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Abstract

We investigate a homogenization problem for a linearly elastic magnetic material that
incorporates elastically rigid magnetic inclusions firmly bonded to the matrix. By
considering a periodic arrangement of this material, we identify an effective mag-
netoelastic energy, obtained by homogenization when the period approaches zero.
For comparison, we also briefly discuss alternative, essentially equivalent magnetic
models naturally linked by a Legendre-Fenchel transform of magnetic energy density
where the elastic deformation enters as a parameter.

Keywords Elasticity - Magnetism - Magnetoelastic materials - Microstructure -
I"-convergence

1 Introduction

Magnetoelasticity is a physical phenomenon characterized by the mutual interaction
between magnetic fields and mechanical deformation in certain materials. When a
magnetic field is applied to a magnetoelastic material, it can induce mechanical strain,
causing the material to change shape or dimensions. Conversely, mechanical deforma-
tion of the material, such as stretching, compressing, or bending, can alter its magnetic
properties (Dorfmann and Ogden 2014). Magnetoelastic coupling has been harnessed
in a range of advanced applications, from sensors (Calkins et al. 2007), actuators
(Apicella 2019), and energy harvesting devices (Deng and Dapino 2017).

The magnetoelastic effect was first reported by J. P. Joule in 1842, when he observed
that certain ferromagnetic materials, such as iron and nickel, undergo changes in shape
or dimensions when exposed to a magnetic field (Joule 1847). This effect, now known
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as magnetostriction (du Trémolet et al. 2002), arises due to the influence of the mag-
netic field on the alignment of magnetic domains within the material, leading to either
expansion or contraction. While magnetostriction is observed in many ferromagnetic
materials, it is particularly pronounced in certain rare-earth iron compounds, such as
Terfenol-D and Galfenol, which exhibit significantly higher magnetostrictive strains
(Behera 2022). These advancements have spurred significant mathematical research
to understand the role of complex microstructural arrangements in these giant mag-
netostrictive materials (James and Kinderlehrer 1993; Kinderlehrer 1996; DeSimone
and James 1997, 2002), primarily grounded in Brown’s micromagnetic model (Brown
1963, 1966).

As an alternative to metal-based magnetostriction, it was observed in Rigbi and
Jilkén (1983) that elastomers filled with ferromagnetic inclusions exhibit magnetoe-
lastic behavior. By their similarity with magnetorheological fluids (Rossi et al. 2018),
these composite materials have been referred to as magnetorheological elastomers
(Ginder et al. 1999). A micromechanical model describing the shear deformation
response of these composites was proposed in Jolly et al. (1996). Additionally, a
microscopic model in the context of statics and the geometrically-linear setting was
introduced in Borcea and Bruno (2001). A nonlinear macroscopic continuum model,
building on previous work by Kovetz (2000), where a general formulation of the bal-
ance laws for an electromagnetic continuum was developed, was later proposed in
Kankanala and Triantafyllidis (2004).

The model described in Kankanala and Triantafyllidis (2004) is based on the mag-
netization as the primary variable, and neglects exchange energy, on the basis of the
fact that the scale of interest for magnetic elastomers is larger than the scale at which
magnetic microstructures are observed. When exchange energy is neglected, it is possi-
ble to adopt magnetic induction or magnetic field as the primary variable on which the
free energy depends, leading to several alternative formulations, both non-variational
(Dorfmann and Ogden 2003; Dorfmann 2004; Steigmann 2007; Ericksen 2007) and
variational (Bustamante et al. 2008). The equivalence of all these formulations has
been recently addressed in Sharma and Saxena (2021). To the best of our knowledge,
the only mathematical work addressing the well-posedness of these formulations is
contained in Silhavy (2018, 2019), where a notion of polyconvexity in the context
of electro/magnetoelasticity has been introduced, and existence theorems have been
established for the variational formulation based on magnetic induction as the primary
variable.

Constitutive models for magnetic elastomers have been proposed in Bustamante
(2010); Dorfmann and Brigadnov (2004). In order to better exploit these models;
it is important to understand how the microscopic structure of the materials affects
their macroscopic behavior. For this reason, various microscopic micromechanical
models have been proposed. As far as theoretical work is concerned, in addition to the
paper (Borcea and Bruno 2001), a variational homogenization framework based on
the formulations proposed in Dorfmann (2004); Bustamante et al. (2008), based on
magnetic induction, has been carried out in Ponte Castafieda and Galipeau (2011). For
the same formulation, generalized convexity notions have been proposed in Furer and
Ponte Castafieda (2022), alongside an empirical homogenization formula inspired by
the rigorous results in Miiller (1987). As far as numerical homogenization is concerned,
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we mention the framework proposed in Danas (2017), and work using the XFEM
approach has been carried out in Spieler et al. (2013).

The majority of the works cited above adopt a variational formulation where mag-
netic induction is the primary magnetic variable. One of the advantages of this approach
is that a uniquely-defined stationary point is the energy minimizer. In the context of
homogenization, this property is useful because it opens the way to using the tools of
I'—convergence to rigorously obtain a homogenization formula for periodic material
structures. For a more detailed comparison of models see Appendix A.

In the present paper we consider a body 2 made of a soft and a rigid magnetically
responsive material arranged periodically by repetition of a cell € Q of characteristic
size &, obtained by scaling of a reference cell Q of unit size. The energy density in the
reference unit cell Q is

[z, G, B) := (1 = xm(2) fsof1(G, B) + xm(2) frigia(G, B), z€ @, (L.1)

where G = Vu is the displacement gradient, B is the magnetic induction, and xy,
is the characteristic function of a set M that defines the region occupied by the rigid
material. We assume that M does not touch the boundary of the unit cell. Thus, the
rigid material is an inclusion contained in a soft matrix.

To simplify the analysis and avoid additional technicalities, we exclude the rigid
inclusions from the cells that intersect the boundary. Then, the functional that governs
the equilibrium configurations is given by the sum of the magnetoelastic energy:

1
E(u, B) = / f (i, Vu, B) dx +/ Ssort(Vu, B)dx +/ —|B|2dx,
Q \€ Q\Q, R3O\Q 210
(1.2)

and a linear perturbation describing the applied magnetic field. Here, 2, denotes the
union of all cells fully contained within €2, while € \ €2, represents a thin boundary
layer adjacent to d€2. The functional depends on the mechanical displacements u €
W12(Q; R?) and magnetic induction B € L?>(R3; R?®) such that u = 0 on 32 and
div B = 0 in the sense of distributions.

The energy functional (1.2) is an approximation to the small-strain regime, where
the displacement gradient G = Vu is a small perturbation of the deformation gradient
F = I + Vu around the identity, and the magnetic induction in the reference and
current configuration can be described by the same field B. The functional can be
obtained by a formal approximation of the actual functional that governs equilibrium
in the large-displacement, large-strain regime, which is not easy to study rigorously.
Some related results have been obtained in context of micromagnetics (Bresciani and
Kruzik 2023; Bresciani et al. 2023), but homogenization seems to be presently out of
reach in the large-strain case even without magnetic effects.

Considering the situation where the cell size is considerably smaller than the spec-
imen’s dimensions, we wish to capture the macroscopic attributes of this physical
system in the limit as e tends to zero. We achieve this goal by employing I'-
convergence (Dal Maso 2012) to identify the limit functional of (1.2). This area of
study has remained a dynamic realm of mathematical exploration for decades. We
refer to Bakhvalov and Panasenko (2012) or Cioranescu and Donato (1999); Dal Maso
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(2012) for an introduction to the subject. In context of micromagnetics without elastic-
ity, homogenization has been studied in Pisante (2004). Homogenization of materials
featuring periodic inclusions with vastly distinct properties compared to the matrix
material, called high-contrast materials has garnered significant attention, too, see
(Braides and Garroni 1995; Cherdantsev and Cherednichenko 2012; Cherdantsev et al.
2017; Davoli et al. 2022). This surge in interest stems from the remarkable versatility
and applicability of such composite materials.

The main result of this paper is that the I'-limit of the functional &, as ¢ tends to
zero, is

Enom (11, B) =/ Siom (Vu, B)dx+/ —_|BPdsx. (1.3)
Q R3\Q 240
where the homogenized energy density fjo, is given by a multi-cell formula (see
(2.10)).

The paper is organized as follows. In Section 2, we formulate the problem and
we provide our '-convergence result. In Section 3, we offer a few examples that fit
within the assumptions of the convergence result. In Section 4, we give the proof
of the convergence result. The Appendix discusses alternative magnetic models and
passage between them based on Bustamante et al. (2008), including some informa-
tion on parameter-dependent Legendre-Fenchel transforms that are relevant for the
mathematical properties of the transformed model.

2 Problem Formulation and Main Result

2.1 Definitions

Let Q = (0, 1) be the unit cube and let M C R3 be an open, Q-periodic set rep-
resenting elastically rigid inclusions of fixed size. The characteristic function of M,

which is denoted by x : R3 — {0, 1}, is therefore also Q-periodic. We require that
the inclusions are well-contained in the unit cell in the sense that

MNQCOQ. 2.1)

Given the microscopic length scale parameter ¢ > 0 and a Lipschitz domain ¢ R3
representing the reference configuration of the body under study, the rigid inclusions
are described by the set

M, = U e(z+MNQ), where Z,:={ze€Z|e(z+MNQ) C Q.

7€Z:(Q)
(2.2)

Any set of the form & (z + Q) witha z € Z3 is called an e-cell. In that sense, z € Z, ()
characterizes interior e-cells, i.e., those that are fully contained in 2. Their union is

defined as
%= (J e+ 2.3)
1€2:(Q)
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Slightly more general than (1.2), we consider a class of functionals of the form

)= [ f(GvuB)drs [ pGu B [ ot B,
Q. NE Q\Qe R3\Q

2.4)
where the pair (¢, B) — displacement and magnetic induction — belongs to the admis-
sible set

Uyq = {(u, B) e wl2 (Q; R3) X deiv (R3; ]R3) |u = 0 on 9%2 (in the sense of traces)} 2.5)

where

Lﬁiv (R3; R3) = {B e L? (R3; R3) ) div B = 0 in the sense of distributions} .
(2.6)
The linearized rigidity constraint,

sym(Vu) = 0 on M,, 2.7

is enforced implicitly in f for all states with finite energy by assigning the value +oo
whenever (2.7) is violated, cf. (2.8c) below. Also notice that by Korn’s inequality, (2.7)
is equivalent to saying that on each connected component of M., Vu(x) = Sx + b
with a skew-symmetric matrix § € R3*3 and b € R3, both only depending on the
component.

Remark 2.1 By requiring that inclusions only occur in M., we assume that whenever
an e-cell intersects 0€2, it does not contain a rigid inclusion and is instead fully filled by
the elastically soft material represented by the energy density f; below. This effectively
leads to a boundary layer on 2 \ M, without inclusions, a neighborhood of 92 of the
order of e. This assumption avoids technical issues that would arise if the boundary
d€2 cuts an inclusion in an g-cell into several pieces, possibly rough and not well
separated from 0€2. To handle this kind of situation, we would need a much more subtle
generalization of Lemma 4.1 below which is not obvious. However, in our proof, we
will see that in any case, such an e-boundary layer of soft material is energetically
negligible in the limit as ¢ — 0. In view of this, we rather avoid the issue altogether.

To prove our main result, we will require some general assumptions on the inte-
grands in (2.4). The examples in the next section are consistent with these assumptions.

