, A C 2. These interval estimates will serve as the basis for
deriving constraints on belief functions in the subsequent sections.

Before explaining what to do with these confidence intervals, and how to
use them to find a suitable belief function, let us illustrate the situation with a
simple example.

3.2 Illustrative Example

Let 2 = {w1, w2, w3} and consider a dataset of n = 30 independent trials. In each
trial, exactly one element w € {2 occurs, but the observation may be imprecise.
Instead of the exact outcome, a subset B C (2 is reported, indicating that w € B
and that no more specific information is available.

Let 0(A) denote the number of observations with reported outcome A C
£2. The observations are summarized in Table 1. In 25 cases, the outcome
was observed precisely. In 3 cases, it was only known that w € {wi,ws}, ie.,
o({w1,w2}) = 3. In the remaining 2 cases, no information beyond w € 2 was
available, i.e., o(£2) = 2.

Table 1. Imprecise observations

Reported set A|o(A)
{wl} 10
{u.)g} 8
{ws} 7

{wl, wz} 3
n 2

From Table 1, one can derive bounds on how many times each event A C 2
could have occurred. For example, the outcome w; occurred at least 10 times
(when observed precisely), but it could have occurred up to 15 times when
ambiguous observations such as {w1,ws} and {2 are taken into account. Similarly,
ws occurred at least 8 times and at most 13 times. More generally, for each subset
A C 2, we can determine the minimal and maximal number of trials in which
the true outcome belonged to A. These limits are listed in Table 2.

The minimal value ki, (A) counts observations that necessarily imply w € A,
while the maximal value kyax(A) includes all observations that are compatible
with w € A. More precisely,

kmin(A) = Y 0(B)  kmax(A)= > o(B). (4)

BCA BNA#£D
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Table 2. Numbers of experiments producing element from A C 2

A |kmin(A) Emax(A)
{UJ1 } 10 15
{LUQ} 8 13
{w3} 7 9

{w17UJ2} 21 23
{wl 5 (4.)3} 17 22
{WQ, W3} 15 20

0 30 30

These quantities satisfy the complementarity relation
Emin(A) =1 — kmax(A4°), for all A C (2. (5)

Thus, kmin(A4) and kpax(A) summarize the information provided by the data
about how often the true outcome may have belonged to A.

For a fixed A C 2, Jeffreys’s confidence interval [7] provides bounds on the
probability p(A) as a function of the number k of successes in n binomial trials.
In the present setting, the exact value of k is unknown; we only know that

If € [kmin(A), kmaX(A)]'

Since the bounds of Jeffreys’s confidence interval® [2] are monotone in k (their
values for selected k are listed in Table 3), the smallest admissible lower bound
for p(A) is obtained by evaluating the interval at kmi,(A), while the largest
admissible upper bound is obtained at kpax(A). These values are then used to
construct the bounds on summarized in Table 4.

Table 3. Jeffreys confidence intervals for selected values of k in n = 30 binomial trials
with a = 0.05.

k interval k interval k interval k interval

7 (0.111, 0.404)| 10 (0.186, 0.511)| 17 (0.390, 0.731)| 22 (0.559, 0.865)
8
9

(0.135, 0.441)| 13 (0.269, 0.610)| 20 (0.489, 0.814) 23 (0.596, 0.889)
(0.160, 0.477)| 15 (0.328, 0.672)| 21 (0.523, 0.840) 30 (0.920, 1.000)

3.3 Lower Bounds on Belief Functions

According to the Fagin—Halpern interpretation [6], a belief function bel,, can be
viewed as the lower envelope of a family of probability measures compatible with

4 The values of Jeffreys’s confidence intervals are computed using the R function
gbeta, which evaluates quantiles of the Beta distribution. In particular, the lower
bound corresponds to the «/2-quantile of the Beta distribution with parameters
(k4 0.5, n — k + 0.5), while the upper bound corresponds to the (1 — a/2)-quantile
of the same distribution. In R, the lower bound is obtained as gbeta(a/2, k+0.5,
n—k+0.5).
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Table 4. Jeffreys’s bounds for p(A) computed from kmin(A) and kmax(A) (o = 0.05).