Given a matrix G € R¥*3 we denote by sym G := %(GT + G) and skw(G) =
%(G—r — G), respectively, its symmetric and skew-symmetric part. We assume that the
function f appearing as integrand in (2.4), satisfies:

iR xR xR3 - RU {400},

353 5 (2.8a)
z+ f(z,G,B) is Q — periodic and measurable for all G € R°*°, B € R”;
f(z,G,B) = f(z,sym(G), B) forall (z, G, B) ifz¢ M,
SUsym(G)P + B> = C < f(z, G, B) < C(Isym(G)|> +|B}) + C, ifz ¢ M:
(2.8b)
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LIB? < f(z, G, B) < C(IG> + |BI>) + C if sym(G) =0andz € M,
f(z, G, B) =400 if sym(G) # 0and z € M,

|f (z. Go, Bo) — f(z, G1, B)|

< C(IGol +1G1| + |Bol + |B11)(IGo — G| + By — Bi]) ifz ¢ M.

| f(z, skw(Go), By) — f(z,skw(G1), By)|

< C(Iskw(Go)| + | skw(G1)| + | Byl + | B1 ) (2.8¢)
- (| skw(Gq) — skw(G1)| 4+ |Bg — B1]) ifze M.

(2.8¢)

(2.8d)

For the boundary layer energy density f; : R>3 x R?® — R, (G, B) — (G, B)
(independent of z), we will assume the f; satisfies (2.8b) and (2.8d) in place of
f for the “soft material” case z ¢ M. As to fex:, the associated functional B +—
fR3\Q fext(x, B) dx is defined on L3 (R*; R?)

and we will only need that

1
/ foxt(x, Bydx > — |B|>dx —C forall B € L>(R*; R?);
R3\Q C Jra\@
(fexs:0)

B +— / Jfext(x, B)dx is continuous on L2(R3; R3); (foxs:1)
R3\Q

B / , Sfext(x, B)dx is sequentially weakly lower semicontinuous on L2(R3; R3).
RO\Q

(fext:2)

Remark 2.2 For instance, (f.,;:1) can be obtained as a consequence of a growth
condition and continuity of the integrand, and (f.y;:2)a clearly holds if B
fR3\Q fext(x, B) dx is convex and finite valued. In particular, both is the case for our

prototype examples where f..;(x, B) = ﬁB - B with some g > 0. The assumption
(fext:0) of course also holds for this example.

Remark 2.3 Coercivity of E, follows from (f.,;:0) and the lower bounds in (2.8b)
and (2.8c), together with Korn’s inequality (see (Ciarlet 2010)). In fact, we even get
2-equi-coercivity, i.e.,

1
Ec(u, B) = cllulliyi o gz + €IBIjagopsy = - forall (u, B) € Ung,

with a constant ¢ > 0 independent of u, B and ¢.
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Remark 2.4 One possible extension of our model would be to cover circumstances
where small strains are superimposed to a pre-stressed reference configuration. In this
case,

the usual derivation of local linearized frame indifference fails (the first order term in
the expansion of the nonlinear elastic energy density does no longer vanish pointwise
and can interfere) and the mechanical part of the energy density may depend also
on the skew-symmetric part of the displacement gradient. It should be emphasized,
however, that the rigorous derivation of linear elasticity with pre-stress in the case
when the material contains rigid inclusions is still an open problem.

2.2 Main Result

We will see that the homogenized functional corresponding to (2.4) is given by
Eron(@ B) = [ fiom (V. 8) dx+ [ fosrponc Y. (29)
Q R3\Q

Here, the homogenized energy densities from and fhom,ex: are

fext,hom = fexl ,

2.10
fin @B = it [ g (ke G+ V0@, B4 p@)dz
w.BJo
where the infimum is taken over all
keN, geWy?(Q:RY),
(2.11)

B € LY pe(®R:RY) st /Qﬂ(z) dz =0and divB = 0 onR>.
Notice that in order to be a relevant competitor for the infimum in (2.10), ¢ must also
satisfy

sym(G + Vo(z)) = 0 whenever kz € M,

because otherwise, the integral becomes infinite by (2.8c).

Remark 2.5 The homogenized density fj,o;, is here defined by a multi-cell formula
(i.e., we might have to choose k > 1 in (2.10)). However, if f is convex in (G, B), it
can be shown that the single cell formula suffices (i.e., k = 1 is optimal), essentially
as in [Miiller (1987), Lemma 4.1]. For linearly elastic energy densities, convexity in G
(the displacement gradient) is natural, but joint convexity in (G, B) heavily depends
on the elastomagnetic coupling.

The main result of the paper is the following.

Theorem 2.6 Ler @ C R3 be a bounded Lipschitz domain, let Q = (0, 1)3 the unit
cube and let M, C 2, C Q2 given by (2.2) and (2.3), respectively, where M C R3 is
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a Q-periodic open set satisfying (2.1). We consider the functionals E. and Ejom be
given by (2.4) and (2.9), with integrands f, fexr and from, where from is defined in
(2.10), f satifies (2.8a)—(2.8e), fp satisfies (2.8b) and (2.8d) (for the case z ¢ M) and
Jext satisfies (fexr:0)~(fex::2).

Then E. I'-converges to Enom as € — 0, i.e., the following holds for each (u, B) €
Use C WI2(2; R?) x L, (R R3):

(i) (I' — liminf inequality) For all sequences such that (ug, B;) € Uyq such that
(g, Be)—(u, B) weakly in Wh2(Q; R3) x L2(R3; RY),

lim i(r)lf E¢(ug, Be) = Epom(u, B); (2.12)
e~

(ii) (recovery sequence) There exists a sequence (us, B;) € Uyq such that
(ug, Be)—(u, B) weakly in W-2(Q; R?) x L*(R3; R3) and

lim E¢(ug, Be) = Epom(u, B). (2.13)
£—0

In addition, B, — B strongly in L>(R3 \ Q; R3).

Remark 2.7 As anticipated, the presence of a layer Q \ €. does not affect the final
result. In particular, the homogenized energy fjo, does not depend on fp.

3 Examples

As an example (without additional externally applied fields), we can consider the
energy densities

f(z, G,B) = - XM(Z))fsuft(Z, G,B)+ XM(Z)frigid(Z, G, B)
bz, G, B) = fsof:(z, G, B), (3.1)
Jext(x, B) := xg3\q(x) fu(B)

forz e Q,x e R?, G € R¥3 and B € R>. Here,

1
fo(B) = 2—m|B|2. (3.2)

is the magnetic field energy density in vacuum. The other, material-dependent energy
contributions fsof; and fy;giq can be chosen as in any of the following examples.
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Example 3.1 (simple diamagnetic or paramagnetic soft and rigid materials) Let us
consider fyof; and frigiq as

1 1 1
fsori(z, G, B) := fy(B) + =Csym(G) : sym(G) + ( )IBI
2 2usoft 2/"0

1 2 —
frigia(z, G, B) := fy(B) + {(Zﬂrimd 2110)|B| if sym(G) =0,
~+o00 if sym(G) # 0,

3.3)
with a given elasticity tensor C € RG*3*3x3) and given magnetic permeabilities
Msorr > 0 (diamagnetic if ptsor, < po, paramagnetic if wsor; > o) and pyigia > 0.
Notice that in the paramagnetic case, the presence of f, is crucial to ensure coercivity
of the combined energy density f in B. The associated Eulerian magnetization is
Mp = —35(f(z, G, B) — f,(B)) (cf. (A.12)); for instance, Mp = (% — MLﬂ)B
in the soft part 2, \ M,. Since we always have that B = uo(Mp + H), the latter
is equivalent to the classical constitutive relation B = 5,7, H. However, this model
lacks any coupling interaction between B and G.

Example 3.2 (magnetoactive, initially paramagnetic soft material with paramagnetic
rigid inclusion) With the vacuum energy density f, given by (3.2), let us consider

Jsofr and frigiq as

- 1 B . 1 1 )
fiofi(2. 6. B)i= fu(B) + 3C(9m(@) = Eole. BY) s ym(@) + (5, = 5 )18l
1 s . B 3.4
frigid(Z’ G, B) = fU(B) + i(Z}L,;g,d 2#0>|B| if Sym(G) =0,
+00 if sym(G) # 0,

with a given elasticity tensor C € RG*3*3x3) (symmetric and positive definite),
the permeability of psof:, trigia > (o and a Q-periodic pre-strain Eo(z, B) depend-
ing on B, for instance a symmetric matrix of the form

1 |B|
Eo(z, B) := ﬁB®B -5l

here chosen trace-free and thus representing a (linearized) incompressible pre-strain.
Notice that for symmetry reasons, any physically realistic Eg should be invariant under
sign changes of B. Again, fy,f; and f,;¢iq can be coercive in B, the former provided
that |C| is small enough or m lft is big enough, but in both cases only due to the

presence of f, which compensates for other contributions with the wrong sign. This
interplay also demonstrates that it is not natural to assume that f is everywhere convex
in B.

For the zero displacement case G = 0, we have

1 1
Fsof1(z,0, B) = fo(B) + ( - —>|B|2
2Msoft 2440
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which corresponds to a paramagnetic behavior with the magnetization

0 ! :
Mp = _ﬁ(fmfl(z’ 0.B) = fu(B) = (% B ZMSOf’>B7

cf. (A.12) in Remark A.2. However, due to the coupling term between G and E, the
magnetic behavior becomes more complex as soon as the soft material deforms. If
we use the linear relation between B and Mp at sym(G) = 0 to rewrite Ey in terms
of Mp, we formally recover the linearized model obtained in Almi et al. (2024) in
context of micromagnetism. We miss both the exchange energy term |VMp|? and
the saturation constraint |Mp| = 1 included there, though. Moreover, to fully under-
stand the coupling of G and Mp of our model here in the corresponding functional
with magnetic state (Mp, H) (cf. Remark A.2) for general G, we have to compute
its material density given by <i>(z, G,m) = <I>’£G(m — ﬁ|m|2, m € R3, with
&, 6(b) := —(fsori(z, G, b) — fu(b)), b € R3. Unfortunately, no way of obtaining
an explicit form of CD;G(m) 1= sup,g3(b - Mp — O, (b)) of @, , the Fenchel
conjugate involved here, seems to be known.

Example 3.3 (alternative magnetoactive soft material with paramagnetic inclusions)

We can also obtain an example directly based on Remark A.2, effectively initially
imposing the magnetoelastic material response in terms of (G, Mp) instead of (G, B),
and passing to the transformed densities. Take, for instance,

fsoft(z, G, B) := fy(B) + ®G(B),
L L)IBP i sym@G) =0, ()

frigia(z, G, B) := fy(B) + {<2Mn‘gfd
+oo if sym(G) # 0,

with the vacuum energy density f, given by (3.2) and

PG (b) = —WEB) = — sup (m-b— Vg (m), beR>, where
meR3

A 1
Vg (m) = EC(Sym(G) — Eg(m)) : (sym(G) — Eq(m)) + a(Im|* + |m|P) + %Imlz,

cf. (A.11). Here, p > 2, « > 0, urigia > po (for paramagnetic inclusions)
and C € R®*3xG>3) (symmetric and positive definite) are parameters, and Ey is a
magnetically induced pre-strain, for instance of the form

Eo(m) := |m| 2 2m @ m — §|m|§1

with some B € R, similarly as in Example 3.2. Up to the saturation constraint |m| =
1 which we do not impose here, this matches the magnetoelastic coupling used in
DeSimone and James (2002), e.g., whose attainability as a small-strain limit was
discussed in Almi et al. (2024). In particular, we can choose Eo(m) = mQ@m — %lm 121
for p =4 and = 1 (incompressible pre-strain).
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One can check that for any p > 2 and « > 0, the assumptions of our main result,
Theorem 2.6, hold in this example. In fact, they are easy to see except for (2.8b) and
(2.8d) which are related to fsof;.

To prove (2.8b) (growth and coercivity in the soft material part), we can use that
C is positive definite and Young’s inequality to split the coupling term in U, so that
for any § > 0,

1
e1(1= 5)Isym(G)P +e1(1 = I Eo(m) +a(m|? + m|”)

» Mo
< Wg(m) — 7|m|2 < Ci(Isym(G)|> + |Eo(m)[%),

. . 2
with some constants ¢y, C; > 0. Since « > 0 and c3|m| < |Eq(m)| < C2lm|2, we
can choose § :== 1+ 2%2 > 1 to see that

o j2%) ~
3l sym(G)* + > Iml” + 7|m|2 < WG (m) < C3(|sym(G)|* + |m|P + 1).

: 2 o+ 2 y 2 1 2
Since §|m|? + B |m|* > #5|m|* — § and for any ¢ > 0, (§| - |*)* = 52| - |* and
(%| Py = L;i’ |- 7', where p’ = -2 (e, pl +% = 1), this implies that with
some ¢4 > 0,

a I 1
- G 2——) - b2
(lsym@F = 5) + 5 ol

> UE(b) = —C3(Isym(G) > + 1) + ca bl = —C3(Isym(G)[* + D).

As o > 0, this ensures that f,(B) = ﬁlBl2 dominates —\ifz‘; concerning growth
and coercivity for large values of |B|, and we conclude that fy,r/(z, G, B) indeed
satisfies (2.8b). Assumption (2.8d) (Lipschitz property in the soft part) now follows
from Lemma B.1 (see also Remark B.2), with ¢ = % and R¥ = RO identified with
the symmetric matrices in R3*3, using R 5 G = sym(G) as the parameter of
®(G, B) := \ilG(B). Notice that in our proof of (2.8b), we have in particular shown
the growth and coercivity condition (B.1) assumed in part (i) of the lemma, and (B.5)
can be obtained in a similar fashion.

Just as in Example 3.2, we unfortunately lack a way of computing \il(*; explicitly
unless sym(G) = 0.

Remark 3.4 Without additional external forcing or nontrivial boundary conditions,
the energy in all examples is minimized by (u, B) = (0, 0). For example, such a
forcing can be included by adding the energy of an externally applied magnetic field
ba € L*(R3; R?) to E,(u, B), i.e., the additional term

1
/ —b, - B(x)dx.
R3 MO
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This term just amounts to a L?-weakly continuous perturbation of E, which does not
interfere with the homogenization, by general properties of I'-convergence (see for
example (Dal Maso 2012)). We can therefore safely ignore it from now on.

4 Proof of the Convergence Result
4.1 AFew Preliminaries

For the lower bound, we will face the technical problem that a weak limit u of micro-
scopically admissible states in general does not inherit anything from the implicit
microscopic rigidity constraint sym(Vu,) = 0 on M,. To compensate this, we will
employ a suitable approximation given by the lemma below. Functionally, this is very
similar to related arguments in Braides and Garroni (1995) handling rigid inclusions.

Lemma4.1 Let A C R? be a Lipschitz domain and w € W-2(A; R?). In addition,
assume that M C R3 is an open, Q-periodic set satisfying (2.1),
define

Qe) :={Q: :=e(Z+ Q) CR’ | Z € Z* and Q. CC A}
and let
M(e) = {x € Ug,cqe Qe | 37 € M}.

Then there exists a function W, € WL2(A; R?) (also depending on A and M) such
that all of the following holds:

We =w on A\ Ug,coe Qe

We =w on dQ; for each Q. € Q(¢) (in the sense of traces) ;
Ve =0 on M(e);

Vel L20,:r3x3) < CIVWIl 20, r3x3) forall Qe € Q(e).

4.1)

Here, C = C(M) > 1 is a constant independent of w, ¢, Q. and A. In addition, we
have that

We — w  weakly in wh2(a; RY). 4.2)

e—0

Ifw € Wh®(A; R3), then so is W, and there is a constant C > 0 only depending on
the distance of the inclusion Q N M to the boundary of Q so that

||VuA)8 ”L"O(A;R3X3) < C”Vw”LOO(A;R}X}).

Proof Let
Qe € CSO(Qs; [0, 1]) be such that ¢ (x) = 1 if x € M(¢) and |V, | < Ke~! for
2

all ¢ > 0. The latter is possible due to (2.1) which implies that dist(d Q.; M (¢)) > fg
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with a constant K > 0 independent of €. Define pu, := |Q(,3|*1 st wdx and W, :=
@elte + (1 — ¢g)w. Consequently, '

Vi = (1 — )V + (ke — w) ® Ve,

By the Poincaré-Wirtinger inequality (change variables to the unit cube Q to see the
natural scaling of the constant in €), we have that

fm)g—mzdxsc&f |Vw|? dx,
& QS

with a constant C > 0 independent of €. Hence, the second term in Vi, is bounded
in L2(Q,; R3) and this yields a bound on Vi, as desired.

To see that w,—w weakly in W2 first observe that as a bounded sequence, all
its subsequences will have a weakly convergent subsequence. Therefore, it suffices to
check that this weak limit always coincides with w. Actually, w, — w strongly in

L2
/ e —wl*dx = > f |, — w|*dx
A 0.€Q(e) " 0
< Z C82/ |V1,f)g —lez 4.3)

Q0:€9(e)

< Z 2C&? (|v@8|2+|Vw|2)gszéf|Vw|2—>o.
0.€Q(e) Qe A

Here, we used the Poincaré inequality on each e-cell Q. (with the natural scaling of
its constant), combined with the properties (4.1) of w,, in particular the bound for its
gradient in terms of w.

]

In addition, we will need a way to combine the divergence-free structure of the
magnetic field with cut-off arguments. The latter typically destroy differential con-
straints, but it is possible to project back with controlled error. In fact, this can even
be done in the more general context of so-called .A-free fields, where A = div is one
of many admissible examples (Fonseca and Miiller 1999). In our special context, the
following suffices:

Lemma4.2 Let Q C R3 be an open cube. Then exists a bounded linear projection

P LAQiRY) = L R BY) = | B € LL R RY)

B is Q — periodic
Q-per,div

and divB=0 inR3

suchthat forall B € LzQ_per(R3; R3) (i.e., B € LZ(Q; R3) interpreted as a periodic

function on R3 by periodic extension),

B — PB”LZ(Q;R3) <C| div B”(Wé,-zper(RS;R}))*
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with a constant C > 0 independent of B.

Proof One can apply [Fonseca and Miiller (1999), Lemma 2.14] with p = 2 and
A = div. For the reader’s convenience, we sketch a proof for our (easier and well-
known) special case below. For each B € L% (R3;R3) define

Q-per
PB := B — Vv,
where v = v(B) € WIQ‘_ier(R3) is given as the unique weak solution of

Av=divB onR3, /v:O.
0

It is not hard to check that P now has all asserted properties. O

Lemma 4.3 There exists a bounded linear projection
P ARG RY) - L3, R:RY) = B e 2@ RY) [divE =0 inR? |
such that for all B € L*(R3; R?),
1B = PBl 2z < Clldiv Bl s,
with a constant C > 0 independent of B. Here,

WIARY) = (]| v € Wil ®), vl = /R [Vof? < oo},

and the equivalence class [v] of v consists of all functions w with Vv = Vw a.e. in
R3,

Proof A much more general version of this can be found in [Kromer (2011), Lemma
3.4]. For the reader’s convenience, we give a simple proof of our special case here,
similar to the one of Lemma 4.2. We define v (more precisely, its equivalence class)
as the minimizer of w > [ps %|Vw|2dx + (div B)[w] in W1-2(R?), and set PB :=
B — Vv as before. For the error estimate, notice that div B, interpreted as a linear
functional in the dual space (ch/l’z(]l@))*, is naturally defined as

(div B)[¢] := —/ B-Vodx, ¢ec WHAR?).
R3
Hence

2 2 .
1B — PBl}2 @353 = /H; |Vo|* = |(div B)[v]|

<[l div B||(WI,Z(R3))* ”U”WI.Z(RS) = || div B”(WI.Z(R3))* ||VU||L2(]R3;]R3)'
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4.2 Homogenization via Gamma-convergence

This subsection is dedicated to the proof of Theorem 2.6. We will loosely follow the
strategy of Miiller in Miiller (1987). Compared to Miiller’s proof, we have to be sig-
nificantly more careful when employing cut-off arguments, to preserve the constraint
of rigidity on the inclusions. Our arguments to handle the latter are somewhat similar
to those of Braides and Garroni (1995) on the technical level, but our proof is self-
contained with Lemma 4.1 as a crucial ingredient. In addition, the divergence-free
magnetic fields defined on the whole space have to be handled with care. For this
purpose, we exploit both Lemma 4.2 and Lemma 4.3.

Remark 4.4 The strategy of Miiller (1987) is by no means the only possible technical
approach. Alternatives are for example the blow-up method (e.g., Braides and Garroni
(1995)), two-scaled convergence as originally proposed in Allaire (1992) or periodic
unfolding (Cioranescu et al. 2018). The latter two are closely related and very ele-
gant for linear equations or convex functionals. Nonconvex cases like ours are always
technically more involved but can also be approached using periodic unfolding (Cio-
ranescu et al. 2006); for a recent result in that direction and more references also see
(Fotso Tachago et al. 2025).

As in Miiller (1987), we start our proof with a special case. To slightly simplify
the notation whenever domain dependence temporarily plays a role, we will use the
short-hand

Ec(u, B; A) := /

(QNA)\Qe

fb(Vu,B)dx-i-/ f(f,w, B) dx+/ fext(x, Bydx (4.4)
QeNA A\Q

&

for any open A C R3. Be warned that with this definition, E.(u, B) =
E.(u, B; ]R3) # E.(u, B; 2), as the contribution on R3 \  is missing in the lat-
ter. For the limit functional Ejop, Enom(u, B; A) is defined analogously.

Proposition 4.5 (The case of affine/constant weak limits) Let Q@ C R> be a bounded
Lipschitz domain. We consider the functionals E; and Enom be given by (2.4), (2.9)
and (4.4), with integrands [ and foy; satisfying (2.82)—(2.8d) and (fex::0)—~(foxs:2).
Moreover, suppose that

u(x) = Ax in Q and B € L%, (R*; R?) with B(x) = By in ,

with constant . € R3*3 and By € R3. Then for every bounded Lipschitz domain
A C R3 as well as for A = R3, the following statements hold:

(i) (T — liminf inequality) For every sequence (u®, B®)s~og C W12(Q;R3) x
L3 (R3; R3) suchthat (u®, B)—(u, B)in W'2(Q; R*) x L2(R*; R?) fore — 0
we have

lll’l’ll(l)lf Eg(us, Bs; A) > Enom(u, B; A); 4.5)
e—
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(ii) (almost recovery sequence) Forevery8 > 0, there exists a sequence (u®¢, B®¢) C
wh2(Q; R3) x LQ-V(R3; R3) such that as ¢ — 0, u®¢, B®*)—(u, B) weakly in
Wh2(Q; R?) x L*(R*; R3) and

limsup Eq (u®€, B®®; A) < Enom(u, B; A) + |A N Q8. (4.6)

e—0

In addition, the sequence can be chosen so that |Vu§"3|2 + |B‘S'8|2 is equi-
integrable for each fixed §.