p(A) (Jeffreys’)

A Emin(A) kmax(A)|lower bound upper bound
{wi} | 10 15 0.186 0.672
{w2} | 8 13 0.135 0.610
{ws} 7 9 0.111 0.477

{wi,wa}| 21 23 0.523 0.889
{wi,ws}| 17 22 0.390 0.865
{wo,ws}| 15 20 0.328 0.814

9] 30 30 0.920 1.000

the available evidence. This interpretation allows us to accept the probabilistic
bounds derived in the previous section as constraints on belief functions. Thus,
for each A C (2, we define a function g(A) as the lower bound of Jeffreys’s
confidence interval evaluated at ki, (A). It provides a statistically justified lower
bound on the probability p(A), and therefore also for the sought-after belief
function

bel,(4) > g(A).

The function g therefore provides a lower bound that any admissible belief func-
tion must satisfy. However, the function g usually does not satisfy the definition
of a belief function and therefore cannot be used directly as a solution.

In the example above, the values of g(A) correspond to the lower bounds
reported in Table 4. Since any belief function satisfies bel(§2) = 1, we set g(§2) =
1 without loss of generality.

3.4 Upper Bounds on Plausibility Functions

Analogously to the lower bound kp,in(A), the data also induce an upper bound
Emax(A) on the number of trials in which the true outcome could have belonged
to A. Note that the definition of k,q. (Eq:. 4) closely corresponds to the def-
inition of the plausibility function (see Eq. (2)), as both quantify the maximal
support that can be assigned to the set A.

The plausibility function represents the upper envelope of the set of compat-
ible probability measures. Therefore, it provides an upper bound on the proba-
bility p(A) of the event A.

When equal-tailed confidence intervals are used, such as Jeffreys’s intervals,
an analogous dual relation holds for the corresponding probabilistic bounds.
If g(A) denotes the lower bound of the confidence interval for p(A), then the
corresponding upper bound can be expressed as 1 — g(A€). It must satisfy

Using the well-known duality between belief and plausibility (see Eq. (3)), this
inequality is equivalent to
bel,(A%) > g(A%),
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which coincides with the previously derived constraint bel,,(A4) > g(A). There-
fore, the lower bounds g(A) fully capture the information extracted from the
data, and no additional constraints arise from the upper bounds.

4 Geometrical Approach to Belief Function Learning

In this section, data-based belief function learning is formulated as a geomet-
ric problem in the space of basic probability assignments. The key idea is to
represent all belief functions consistent with a given set of constraints as a con-
vex polytope and to interpret the final step of learning as the selection of a
representative point from this polytope.

4.1 Polyhedral Representation

Our goal is to characterize the set of belief functions that satisfy the bounds
induced by the data. Since both belief and plausibility functions are linear map-
pings of basic probability assignments, it is convenient to express all constraints
directly in terms of the basic probability assignment m.

In particular, lower bounds on belief functions of the form bel,,(A) > g(A)
can be rewritten using Eq. (1) as linear inequalities

> m(B) > g(A). (6)

BCA

As discussed above, upper bounds on plausibility do not provide any ad-
ditional information. Therefore, the function g fully captures the information
extracted from the data and represents the only set of constraints used in the
second step of learning the belief function.

To exploit this structure, each assignment is represented by a vector

m = (m(A))Agz'
This vector can be viewed as a point in the Euclidean space® R2|m’1, where
each coordinate corresponds to a non-empty subset A C (2.
The set of all basic probability assignments forms a polytope

M={meRr?- m(A) >0 for all A C (2, Z m(A) =1
ACQ

In this geometric setting, finding a belief function bel,, such that bel,, > g is
equivalent to finding a point m € M satisfying the linear constraints (6). This
leads to the polytope

Mg=meM Zm(B)Zg(A) forall AC 2,
BCA

® The empty set is excluded since m () = 0.