Proof For simplicity, we will only consider the case A = R3 below. Restrictions of
the functionals can be treated analogously.

(i) I' — lim inf-inequality:

Step i.1: Approximating 2 from inside with a cubical grid. Let u®*—Ax weakly in
w2(Q; R?) and B°— By in Lﬁiv(ﬂ@; R?). Fix « > 0 and choose a cubical o-grid
subdividing R? with open, pairwise disjoint cubes of side length «, i.e., we can write

R'= ] 0+R

where R is a set of measure zero. There is a constant C = C(2) > 0 (using that €2 is
a Lipschitz domain) such that forall 0 < o < 1,

2\ Ugeg, o 0| = Cat. where G0 := {0 € Go | O C Q. Dist(Q: 99) = a}.

Notice that long as ¢ < o, we also have that
U ¢ce.
Qega,ﬂ

By the lower bound on f and f; in (2.8b) we can write

/ fb<)—c,us,B€>dx+/ f(f,us,Bg>dx
Q\Q, £ e €

X
> f(—, 8,B€>d —f - Cd
Z /Q g * 2 Ugeq, , 0 * @.7)

Qega,Q

> Z /Qf<§,u8,B8>dx—C2a.

Qegoz,ﬂ

Since « > 0is arbitrary and the contribution f,,; was assumed to be L2-Wea.kly lower
semicontinuous on R3 \ €, it now suffices to show the lim inf inequality on each cube
0e Go.q- Let us fix one such 0.

Step i.2: The I' — lim inf on a cube 0 CC ..
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_ Choose the largest k € N such that ke < o — 2¢ (recall that « is the side length of
Q). There exists zo € Z3 such that

0° :=¢e(zo+kQ) C 0. (4.8)

Notice that 0° is essentially the largest possible multi-cell that is still fully contained
in Q.

We now intend to modify the boundary values of u® on Q¢ in order to later exploit
the definition of the infimum in the multi-cell formula (2.10). For this, we need a cut-
off argument which plays a crucial role in the proof. Ultimately, we will need that after
cut-off of u®, the new function will have the boundary values Ax on 3 Q¢. We cannot,
however, use straightforward interpolation of ¢ and Ax, because this would break the
rigidity constraint on M. Instead, we will first modify the affine function Ax. For this,
we apply Lemma 4.1 with w(x) := Ax and a domain A such that Q cC A C . This
gives functions A€ := ©° such that A*—~w = Ax in W2, A = Ax on 9Q° (actually
even on the boundary of all single cells contained in Q) and VA¢ = 0 on 0NeM
as long as ¢ is small enough. (Here, the last assertion is the reason for introducing
the slightly larger set A, because the lemma does not give Vie =0 fully up to the
boundary of A.)

Let us consider a Qo compactly embedded and open in Q and define

ni= %d(Qo, Q) and Q; = {x € Q'd(x, Qo) < l;n} wherei = 1,...,v. (4.9)

Let us remark that Qo CC Q1 CC --- CC @, CC 0. We define scalar functions
@7, i € CX(Q)suchthat 0 < ¢f < 1,0 < ¢y < 1,9 =¢; = 1in Q; 1,

=i =0in 0\ Q;.

Vef =0 on [XEQ‘XM(§)=

1} and on Q,
(V+1) v+1
O' 9

Vei| < Vil < (4.10)

where o is the distance of the inclusions to the boundary of a reference cell, i.e.,
o :=dist(Q N {xy = 1}; 0Q). We define

uS (x) 1= Ae () + 9F () (U (x) — e (x))
and ‘
B®' := ;;(B: — By) + Bo.

As defined, B®' is not divergence-free, but this we can achieve using the projection of
Lemma 4.2 on the cube Q, by setting B®' := P(B*' — By) + By. The error introduced
by projecting satisfies

1B = B2 < ClldivB™|| 12\, — 0. .11

0- per)* e—0
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Here, the latter holds because

divB®" = (Vi)(B: — Bo) + Vi div(B. — Bo) + div By = (Vi) (Be — Bo)

1.2 %
AR - Q—per)

We now have to link E.(u®*, B®'; Q) to E.(uf, B?; Q) (recall (4.4) for the defi-
nition of these energies restricted to cubes). Decompose the former as follows:

/: f(f,Vug’i,ég’i)dxzf f(f,Vus,ég”)dx-i—f f(f,Vug’[,f?g”.)dx
0 \¢ Qi1 € 0i\Qi-1 €
+/Q\Q f(g,v,‘\s,é&f)dx 4.12)

By the uniform estimate of VA = V¢ in terms of Vw = A of Lemma 4.1, we
know that

which for fixed v; converges weakly to zero in L? and thus strongly in (W

IVl L < CIAl.

From the upper bound in (2.8b), also using that B&' = By on 0 \ Q;, we thus
immediately obtain that

/~ f(f,Vie, Ee’i)dx
0\0; " \¢

<C+ PO 01l + c[ B2 dx
Q .

Qi

< C+ AP\ Qi +2C10\ 0illBol? +2C /\ |5 — B2 dx
O\ Qi

(4.13)

In addition, observing that Vu®' = Vi, (x)+(Vf (x)) (u® — e (X)) +¢¢ (Vi — Vi),
we also get that

/ f<f,Vu8’i,I§g’i)dx
0i\Qi—1 \¢

< / C(l M+ @ = e (0)) ® Vg (x) + ¢f (Vu® — Via(ﬂ)(z) dx
0i\Qi—1
+2c/ | B —B”'|2dx+2c/ |B& |2 dx
0i\Q;i—1 i\Qi—1
< / C(1+ 1214 | = 2e00) ® Vo (1) + ¢ (Vu® = Vie@)[) dx
0i\Qi—1
+20[ \Bg’i—Bg’ilde+4C|Qi\Qi_lllBo|2+4C/ Wi (BE — B)| dx
0i\Q;i1 i\Qi—1
(4.14)
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Finally, recalling that B® = B®! on Q;_;, we can exploit (2.8d) to estimate the
“inner” term in (4.12) as

/ f(f,Vug'i,E’s”) dx < / f(f,Vug’i,Bf:) dx
Qi1 € Qi1 € (4.15)

+COIBY = B 1200, 3

where

C) := Inl_axosup1 C(l + | vut! ”LZ(QH;H@)

<E<
F 1B g, i + 1B iag, yim) < o0

since Vo7 (x), B and B® are bounded for fixed v. Since B&' — B® — 0 as
¢ — 0in L? by (4.11), we can plug (4.13)—(4.15) into (4.12). We thus infer that for
any subsequence of ¢ (not relabeled) such that the following limit exists,

lim | f(f, Vuti, Bs’i>dx

e—0 0 &

.. X
< hmlnf/ f<—, Vu®, Bs)dx
e=>0 Jo, €

+é/ (IVu® — Vis|* + B — Bo|*) dx + C|Q \ Qi
0i\Qi—1

< liminf/ f(f, Vi, 38>dx
e—0 Q &

+6/ (IVu® — Vi |* + B — Bo|*) dx +2C|Q \ Q.
0i\Qi-1

Here, C := max{C(1 +|A|?), 6C|By|?} and for the last inequality we also used the
lower bound in (2.8b). Summing over i and dividing by v, we obtain that
1 ¢ Ca
liminf — E¢u®', B®'; Q)

e—=>0 vV 4
14

< lirninf/: f<f, vu®, Bg)dx +2C10\ Qol
0 &

e—0

C N
+limsup — | (|Vu® — Vi.(0)]> + |B — Bo|*) dx.
e=>0 V JO

Since ||Vu® — Vig(x)||Lz + || B® — Bo||2 is bounded, we conclude that
1 Vv
_lim  lim liminf = Y E*(u®’, B'; Q) < liminf E(u®, B*; Q).  (4.16)
[O\Qp|—>0V>® e—=0 Vv P e—0
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It now suffice to show that for each i,

Ehom (Ax, Bo; Q) < lim inf ESu®', B®'; Q). (4.17)
e—

For the proof of (4.17), by the lower bound on f in (2.8b) we can write

‘/1 f<£, Vus,i’ Bs,i)dx > /~ f(f, Vu";’i’ Bs*i)dx — /: _ Cdx (4.18)
0 € 0 € 0°\Q

The second integral converges to zero as ¢ — (. Using the notation of (4.8), the
substitution x = &(zo+y) and setting z° = u®' —Ax € Wol’p(Qg) and B := B®' — By,
we see that

/QF f<§ vu', B“')dx =¢ /kQ f(y, kot Va®(e(zo + 7). Bo + Blezo + y))) dy

(4.19)
> (k) from (A, B)

by the definition of fj,;, in (2.10). Since (ck)® = (ek(e,@))® — o = |0] as
& — 0, we can combine (4.18) and (4.19) to obtain (4.17). In view of (4.16), the
assertion follows from (4.7) in the limit as o« — 0.
(ii) Almost recovery sequence
Stepii.1: §-almost recovery sequence with errors from a transition layer. Fix § > 0
and choose k® € N, ¢° ¢ Wé’_Zper(R3 ' RY), ﬂg € LzQ_per, diV(RS; R?) (almost) optimal
with error at most § for the infimum in (2.10), the definition of f},,,,. Define

Wt = hx + k%¢5(lj—8), xeQq, (4.20)

and, with a parameter 0 < r < 1 that will govern an transition layer outside of 92 of
width r,

- X
B0y == (1 — Y (1) B(x) + w,(x)<3(x) n ,33(@)), xeR3.  (421)
Here, for each r, ¢, € C° (R3; [0, 1]) denotes a “cut-off”’-function such that
Y, =1onQ, supp(¥,) C V) = {x e R? | dist(x; Q) < 1}.

Notice that as defined, B>® = By + ﬂg(lg—g) on Q and B? B for each r > 0.

2
0-per’

is locally equi-integrable on R, and therefore also (|t~?f . |2)‘s is

2. .
Vusd|), is

Moreover, since ﬁg is a fixed function in L

(188 ) oces

locally equi-integrable, uniformly in r for each fixed § > 0. Similarly, (
equi-integrable on €2 for fixed §. As a consequence, we have that

it is not difficult to see that the family

- 2
su B — BI?dx < su / ‘ o2 ’ dx — 0. 4.22
g /;{3\9 B, | = P QN\Q IBO(k‘SS) r—0 ( )

O<e<l O<e<l
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However, Bf = L2(R3; R3) is in general not divergence-free due to the transition
near 92 created by v, in its definition. Ultimately, we therefore have to further modify
it using the projection P of Lemma 4.3.

Step ii.2: Error estimate for the projection to divergence-free fields and choice
of a diagonal sequence with vanishing transition layer. As stated in Lemma 4.3,
the projection error satisfies

IPBY® — BE Il p2arsy < CHdiv BE? | g gy (4.23)

To control it, it suffices to show that div Ef 4 5 0ase — 0 strongly in (W1'2(R3))*.
As to the latter, observe that for all v € Wl’z(R3 ),

=e.8 _ . s X Y. _ S~ Y.
/R3 By -Vvdx—/RSB Vvdx+/R3 I/Irﬁo(ksg) Vvdx = ) 1//,/30(1{58) Vvdx, (4.24)

since div B = 0 and v, is supported in Q1. For each ¢ > 0, choose a sequence
(ve.)r € WH2(R3) with e, llyip1.2 (g3, < 1 forall &, k such that

o RES _ £, : pES |
I div BE g2y = <1‘/RSB de‘ Jim | BEY Vo pdx

||v||W1 2(R3)

With Vg x = vek — IQTIUIIQ(” Vexdx € WI'Z(Q(”) (in fact, we even have that
ek € WH2(QWM) by Poincaré’s inequality) we further get that

. s¢ X ~
” leB ”(Wl Z(RS))* - h /;2(1) Wﬂo(m) . Vve,k dx

Since div By = 0 and v is compactly supported in Q(), we can integrate by parts and
obtain that

v BE gy = Jim /Q (V) B (5 ek = e

By the compact embedding of W!2(QM) into L?(QW), the set {Vek | € >
0, k € N} is compact in L>(Q(). Choose a sequence gj — 0 such that
lim ;o0 || div ng”(vi/'l(m))* = limsup,_, || div B8||(W112(R3))* and k(j) € N such
that Qg k(j) < limy, ag; k + % Then

sy RES) — N = 1 —
” div Br ||(W1’2(R3))* —jli)rgoa&‘j,k(]) —jll)rrolo /;2( (Vlﬁ) ,30( )U&‘J k() dx

Passing to another subsequence if necessary, U, x(j) — v strongly in L*(Q(), with a
suitable limit v. In addition, we know that ,38 (kf;‘—g)—\ /, 0 ﬂg (z) dz = 0 by the Riemann-
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Lebesgue lemma. Altogether,

. — . X o\~
lim sup || div Bf’5||(W1,2(R3))* < jhnc}o_f<1)(vw)'ﬂ8(@)v€j’k(j) dx = 0. (4.25)
- Q

e—0

We now define y
B := B{) = PB € Ly, (R*: R?), (4.26)

r(e) =

where r(¢) — 0 is chosen slow enough so that

£,

lim || div Bl 12y = O (4.27)

which is possible due to (4.25). Due to (4.23), this implies that

B*® — B%° — 0 strongly in L>(R?; RY), (4.28)

r(e) e—0

for every fixed § > 0. In addition, since ¢° and /38 are periodic functions with zero
average, we have that (s, Bfig))—\()»x, By) as ¢ — 0, weakly in wh2(Q; R?) x
L%(Q; R3). In view of (4.22), (4.28) yields that B®® — B strongly in L?(R3\ ©; R?),
and, since B = By on €, also B®®— B weakly L>(R?; R?).

Step ii.3: Estimating the energy along (1%, B%%). Because of the periodicity of f,
the function

x> f<§ pyn v¢5(kf§—8), By + ﬂé(lg—g))

is periodic on cubes of side k°¢, hence it converges weakly to its average. By a change
of variables z = x/(ek?), which maps the cube £k® Q to the cube Q, and by invoking
the definition of ¢° and ,38, we see that this average is estimated as follows:

1 x s/ X sy X
o /gkagf(;,wv(p (@),Bo—i-ﬂo(@))dx

- / f(kzo h+ V(2. Bo + B (2))dz
9

=< fham()h By) + 6.

Then, since éf &2) coincides with By + B4 (x/(k°¢)) in ©, the growth conditions (2.8b)
on f; and (2.8b), (2.8¢) on f, the 2-equi-integrability of Vu®? and Bfig) on 2 and the
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above-mentioned convergence yield that

lim sup E, (u®?, I}fig); Q)

e—0

. £,6 &,6
fllmsup/mQ f;,( vu®?, B® (e ))dx-i-hmsup./ﬂs f(a Vu Br(5)>dx

e—0 e—0

SlimsupC/ (1 + Va2 4+ B P )dx+1imsup/ f( Vus, Br(s))d
Q\ Qe e—0 Q

650 4.29)
=1i vusS B0 ) dx

o 252

. X x x
:llin_f})]p/s;f<g,)\+v¢5(m),B()-i-/sg(@))dx

< 120 fhom (. Bo) + €218 = Epom (A, Bo: ) + |€2]8.

Next, we estimate the error in plugging the projection of the magnetic fields:
|Ee?, B @) — Ee@®®, BID; @)

,8 , 3.8
= |Q|C(‘|V’4€’6‘|L2(Q;R3x3) + ||Bf(8)“L2(Q;R3) + HBg’BHL2(Q;R3))“B£'8 - Bf(S)HLZ(Q;]RB‘)

< Clldiv Bl yi2syys = 0 ase — 0.
(4.30)

Here, the first inequality follows from (2.8d). To obtain the second inequality, we
have used the fact that, by construction, Vu®?® and Bf(f) are bounded, respectively,
in Lz(Q; R3 ><3) and in L2(S2; ]R3), and that, furthermore, the projection operator is
also bounded from L2 to L2, so that also B is bounded in LZ(Q; R3). To obtain the
convergence in the third line of (4.30) we have used (4.23) and (4.27).

Combined, (4.30) and (4.29) imply that

lim sup E¢ (u®’, B®*; Q) < Epom (X, Bo; ) + Q18 = Epom (A, B: Q) + [8.

e—>0
4.31)
Moreover,

lim sup E, (u®®, B&%; R3\ Q) = lim sup / foxt(x, B®%) dx
R3\Q

e—0 e—>0

= /]‘g?a\g‘z fext(xy B)d-x = Ehom()", B;RS \ Q)a

(4.32)
as a consequence of (4.28) and the L?-continuity on R3 \ © assumed in (foy:1).
Altogether, we have shown that (u,, B) := (u®°®, B5%®)) is a §-almost recovery

sequence as asserNted. Here, also notice that for fixed §, |B€"3 |2 inherits the local equi-
integrability of | By -4 |2 (which is uniform in r) due to (4.28).

m}

The previously obtained characterization of the homogenization functional for
affine/constant limits allows us to prove that fj,, is 2-Lipsichitz continuous, i.e.,
locally Lipschitz.
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Proposition 4.6 (properties of from) Suppose that f satisfies (2.8a)—(2.8d). Then
(G, B) —  fhom(G, B) is finite valued and has quadratic growth. Moreover, it is
continuous and satisfies a 2-Lipschitz property, i.e., there is L > 0 such that for all
GieR¥3 B eR?i=0,1

|fhom(G0’ BO) - fhom(Gl, Bl)|

(4.33)
< L(1 +|Gol + |G1| + |Bol + |B1)(IGo — G1| + |Bo — B1l).

Proof First, note that (2.8¢c) together with the upper estimate of f,,,;, obtained from
(2.10) fork = 1, = 0, and @(z) = —sym(Go)z if z € M with ¢ € W,y 2(Q; R?)
implies that fhom (Go, Bo) < C(1+|Go|>+|Bo|?). On the other hand, for every 8§ > 0
there is kg € N, ¢p, and By admissible in (2.10) such that

Sfhom(Go, Bo) +6 > / fkoz, Go + Vgo(koz), Bo + Bo(koz)) dz
0

1
== /Q (Isym(Go + Vo (ko) > + |Bo + Bo(koz)[*) — C dz

v

1 2 2
E(| sym(Go)|” + [Bo|”) — C

in view of (2.8b), (2.8¢), and the Jensen inequality. Consequently, the arbitrareness
od § > 0 yields

1
From(Go, Bo) = = sym(Go)|* + [Bol*) — C.

We fix @ = A = Q and § > 0 from Proposition 4.5 and consider
%, B%¢),—~(Gox, By) such that (4.6) holds. Coercivity and boundedness of fjop,
just proved imply that

1
— lim sup(|| sym(Vu®) |2 + | B>|*) — C < from(Go, Bo)
C e—0

+8 <CU+Gol* + |Bol») + 6.

Define v*¢(x) = (G| — Go)x + u®*(x) and B%¢ = B; — By + B®*. Hence,
(W3¢, B5¥)—~x > (G x, B}). Additionally,

lim sup(|| sym(Vo>) |2 + [1811%) < C(1 + |Gol* + |Bol* + 1G1 1> + |B1[*) + 6.
e—0

We modify x — (G — Go)x using Lemma 4.1 to a sequence (w?®) such that Vw® = 0
on N, i.e., also on the inclusion part of the domain Q. Moreover, Vw® = G| — G on
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O\ Ng. Let 0%¢ = w® + u®*. In view of (4.5) applied to the sequence (¢, B5¢),
and (2.82),(2.8d), and (2.8e) we get

Jhom(G1, B1) — from(Go, Bo)

<8+ liminf / f(f, v, ﬂ“) - f(f, Vit BM) dx
e—>0 0 &

= 8+ lim inf [/ f(f, vo'e, ﬁ‘“) dx — / f(f, Vube, B“) dx
e—0 O\N; & O\N. £

+f f(f,Vu‘S'g,,B‘s’s) dx—/ f<£,Vu‘S’S,B’S’8> dx]
e € A &

< § 4 lim sup/ C(1 + | sym(Vv*®)| + | sym(Vu®®)| + |22
O\N;

e—0

™

+|B*#|)(|1B1 — Bol +1G1 — Gol)
+ lim sup / C(1+ [sym(Vu®®)| + | sym(Vu’ )| + |8 + | B**)(| B — Bol)
e—0 N

=8+ LA+ |Gol+ 1G]+ [Bol + [B1)(IB1 — Bol + |1G1 — Gol)

Then we exchange G, By and G, B; to obtain the estimate because § > 0 was
arbitrary.
O

Proof of Theorem 2.6 We choose a partition of €2 into Lipschitz subdomains {€2;}; and
define |
A= — / Vu(x)dx.
il Je,

For any given § > 0, if the partition {€2;} of € is fine enough, we get that
Zf (IVu — 2> + 1B — BiI*) < & (4.34)
i U

with suitable constants A; € R33, 8; € R3 (also depending on §).
(i) ' — lim inf inequality. We will reduce our general case to that of Proposition 4.5
(i). Consider (#®, B¢)—(u, B) weakly in wl2(Q; R3?) x LﬁiV(R3; R?) and define

&

vl i=Aix —u+4u, and B® =B —B+B,, xc€Q.

While B®' is a perfectly admissible sequence of magnetic fields on €;, divergence
free with constant weak limit §;, we cannot directly use v®* due to the presence of the
hard inclusions. However, we may use Lemma 4.1 in a suitable way to compensate
this issue.
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Let A := {x € R3 | dist(x; Q) < 2} and choose an extension of u to W12(A; R3).
Moreover, for each i, fix

A; C Asuchthat A; D {x € R’ | dist(x; ©2;) < 1}.
For each i, apply Lemma 4.1 to u; := X;x — u (instead of w) on A; (instead of A).
The lemma yields sequences i ; such that Vii,; = 0 on M, ;, i.e., on the rigid part

M, outside an e-sized neighborhood of 9 A;. In pa_rticular, Vii,; = 0in M, ; as long
as ¢ is small enough. With this, we can modify v®' to
~e,l

VU = Ug i+ Ug.