8 V. Kratochvil et al.

which we call the feasible polytope. It represents the set of all belief functions
consistent with the imposed bounds.

Such a description of a convex set as the intersection of finitely many linear
half-spaces is called its H-representation. For a general background on polyhedral
representations and their properties, see, e.g., [11]. This formulation naturally
enables the use of linear programming methods.

Example 1. Consider the imprecise observations summarized in Table 1 on the
frame 2 = {wy,ws, w3}, with a total number of observations n = 30. For these
values, Jeffreys confidence intervals for the binomial parameter p(A) are com-
puted with significance level o = 0.05. The resulting bounds are reported in
Table 4. In the construction of the feasible polytope, the lower endpoint of each
interval (the fourth column of Table 4) is taken as the lower bound g(A) (recall
that we set g(£2) = 1).

The feasible polytope M, is then defined as the set of all basic proba-
bility assignments m satisfying the standard belief-function constraints (i.e.,
non-negativity and normalization constraints) together with the dominance con-
straints (thus lower-bound constraints) bel,,(A) > g(A) for all A C 2. For the
present example, these conditions translate into the explicit system of linear
constraints. The full system is given here explicitly for clarity.

Non-negativity constraints: m({w1}) > 0, m({w2}) > 0, m({ws}) > 0,
m({wi,ws}) >0, m({wi,ws}) >0, m({ws,ws}) >0, m({wr,ws,ws}) > 0.

Normalization constraint: m({wi}) + m({w2}) + m({ws}) + m({wi,w2})
+ m({wr,ws}) + m{ws,ws}) + m{wr,we,ws}) = 1.

Lower-bound constraints: m({w1}) > 0.186, m({w2}) > 0.135, m({ws}) > 0.111,
m({wr}) +m({ws}) + m({wr,wa}) > 0.523,
m({wi}) + m({ws}) + m({wi,ws}) = 0.390,
m({wz2}) + m({ws}) + m({ws,ws}) > 0.328.

4.2 Optimization

In the present setting, the polytope M, is non-empty by construction, as the
lower bounds g are derived from empirical data in a way that guarantees the
existence of at least one compatible basic probability assignment. In particular,
one may always construct a Bayesian belief function corresponding to a distri-
bution induced by empirical frequencies. Hence, whenever the feasible polytope
M, is defined in the described manner from data, it is always non-empty.

In general, the feasible polytope M, contains an infinite number of belief
functions. To obtain a single representative, an additional selection criterion is
required. When using a linear criterion function, the search for the best repre-
sentation of the data using belief functions is naturally formulated as a linear
optimization problem over the polytope M,. Such optimization problems over



A Polyhedral Approach to Learning Belief Functions from Imprecise Data 9

convex polytopes are well understood, and it is well known that linear objective
functions attain their optima on faces of the feasible polytope [1].

Therefore, in this paper, we restrict to criteria that can be expressed as linear
functions of the basic probability assignments:

Z wa m(A), (7>

ACQ

where the coefficients w4 encode a specific preference over focal sets. This re-
striction allows the use of efficient linear programming solvers.

Different choices of the weight vector (wa)acy correspond to different selec-
tion principles. In particular, we consider three linear criteria, denoted through-
out the paper as L1, HD, and CW.

L1 criterion. The L1 criterion corresponds to selecting a belief function that
is as close as possible to the given lower bound ¢ in terms of the L; distance,
ie, > 4cnlbel(A) —g(A)|. As shown in [3], this is equivalent to minimizing the

objective function (7) with weights w4 = 2!?1=141 .,

> 294l (4),

ACQ

HD (entropy-based) criterion. To favor belief functions representing higher
uncertainty, we consider the HD criterion, defined as the mazimization of the
Dubois—Prade measure of information [5],

> log, [A|m(A).

ACQ

This criterion promotes mass allocation on larger subsets and yields more impre-
cise admissible dominating belief functions. In this case, the weights are given
by wa = log, |A].