From (4.34) and the final estimate in (4.1), we also get that

S [ (Vi 1 - BP) < €8, (4.35)
—~ Jo

Notice that unlike v®, 7 now has antisymmetric gradient on 2; N M, while still
981 =2 x in WH2(Q;; R3), just like v®.
By Proposition 4.5, we have

X : : X
lim inf =, Vo®', BS ) > — A Bi |- 4.36
DY G ED Y R CER) B

We claim that the left-hand side above is close to fQ f(;—f, sym(Vu?), Bs). To see this,
observe that

’/ f(?wﬂm") —Z/ f(f,w”,BEN
Qi € A €
< Z/ C(IVu®| + |V | + 2|B®|)(IVitr e (x)] + | — Bl)ds
i VS

. n
< CE(uf llyrz + 157 w12 + 211 Bl 12)8

Here, the last two steps are due to (2.8¢c) (on 2 N M), the Lipschitz property (2.8d)
of g (on 2\ M) and (4.35), using the Cauchy-Schwarz inequality. Since fj,, is also
2-Lipschitz by Proposition 4.6, we can analogously obtain that

om(Vu, B) — om(Ai, B
‘Lm(u) ;Lﬁ( ﬂ

3
< C2 (||I/te||Wl,2(Q;]R3><3) + Z ”)"l ”LZ(QZ';R3X3) + 2||B||L2(Q,]R3))8

1
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In total, we infer from (4.36) that

lim i(1)1f ESu®, B®; Q) > Epom(u, B; Q) — C8. (4.37)

E—>

In addition, we have that

liminf/ fext(x, B®) dx 2/ Sext(x, B)dx =/ fext(x, B)dx.
R3O\Q R3O\Q RO\Q

e—0
(4.38)
as a direct consequence of (fey;:2). Since § > 0 was arbitrary, (4.37) and (4.38)
combined yield the assertion.
(ii): Recovery sequence. For every § > 0, choose a piecewise affine approximation
u® of u in W12(€2; R?) and a piecewise constant approximation B® of B in L*(Q2; R?)
(possibly with div B? # 0 at jumps) such that

lu® — ullyr2@.rs) + 1B° — Bl 2.3 < 6. (4.39)

Let Q; = Q;(8) C S be an open Lipschitz set (typically a tetrahedron) where u® is
affine and B? is constant. Clearly, Q can be written as a pairwise disjoint union of
such sets, up to a set of measure zero. For any r > 0 (small enough), the sets

Q" = {x € R | dist(x; Q) < r}

provide an open covering of €, and we can choose a smooth decomposition of unity
on 2 subordinate to this covering, i.e.,

1,€

1= "¢ onQ, withe) e C®?; [0, 1]) such that suppg,’) c 2.
i

Notice that by construction, we also have that
(pl.(’rs)(x) =1 for all x € Q; with dist(x; Q;) > r.

In addition, we may assume that there exists a constant C > 1 independent of §, r and
& such that for all 7,

C
Vo)l < =

and Vo) (x)=0 on M,. (4.40)
p :

Here, the second condition above exploits (2.1), i.e., that the inclusions are well sep-

arated, and forces us to choose <pl.(’rs) dependent on &, which otherwise would not be
necessary.

By Proposition 4.5 (i) applied with A = Q" := {x | dist(x; Q) < 1)
instead of €2, we obtain a §-almost recovery sequence (ug,i, Bii) for (u§.s , Bf) €
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wl 2(9(1) R3) x de(Q}I); R3) (the natural affine/constant extension of (u®, B‘S)
from ; to QEI)).

limsup E(u?;, B ;; Q") = Ejom (i, B; @) + 1215

e—0

e,i’

and also (since the domain of integration €2 in Proposition 4.5 (ii) can be chosen
arbitrarily)

lim sup E* (u? Q) < Enom@®, B%; Q1) + |S%16. 4.41)

e—0

&,i? é‘l’

Here, E€(u, B; A) denotes the restriction of E€ to A as in (4.4), and Ejom (-, -; A) is
defined analogously. For 0 < r < 1, we define the functions

Ul (x) —Zw“)(x)u (), xeQ,

and
B (x): = goog(x)B(x) + Zgo(r)(x)B (x), x € R} where (p(({;

=1 —Z(p(r) onR3

Notice that since sym(Vgol.(Q) = V(pi(;) = 0 on M, and sym(Vug,,.) = 0 on M,,
we indeed have that sym(Vul") = 0 on M, — the rigidity constraint on the hard
inclusions is respected.

We now claim that in the limit as first ¢ — 0, then » — 0 and finally 6 — 0, the
pair (u2", PB"), with the divergence-free projection 7 on R? of Lemma 4.3, will
yield the desired recovery sequence after a suitable diogonalization argument. In fact,
it will be easier for us to diagonalize first with Bf*’ instead of PBg’r, and apply the
projection P afterward. The main issue here is to show that for each § > 0, the error
created in the transition layers (where (pj(ri € (0, 1) for some j) is negligible in the
limit as ¢ — 0 and then r — 0.

For each i, we have that

VU = Vud ;1120 r3x3)

= | (Zefavut,) + 2 - 0wt

)L2(Q,-;R3x3)'

(4.42)

L2(Q;:R3%3) + H Z (r> )® ”
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The two terms on the right-hand side of (4.43) will be estimated separately. As to
the first, we can exploit the equi-integrability of (| Vugy j |§ provided in Proposition 4.5:

(p(r)Vu w(r) - I)Vu‘sl-
Z ie e,

LZ(Q,-;]R3X3)
s s (4.43)
. Z/ €Q; \<p(')7é1} l = Zojiq f{xesz |dist(x;982) <7} [Vite 17 =0 0.
for every fixed § > 0. As to the second term, we have that
¢ )
H Z V(p . 5] ’LZ(Q {R3x3)
= ZH V‘p(r) ®(”81 S)HIJ(Q i R3%3) + HZ Vw(r) )®u HL2<Q ;R3%3) (4.44)
—ZH (Vo) ® @l ; —u )HLZ(Q RM)JFHZ Vo)) L2y
the latter since 3 ; go(r) = 1 and therefore ) (V(p(r)) P=(VY; go(r)) ub =0.

As a piecewise affine functlon, u® is globally Lipschitz with a constant L = L(8). If
r is chosen small enough (with respect to §), within €2;, V(pﬁr’i # 0 is possible only
for those j such that €2; is adjacent to or coinciding with ©'. Here, recall that by
construction of goﬁfi, {V(p;fg # 0} N Q' is contained in an r-neighborhood of 32’ . For
any x € €2; and any pair (i, j) that contributes in the last term of (4.44), i.e., so that
w;”;) ® (u —u?)(x) # 0, we can thus find a point ¥ € 9 N 9Q; with |x — ¥| < r
and u?()?) = uf (%) = u®(%). The global Lipschitz property of ui (uniform in j) thus
gives that |u§.(x) —ul(x)] < |u§. (x) —u® (%) + [u® (F) — u? (x)| < 2Lr for all relevant
x. As a consequence, we have that

‘(Vw;ri) ® (ui —ub)

< |V |2L(8)r <2CL(S) on

by the aforementioned Lipschitz property and (4.40). Continuing the estimate of
(4.44), we thus further get that

|Z e,
Ej Lz(Q ]R'ix'%)

=Z|eeneu, -

LZ(Q[-;]R3><3) + |{x € Q| V‘py:l)‘? # 0 fora j}[2CL(5) (445)

< Z H (Vo) @l ui-)” 4 C1(8)r2CL(S)

L2(Q;:R¥3)

Here, we used that {x € Q | V(p;.r,; # 0 foraj} C {x € Q| dist(x; 9R2;) <
r fora j}, the transition region which only depends on § and r and is an r-
neighborhood of a finite union of Lipschitz boundaries with volume bounded by
C1(8)r, where C; = C;(8) is a suitable constant. Notice that the first term on the
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right hand side of (4. 45) converges to zero as ¢ — 0, by the strong convergence of
to ul G in L2(€2;; R3, while the second converges to zero as r — 0, uniformly in
e. Altogether (4.42), (4. 43) (4.44) and (4.45) yield that

lim lim sup || Vul" — Vul ;|| 12,z = 0. (4.46)

r—0 0

A similar (and much easier) estimate for can be done for B>" instead of Vul’,
essentially only exploiting the equi-integrability of ( |B‘f3S ; 1*)¢. In this way, we obtain
that

lim lim sup ||Bg’r — Bg)i l22(q;:r3) = 0. (4.47)
=0 0

and s
lim limsup || By — Bll2@\q:r3) = 0. (4.48)

r—=>0 o0

In view of (2.8d) and the fact that ug*’ respects our rigidity constraint, i.e.,
sym(Vul") = 0 on M, (4.41), (4.46) and (4.47) imply that

lim sup lim sup E¢ (u”, B®"; Q) — Epom (u®, B®; Q)

r—0 e—0
<11ms(1)1phmsup(\E ", BY; Q) — ZE Wl ;. BT Q)|
r—0  e—0
+ Z (Ee@ud ;. BYT; Q) — Epom(u®, B; szl-))) (1.49)
< D18 = 1913,
i
In addition, (4.48) and (f,x;:1) imply that
lgl})l1msup|E @, B R\ Q) — E.(u’", B; R\ Q)] = 0. (4.50)

e—0

Combining this with (4.49), we see that

lim lim sup lim sup E, (u Bg’r) = gi_r)r%) EnomW®, B®) = Epom(u, B). (4.51)

=0 y50  e=0

Here and below, with a slight abuse of notation, we interpret B? as a function on R3
by extending it with B on R\ Q, i.e, B® = xqB® + Xr3\q B. For the second equality
in (4.51), we combined (4.39) and (4.48) with the fact that Ey,,,;, (-, -; €2) is continuous
on Wh2(Q; R3) x L2(R3; R?), as a consequence of Proposition 4.6.
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Finally, we also have that

. . . s,y .
A sy B2 oz
. . . S,r § . )
< rh_r)% lim sup || div(B;" — B )||(W1,2(R3))* + |l div(B® — B)”(WLZ(RS))*

o0 , , , (4.52)
< lim lim sup I diV(Bgyr - B )”(WIJ(R}))* +C||B° — B”LZ(R3;R3))

r—=0 <0

=C|IB* - B g3y, — O.
I ||L2(R3,R‘)) 550

Above, we used that || div(Bg" — Ba)”(ﬁ/ll(ﬂ@))* — Qase — O (first)and r — O
(second), which can can be shown as in the proof of Proposition 4.5 (ii): As essential
ingredients, we again have that Bg’r — B%~0in L2, Bg” — B?® vanishes outside the
fixed bounded domain Q := QO (with the 1-neighborhood QWM of ), and after
restriction to 2, L2(Q)/R3 compactly embeds into (WH2(Q))* = (WE2(Q)/R3)*.

A suitable choice of a diagonal sequence (i, B) := 2", B2 ")) with
r(e) — 0 (slow enough) and §(¢) — O (even slower), now gives almost all properties
of a recovery sequence:

E; (g, és) —> Epom(u, B),
e—0

g —> u strongly in LZ(Q; R3), 1§8 —\OB weakly in Lz(Q; R3), and
e—

g—0
I div Bl 1.2 3. R3)) S 0
(4.53)

Two asserted properties are still missing, though: B¢ is not yet divergence-free (but
close), and possibly ii, # 0 on d€2. Here, notice that combined with the equi-coercivity
of E, (cf. Remark 2.3, in view of the already known strong convergence of ii, in L2,
we do not need boundary conditions for Korn’s inequality here), the convergence in
the first line of (4.53) implies that (ii;, B;) is bounded in W12(Q; R?) x L2(R3, R%).
Hence, we also have that

(g, ég)sjoB weakly in Wh2(Q; RY) x L2(Q; RY). (4.54)

To obtain the recovery sequence as asserted, it now suffice to correct the boundary
values of i, and replace B, with its divergence-free projection PB,.

As to the former, we can again use Lemma 4.1: With A := Qand w := u, — u, we
obtain an auxiliary sequence (W), bounded in W12 such that @, — 0 in L2 (since
fle — uin L2, cf. (4.3)) and W, = ii, — u on the boundary of each e-cell £(z + Q),
z € Z,. Choosing a sequence of smooth cut-off functions ¢, € CZ°(R; [0, 1]) such
that

Q\Q Clpe =0}, {ge=1} /7 Q, Vg, =0 on My and |Vge|hy — 0 in L2,
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we obtain the modified displacements

e (x) = (I — @ ()W (x)  if x € Q,

S if xeQ\ Q..

By construction, these belong to WI’Z(Q; R3) (since W, = i, — u on 9%, the
piecewise definition does not cause an issue), are bounded in this space and satisfy
i, = u = 0 on 9. In addition, #, = i, on {p. = 1} / Q and Vi, = Vii,
on M, (so that rigidity in the inclusions holds). Using the Lipschitz property (2.8d)
to estimate the error in the energy on the asymptotically vanishing boundary layer
{gs # 1} (outside of M, where nothing was changed), it is now not difficult to see
that (4.53) and (4.54) also hold with i, instead of .

Finally, we still have to modify B, to a divergence-free field. By Lemma 4.3,
IPBs — Bell 23.x3) — 0, which implies that E¢(ii¢, Bs) — E¢(iie, PBs) — 0 by
the Lipschitz properties (2.8d) and (2.8e) of f or f;, on Q and the continuity ( fe,;:1)
on its complement. We conclude that

Ee(iie, PBe) —> Epom(u, B) and
e—0

S % . 1,2 3 2 3 (4.55)
(g, PBE)gjo(u’ B) weakly in W7 (2; R7) x Lg;, (©2; R?).
The pair (i, PBS) thus gives the asserted recovery sequence. O

A Appendix: The Energy Functional in the Large-Strain Case and
Alternative Models

The energy functional (2.4) results from the linearization of the actual energy in a
regime of small displacement, small strain, and magnetic field. However, the general
magnetoelastic background dictating its properties is better understood in the original,
nonlinear regime, which is why we will discuss this here briefly. Even for what is
discussed in this appendix, additional assumptions on the elastic part of the energy
would be needed to guarantee sufficient invertibility of deformation map and control on
the inverse 1/J of its Jacobian determinant J to justify the formal change of variables
we use to switch between Lagrangian and Eulerian formulations. For simplicity, in
this section we discuss the case of a homogeneous body, which is easily extended to
an inhomogeneous setting later.

There are several equivalent formulation for the equilibrium of a magnetoelas-
tic body. These formulations differ for the choice of the independent variable that
describes the magnetization state: the magnetization, the magnetic field, and the mag-
netic induction. In the present paper, we choose the variational formulation based
on the magnetic induction. As discussed in Bustamante et al. (2008), the equilib-
rium configuration of a magnetoelastic body is obtained by minimizing the following
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functional:

1 1
E(y, B) = / ®(F,B)+ —J 'FB-FB— —F T (hyo0y)-Bdx
Q 20 20 A1)

1 1
+ /Rm Z—MOJa—lFaB -F,B — 2—M0FJ(19al o ya) - Bdx,

In the above functional, ® : R3*3 x R?> — R (material energy density), b, €
L2(R3; R3) (applied field) and po > 0O (magnetic permeability constant of vacuum)
are given, y : 2 — R is the deformation

F=Vy and J=detF =detVy (A2)

are the deformation gradient and the associated Jacobian determinant, and B is the
Lagrangian magnetic induction. The function y, is a suitable extension of y from
to R3; given a boundary condition y = yp on dQ with fixed, globally invertible yp,
we can choose y, = yp independently of y. Minimization is carried out over the
admissible set

Y ={(y,B)eY x L>(R*R% : y = yp on 88, div B = 0}, (A.3)

where Y = WP (Q; R?) is a suitable Sobolev space.

Remark A.1 The differential constraint on B could be removed by expressing B as
B = curl A. Then div B = 0 automatically, and given any divergence-free B € L2,
a suitable vector potential A € L? always exists. Replacing B with curl A, the set of
admissible states becomes

T ={(y,A) €Y x L2R* R :y = yp on 3Q}. (A.4)

However, using % as defined introduces a high degree of non-uniqueness in the func-
tional, since B does not uniquely determine A. This could be remedied by again adding
a differential constraint, the gauge condition div A = 0.

Unlike in the small-strain regime considered before, the difference between
deformed and reference configuration is now relevant for the magnetic induction (the
error the difference introduces is of higher order, though, when formally passing to a
linearized model).

The actual, or Eulerian, magnetic induction is given by

b= 'FB)oy! (A.5)

@ Springer



4 Page34o0f43 Journal of Nonlinear Science (2026) 36:4

where y = y in Q and y = y, in R? \ Q. The Eulerian applied magnetic field b,,
whose associated energy is by definition

1 1
S ba-bdxz——/ J(bao¥y) - (JT'FB)dx
Mo JRr3 Ho JRr3

1 1
=——/ (baoy).Fdez——f FT(by07)- Bdx.
no Jr3 mo Jr3
In this model,
M = —3g®(F, B), (A.6)

is the Lagrangian magnetization. Its correspondent Eulerian quantity is
m=FTM.

It follows that the energy ® must be independent on B for a non-magnetic material.
The Lagrangian and Eulerian magnetic fields are then defined as

(. b -T —1
H=—F FB-M, h=——-m=(F H)oy . (A7)
wnoJ Ko

We remark that with these definition of B and H in terms of y, b and &, curl H = 0
if and only if curlh = 0, and similarly, div B = 0 if and only if divb = 0 as a
consequence of (A.5) (assuming that y is smoothly invertible).

The corresponding Eulerian formulation formally can be obtained by changing
variables § = y(x), which yields the functional Eg(y, b) = E(y, B) with

EE(y,b>=/ <I><Foy*1,b>+i(b—ha)~bds+/ L o-bo-var  (AS)
@) 2o R3\y(@) 210

and the admissible set
Y ={(y,b) € Y x LXR* R* : y = yp on 382, divb = 0}. (A.9)

Remark A.2 A maybe more classical formulation of magnetostatics uses the Eulerian
fields m and & instead of b; in that case b is implicitly tracked as b := po(m + h) with
the magnetic permeability ;o > O of vacuum. This formulation is based on an energy
functional of the form

Eg(y,m,h) =f

é(Foy—l,m>ds+/ @|h|2ds—f m - by d&,
¥(Q) R} 2 ¥(Q)

subject to the constraints'

div(h + xy@ym) =0, curlh = 0, (A.10)

1 xs denotes the characteristic function of a set S: xg(x) = 1 if x € S, and xg(x) = 0 otherwise.
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i.e., the magnetostatic Maxwell equations with the magnetization m effectively only
present on the body occupying y(€2). Notice that (A.10) implies that i = V¢ with the
unique solution ¢ of Ag = —div x,(g)m on IR3. Hence, / is actually fully determined
as a (nonlocal) function of m.

The link between E g and Ef is not entirely trivial, for details see (Bustamante
et al. 2008). In particular, it is not true that E e(y,m, h) = Eg(b) for arbitrary b =
no(h + m). In fact, starting from E E, we can only obtain Ef in the form given
in (A.8) (up to a constant) with ® independent of b, if the externally applied field
satisfies divb, = 0 (a natural requirement, though), and then, the state b of Eg
satisfies b = b, + po(h + m) at any critical points of E g or Eg. Here, h it is the
net magnetic field, to which the applied field tb“ has to be added to obtain the

full physical field & = %bu + h, which is not curl-free everywhere. Moreover, the
pointwise transformation between b and (m, h) is given by

Lom) + pom + KO XR3\ y()/t

b+ xy@ba = iCi>(F oy~
om
(which also entails (A.6)). It, too, can only be expected to hold at critical points: among
other things, at other points it in general does not even respect the constraint divb = 0
imposed in Eg. Given a density ® in Eg which is convex in m, the transformation
allows us to compute the associated density in Eg as

- - A = * - -
®(F.b) = —(cb(F, )+ % : |2) (6), beR® FeR™, (A11)
Here, (-)* denotes the Legendre-Fenchel conjugate, i.e., for any function R3 5 m

g(m) € R, g*(l;) = SUP;;cR3 b-m— g(m), b e R3. Conversely, given a ® in Eg
which is concave in b, the magnetization at equilibrium can be recovered as

3
= — 2 o(F.b A12
m b (F.,b) ( )

and we can compute ® as
S(F, i) = (— (F, )" () — %m‘u{ meR3, FeR. (A.13)

Remark A.3 Since H = MLJF TFB + dp®(F, B), if we introduce the potential

1
W(F,B) = ®(F, B) + 2—1—1FB - FB, (A.14)
Mo

then we have
H =0V (F, B). (A.15)

Based on this observation, it would be possible to formulate a dual problem using H
instead of B as the state variable, by introducing the Fenchel conjugate W*(F, H) :=
(W (F,-))*(H) of W in its second variable.
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However, the stationary solution of the resulting functional would be a saddle point
and not a minimum, which is not suited for the application of I"-convergence.

Remark A.4 Although different types of magnetostrictive materials may be described
by the same mathematical framework, magnetoelastic effects in these tyepes of mate-
rials are profoundly different. In the case of magnetocrystalline solids, such as those
described in DeSimone and James (1997, 2002), magnetoelasticity is a consequence
of microscopic strain induced by changes in the magnetization state. For this material
class, non-convexity of the energy with respect to the magnetization is a characteris-
tic feature, which makes a magnetization-based model more appropriate. Conversely,
in magnetorheological elastomers, such as those described in Dorfmann and Ogden
(2003); Kankanala and Triantafyllidis (2004), magnetoelasticity arises primarily from
long-range magnetic interactions between inclusions within a soft matrix. Although
the underlying physics is inherently nonlocal, a formulation based on the magnetic
induction is often preferred because the magnetic energy can be taken as convex, which
allows for a local energy formulation where the non-locality is handled through the
constraint div B = 0. In the latter case, magnetoelastic coupling tends to vanish upon
linearization if the reference state is characterized by a zero magnetic field. To make
this point clear, consider the following toy model

1 |FB)? 1 |F)?B?
D(y, B):/ WR(F)dx—l-/ (W,(F)Jr— )dx+/ — dx. (A.16)
Qg Q 2u J R3?\Q; 2n0  J

where Wg(F) is the strain energy for the soft matrix (e.g., rubber), occupying the
region Qg and W;(F) enforces the rigidity of the inclusion, which occupy g, with
W(F)=0if F € SO(3) and W (F) = 400 otherwise. Here ;t > 1 is the magnetic
permeability of the magnetic inclusions, which can be assumed for simplicity to be
paramagnetic. Assuming that (y, B) = (id, By) is a critical point, we can formally
introduce the perturbation

y=id+é—u, F=I1I+4+8G and B = By+ 6B
with a small § > 0. In the case when By = 0, we see that the formal quadratic

expansion is of the energy is

2
®(y, B) = P(id, 0) + %Dzé(id, 0)[u, B]+ 0(8%),

where

5 D2@Gd. 0)lu, B1] =/

1 1
(CRG:de-i—/ —|Bl|2dx+f —|Bl|2dx-
Qr R

Q; M1 3\Q; MO

subject to the rigidity constraint sym G = 0 in ;. Here Cp = %V% Wr(I) is the
elastic modulus tensor of the rubber (the elastic part in 27 is rigid by the constraint).
Thus, there are no leading order magnetoelastic cross-terms when the reference state
has zero field (By = 0) and is stress-free, so the linearized model is decoupled.
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Magnetoelastic coupling appears only at higher order, which is consistent with symme-
try considerations and standard magnetostriction theory. Coupled phenomenological
models like in the Examples 3.2 and 3.3 can still be obtained formally if only the
elastic part is linearized while the magnetic part is kept nonlinear, but this is hard to
justify rigorously.