Entropy-based measures for belief functions have been extensively studied,
and their interpretation in terms of informativeness and imprecision has been
critically discussed in the literature (e.g., [8]).

CW (cardinality-weighted) criterion. The CW criterion is defined by weights
wa =1/]|A| for A# 0, ie.,

In this case, the objective is minimized. This choice assigns larger weights to
smaller subsets, which encourages solutions that place more mass on larger,
more general focal sets. Similarly to the L1 and HD criterion, this leads to
solutions that assign more mass to larger focal elements, thereby promoting
belief functions with higher ignorance.
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Although the three criteria differ in how they treat smaller sets, they lead to
the same results in the following example with 2| = 3. This is because in this
trivial example, the respective function ¢ is a belief function. As will be shown
later such a situation is extremely rare when the cardinality of {2 grows.

Ezxample 2. Table 5 illustrates the solutions of the linear optimization problems
over the feasible polytope M, constructed from the data from Example 1. All
three considered criteria L1, HD, and CW, yield the same result in this case.
Recall that o denotes the reported outcomes (taken from Table 1) and g the
corresponding lower bound. The remaining columns in Table 5 present the cor-
responding belief functions and basic probability assignments corresponding to
the optimal solutions of all three linear optimization problems.

Table 5. Optimal solutions for data taken from Table reftab:imprecise-observations.
All three criteria yield identical solutions.

A o g belry mL1 belup  mmp  belcw  mcw
{w1} 10 0.1860 0.1860 0.1860 0.1860 0.1860 0.1860 0.1860
{w2} 8 0.1349 0.1349 0.1349 0.1349 0.1349 0.1349 0.1349
{ws} 7 0.1109 0.1109 0.1109 0.1109 0.1109 0.1109 0.1109

{w1, w2} 3 0.5235 0.5235 0.2025 0.5235 0.2025 0.5235 0.2025
{wi,ws} - 0.3901 0.3901 0.0932 0.3901 0.0932 0.3901 0.0932
{w2,ws} - 0.3280 0.3280 0.0822 0.3280 0.0822 0.3280 0.0822
N 2 1 1 0.1903 1 0.1903 1 0.1903
L1 (minimum) 2.6734 2.6734 2.6734

HD (maximum) 0.6795 0.6795 0.6795

CW (minimum) 0.6842 0.6842 0.6842

5 Results from Experiments

In this section, we report on empirical experiments conducted to study how the
proposed learning procedure behaves for increasing cardinalities of the frame of
discernment. In particular, we examine whether different linear selection crite-
ria lead to identical or distinct optimal belief functions, and how this behavior
depends on the size of (2.

We start with the case 2 = {w1,ws,ws,ws}. The data used in this example
are reported in the second column of Table 7, and the corresponding lower bound
function g obtained from Jeffreys’s confidence intervals is reported in the third
column.

The feasible polytope M, was constructed (note that it has 11451 vertices,
illustrating its combinatorial complexity), and all three linear criteria introduced
in the previous section were used to select representative belief functions. For
each criterion, the resulting optimal basic probability assignment m is reported
in Table 7.
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Table 6. Optimal solutions for an example with 2| = 4.

A o g belry mL1 belup  mmp  below  mcw
{w1} 16 0.1425 0.1526 0.1526 0.1526 0.1526 0.1425 0.1425
{w2} 20 0.1901 0.1901 0.1901 0.2009 0.2009 0.1901 0.1901
{ws} 8 0.0555 0.0640 0.0640 0.0640 0.0640 0.0555 0.0555
{wa} 1 0.0015 0.0015 0.0015 0.0015 0.0015 0.0015 0.0015

{w1,w2} - 0.3986 0.3986 0.0559 0.3986 0.0451 0.3986 0.0660

{w1,ws} - 0.2398 0.2398 0.0232 0.2398 0.0232 0.2398 0.0418

{wi,wa} - 0.1542  0.1542 0 0.1542 0 0.1542 0.0102

{wa,ws} - 0.2912 0.2912 0.0370 0.2912 0.0262 0.2912 0.0455

{w2,wa} - 0.2024 0.2024 0.0107 0.2025 0 0.2024 0.0107

{ws,wa} - 0.0656  0.0656 0 0.0656 0 0.0656  0.0085
{wi, w2, ws} - 0.5120 0.5228 0 0.5120 0 0.5415 0

{wi, w2, ws} 9 0.5414 0.5414 0.1305 0.5414 0.1412 0.5414 0.1204
{wi,ws,wa} - 0.2525 0.2525 0.0111 0.2525 0.0111 0.2600 0

{w2, w3, wa} 16 0.5267 0.5267 0.2232 0.5267 0.2339 0.5267 0.2148

N - 1 1 0.1000 1 0.1001 1 0.0925

L1 (minimum) 4.6033 4.6034 4.6108

HD (maximum) 0.9052 0.9070 0.8989

CW (minimum) 0.6183 0.6201 0.6158

Table 7. Optimal solutions for an example with |2] = 4.

A o g My belra mr1 belup  mup  belcw  mow
{w1} 16 0.1425 0.1425 0.1526 0.1526 0.1526 0.1526 0.1425 0.1425
{w2} 20 0.1901 0.1901 0.1901 0.1901 0.2009 0.2009 0.1901 0.1901
{ws} 8 0.0555 0.0555 0.0640 0.0640 0.0640 0.0640 0.0555 0.0555
{was} 1 0.0015 0.0015 0.0015 0.0015 0.0015 0.0015 0.0015 0.0015

{w1, w2} - 0.3986 0.0660 0.3986 0.0559 0.3986 0.0451 0.3986 0.0660
{wi,ws} - 0.2398 0.0418 0.2398 0.0232 0.2398 0.0232 0.2398 0.0418
{w1,wa} - 0.1542 0.0102 0.1542 0 0.1542 0 0.1542 0.0102
{w2,ws} - 0.2912 0.0456 0.2912 0.0370 0.2912 0.0262 0.2912 0.0455
{w2,wa} - 0.2024 0.0108 0.2024 0.0107 0.2025 0 0.2024 0.0107
{ws,wa} - 0.0656  0.0086 0.0656 0 0.0656 0 0.0656  0.0085
{w1, w2, ws} - 0.5120 -0.0295 0.5228 0 0.5120 0 0.5415 0
{w1,w2,wa} 9 0.5414 0.1203 0.5414 0.1305 0.5414 0.1412 0.5414 0.1204
{w1,ws,wa} - 0.2525 -0.0076 0.2525 0.0111 0.2525 0.0111 0.2600 0
{w2, w3, wa} 16 0.5267 0.2146 0.5267 0.2232 0.5267 0.2339 0.5267 0.2148
n - 1 0.1296 1 0.1000 1 0.1001 1 0.0925
L1 (minimum) 4.6033 4.6034 4.6108
HD (maximum) 0.9052 0.9070 0.8989

CW (minimum) 0.6183 0.6201 0.6158
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All three linear criteria considered in this study tend to select solutions with
more mass assigned to larger focal elements.® At the same time, the lower bound
g imposes mandatory constraints on all subsets, in particular on singletons, which
must receive at least the belief mass prescribed by g. As Table 7 shows, these
lower bounds are often attained.

Although the three criteria share this general structural preference, they
differ in how the remaining degrees of freedom within the feasible polytope are
resolved. In particular, the CW criterion places relatively stronger emphasis on
smaller focal sets than the HD criterion, and therefore tends to select solutions
with relatively more mass on intermediate-size focal elements and less mass on
the largest sets than the HD solution, as illustrated in Table 7.

We also conducted a series of numerical experiments to assess how often the
three criteria (L1, HD, and CW) yield a triple of different optimal belief func-
tions. In particular, we distinguish between cases where we received different
belief functions with the same values of a given criterion and cases where we re-
ceived different belief functions with different values of a given criterion. In more
detail, although different criteria may select different optimal basic probability
assignments, these assignments can attain the same value when evaluated using
one of the objective functions. In such cases, the corresponding solutions lie on
the same optimal face of the feasible polytope associated with that criterion.
(The last three rows of Table 7 and Table 5 report the values of the respec-
tive objective functions for the obtained solutions.) We refer to the latter cases,
where the optimal values differ, as genuinely different outcomes.

For the ternary frame |2| = 3, the resulting lower-bound function g was
always a belief function, and all three criteria therefore recovered the same so-
lution.

For the quaternary case |{2| = 4, genuinely different optimal solutions were
observed only very rarely. Specifically, among 5,000 randomly generated datasets
constructed from both precise and ambiguous observations, such cases occurred
only three times. The example discussed above is one of them.

The situation changes markedly for higher-dimensional frames. Starting from
[£2] = 5, the proportion of such cases increases rapidly. Approximately 50% of
randomly generated datasets in the five-element space led to genuinely different
optimal solutions. This proportion increases to around 90% for |2] = 6 and
to approximately 99% for 2| = 7. These frequencies should be interpreted as
empirical observations obtained under the specific data-generation mechanism
and selection criteria used in our experiments, and do not constitute a general
theoretical claim.

Overall, these results indicate that as the dimension of the frame increases,
the feasible polytope M, becomes richer in structure. As a consequence, different

S This preference reflects a conservative modeling principle: larger focal sets encode
imprecision inherent in the data, whereas concentrating mass on smaller sets would
introduce unwarranted specificity (comming from the applied optimizing criteria)
not justified by the observations.
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linear objective functions are more likely to attain different optima, leading to
genuinely distinct optimal belief functions.

These results confirm that the choice of selection criterion becomes increas-
ingly important as the size of the frame grows.

6 Conclusions and Open Problems

The present paper should be understood primarily as a methodological and con-
ceptual contribution: its aim is to formulate the polyhedral learning framework
and to identify the main open questions that arise from it. In this paper, we
proposed a polyhedral approach to learning belief functions from data based on
lower bounds derived from confidence intervals. The method provides a natural
link between statistical estimation and the theory of belief functions, and allows
the set of admissible belief functions to be represented as a convex polytope.

From a computational perspective, the proposed procedure is very efficient
for problems with small frame sizes. In particular, for frames up to |2 =~ 10, all
steps of the method can be performed very quickly in practice.

Nevertheless, for larger frames, the method can still be applied in a struc-
tured way by decomposing the problem into smaller subsets of variables. This
naturally leads to structured models, such as belief networks [10] or composi-
tional models [9]. Preliminary experiments in this direction, including polyhedral
approximations of belief functions applied to real cybersecurity data [4], indicate
that this approach is promising for practical applications.

The experimental results show that the choice of the selection criterion be-
comes increasingly important as the size of the frame grows. Thus, the problem
of a proper criterion selection goes hand in hand with problems arising from the
space complexity of belief functions.

Several open problems remain for future research. On the statistical side, the
impact of the choice of confidence intervals (e.g., Jeffreys, Wilson, or Clopper—
Pearson) on the resulting belief functions and the geometry of the feasible poly-
tope deserves further investigation. In addition, when confidence intervals are
applied simultaneously to a large number of subsets, it may be necessary to
consider relaxed or approximate formulations that allow controlled violations of
some constraints.

Another important direction concerns the selection criteria used in the opti-
mization step. Although the L1, HD, and CW criteria share similar qualitative
properties, their behavior differs in higher-dimensional settings, and it is not yet
clear which criterion is most appropriate for a given application. This suggests
studying broader families of criteria, as well as possible combinations of existing
ones, in order to better capture different modeling preferences.

Finally, an important open problem is how to ensure consistency when com-
bining locally constructed belief functions into larger models. Addressing this
issue is essential for extending the proposed approach to high-dimensional ap-
plications.
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