Alternatively, one could try to linearize at a reference state with a non-zero magneti-
zation (By # 0), but this would imply that the reference state is necessarily elastically
stressed. This makes the linearization problematic, as the choice of a physically mean-
ingful reference state becomes unclear and, more importantly, deriving linear elasticity
from nonlinear elasticity with initial stress is further complicated by the presence of
rigid inclusions, cf. Remark 2.4.

B Appendix: Some Properties of the Legendre-Fenchel Conjugate

In general, we are not able to compute Legendre-Fenchel transforms explicitly, but they
naturally appear in when we make passage from a model in the magnetic state (i, h)
to one only depending on b, see in particular Example 3.3. The relevant Legendre-
Fenchel transform is carried out in m or b, while the deformation y acts as a fixed
parameter. Lacking an explicit expression, it is helpful to at least understand how
growth, coercivity and regularity properties are transferred, to be sure that our homog-
enization results still apply. While it is possible that the result below is known, we
were not able to find anything treating the dependence on parameters to the extent we
need here.

LemmaB.1 (Global Lipschitz properties of the Fenchel transform in presence of
parameters) Let ® : RF x R — R, (G, M) — O(G, M), a locally Lipschitz
continuous (and thus a.e. differentiable) function, and consider the Fenchel transform
of ® in M with parameter G, i.e.,

©*(G, B) := sup (B-M — ©(G, M)), BeR
MeRd

(i) Suppose that
c(IGP+IM») —C <0G, M) < C(IGI* + M7 +1) (B.1)
with constants p > 2 and C, ¢ > 0 independent of (G, M). Then
ci1|B|” = C|G> = C < ©*(G, B) < C1|B|* — ¢c|G|* + C, (B.2)

where C1, c1 > 0 are constants only depending on c, C and p, and % + % =1
Moreover, for all G, ©* is locally Lipschitz in B and

|IDp®*(G, B)| < L*(IG| + |B| + 1) (B.3)

with a constant L* > 0 independent of G and B.
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(ii) Suppose that for a.e. (G, M) € RF x R4,

|IDGO(G, M)| < L(|G|+ |M|?1+1), and (B.4)
IDuO(G, M)| = c|M|P~' — C(IG| + |GIIM|*~" + 1), (B.5)

with constants p > 2,1 <q < p — land L1, c, C > 0 independent of (G, M).
Then for all B, ®* is locally Lipschitz in G and

IDGO*(G. B)| < L*(IG|77 +|B| + 1) (B.6)

with a constant L* > 0 independent of G and B.

Remark B.2 The prototype example for ® in Lemma B.1 is the nonconvex function
O(G, M) = [M|” — |M|"|G| + |G|*.

Of course, in higher dimension k, d > 1 more complicated expressions with the same
homogeneity properties are also admissible, in particular the function ® (G, M) :=
\fJG (M) of Example 3.3 with g = %. The case g = % is special because this is the
biggest possible value of g for which our example is still compatible with assumption
(B.1) in (i), and in (ii), we then have that ﬁ = 11in (B.6).

Proof of Lemma B.1 Recall that locally Lipschitz continuous functions are a.e. differ-
entiable, and any locally uniform bound on their derivatives (where they exist) implies
a corresponding Lipschitz property with the same constant. We will only show (B.3)
and (B.6) assuming that D®* exists a.e.; using finite differences instead of derivatives,
essentially the same argument can also be used to prove that ®* is locally Lipschitz to
justify the use of derivatives. For general information on Fenchel tranforms and some
of its basic properties used below we refer to Rockafellar (1970).

(i) Growth, coercivity and Lipschitz properties in B. This is essentially well-known.
For each G, we can apply the Fenchel transform in M to all three expressions compared
in the inequality (B.1), which reverses the order of the inequalities and changes the
sign of additive constants (i.e., independent of M) in the terms. Moreover, up to
multiplicative positive constants, (| - |?)* = |- |> and (| - |P)* = | - |”". We thus
immediately get (B.2). For the proof of (B.3), recall that ®*(G, -) is also convex for
every G. In addition, (B.2) implies the quadratic growth condition

|©*(G, B)| < C1|B|* + C|G|*> +C (B.7)

Finally, we recall that any convex function with quadratic growth as in (B.7) auto-
matically satisfies a 2-Lipschitz property. We provide a short proof of this for the
convenience of the reader, also to emphasize that the growth in G here is indeed as
asserted in (B.3). First notice that all tangents of ®* with slope My € d®*(G, By) at
some By must satisfy

®*(G, By) + My - (B — By) < C1|B> + C|G)>+ C forall B e R?,
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since the convexity of ®* would otherwise immediately contradict (B.7). In addition,
we have that @*(G, By)+ 0 (G, My) > My- By, and using (B.7) to control ® (G, My),
we further get that

My - B < C1(IB)> + |Bo|*) +2C|G|*> +2C forall B € R,

Choosing B = (|G| + |By| + 1)")‘;’—3', we see that for a suitable constant Cp > 0,

|Mo|(IG| + |Bo| + 1) < Ca(|Bo| + |G| + 1)*. (B.8)

Since My was an arbitrary element of ®*(G, Byg) and ©*(G, -) is convex, we in
particular have that My = Dp®*(G, Bp) whenever the derivative exists. With this,
(B.8) implies (B.3) with L* = C,.

(ii) The Lipschitz property (B.6) of ©* in the parameter G. Our strategy for the
proof of (B.6) is as follows: We first show that for every (G, B), we can find a bounded
set K = K (G, B) of suitably controlled size such that

®*(G,B)= sup (B-M—0O(G,M)). (B.9)
MeK(G,B)

If we know that K (G, B) C K = I%(Go, B) for all G in a small neighborhood of a
point Go € R, this also allows us to estimate difference quotients of ®*(G, B): For
any G| with |G| — Gg| < 1, by the definition of ®* as a supremum (which is always
a maximum in compact sets by continuity of ®): We can choose M| € K(Go, B)
optimal at G so that ®*(G1, B) = B - M1 — ©(G1, M) while ®*(Gy, B) > B -
M; — ®(Go, M1). Hence,

©*(G1, B) — ®*(Go, B) < B- M| — ©(Gy, My)
— B - M|+ 0(Gy, My)
= 0(Go, M) — O(Gy1, My).

An analogous choice of My € K(Gy, B) optimal for ®* at G yields

©*(G1, B) — ©*(Go, B) = B- My — ©(G1, My)
— B - My+ ©O(Go, Mp)
= 0(Gy, Mp) — ©(G1, My).

Combined, this immediately implies the estimate

|IDG®*(Go, B)l < sup  |DgO(Go, M), (B.10)
MeK(Go,B)

which will yield (B.6) using available bounds for M € K (Go, B) implicit in the set.
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Due to (B.5), we have that

K(G,B):={M eR? | c|M|P™" - CI|G| - C|G|IM|""" — C < |B|}
> {M eR! | |DyOG, M)| < |BI}.

Therefore, K (G, B) is dense in {M € R? | 3S € 9y0®(G, M) : |S| < |B|}, with
mO(G, M) Cc RY denoting the convex subdifferential in the variable M, and we
indeed obtain (B.9), because the supremum in the definition of ®* is obtained exactly
at a point M with B € 0y ®(G, M). Let

K(Go, B): = {M e RY | c1[M|P~" — |Go| — |Gol M7~ < |B| + 1}
5| J{K(G.B): G eRY, |G -Gyl < 1}

for a suitable constant 0 < ¢; = ¢1(p, g, ¢, C) < 1 sufficiently small. This choice of
¢ is indeed always possible, for instance one can take ¢; < C? small enough such
that (& — /er)|M [P~ — |M|77 + % — 1 > 0 for all M, exploiting that p > ¢.
This choice implies the set inclusion claimed above: for each G with |G — Gy < 1
and all M € K(G, B),

alMP~t —1Gol = [GolIM |19~ < ¢ MIP~ — |G+ 1 - (1G] + DM~
c 1 1
< ZMP - — (G +IGIMITYy — M7+ — — 1
= Ve (gIm) Z5 G+ IGIMIh — M~ + — )

c _ _ _ 1 cq
= Var(gIMP=! =161+ (GIIM T~y ]+\/—CT)S§\BI+1SIB\+L

Our concrete choice of K (Go, B) thus gives us (B.10), where we now have to
estimate the right-hand side using (B.4). We distinguish three cases. If |M| < 1, since
q > 1, we trivially have that

|IDGO(Go, M)| < L(IM|? + |Gol + 1) < L1(IM] + |Gol + 1). (B.11)
If G M|P~" > |Gol|M|7~" and [M] > 1,
Cl q Cl =1 A
EIMI §E|M| < |B|+|Go|+1 forall M € K(Gy, B).

Hence, (B.4) implies that

2 2
ID6O(Go. M| < LUMI' +1Gol + 1) = Li=|B| + L(= +1)(1Go| + ).
1 1
(B.12)
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Finally, if $-|M|P~! < |Go||M|P~! and thus |[M|P~7 < %|Go|,weobservethat(B.4)
gives

q

2 =
IDGO(Go. M| = LAMI® + [Gol +1) = L(Z1Gol )™ + Li(1Gol + D).
(B.13)

Combining (B.11)—(B.13) to cover all cases, we see that for all M € K (Go, Bp),

. 2L 0
IDGO(Go, M)| < L*(|Bol+|Gol 77 +1) with L* := L max {1, (—) . (—+1)}
C1l C1l

concluding the proof of (B.6). O

Acknowledgements The research of SK and MK was supported by the GA CR grant 23-04766 S. Part of
this work was carried out during a research visit of SK at the University of Rome 3 supported by INdAAM-
GNFM. GT acknowledges support from the Italian Ministry of University and Research through project
PRIN 2022NNTZNM DISCOVER, and the “Departments of Excellence” initiative. The hardware used for
typesetting part of the documents was acquired through support from the Rome Technopole Foundation.
Support from INdAM-GNFM is also acknowledged.

Author Contributions All authors contributed equally in the preparation of the manuscript, throughout the
whole text.

Funding Open access publishing supported by the institutions participating in the CzechELib Transforma-
tive Agreement.

Data Availability No datasets were generated or analyzed during the current study.

Declarations

Conflict of interest The authors declare no Conflict of interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Allaire, G.: Homogenization and two-scale convergence. SIAM J. Math. Anal. 23(6), 1482-1518 (1992)

Almi, S., Kruzik, M., Molchanova, A.: Linearization in magnetoelasticity. Prepint arXiv 2401, 09586 (2024)

Apicella, V., et al.: Review of modeling and control of magnetostrictive actuators. Actuators 8(2), 45 (2019)

Bakhvalov, N.S., Panasenko, G.: Homogenisation: averaging processes in periodic media: mathematical
problems in the mechanics of composite materials. Springer, Berlin (2012)

Behera, A.: Magnetostrictive materials. In Advanced Materials: An Introduction to Modern Materials
Science, pages 101-125. Springer, (2022)

@ Springer


http://creativecommons.org/licenses/by/4.0/

4 Page42of43 Journal of Nonlinear Science (2026) 36:4

Borcea, L., Bruno, O.: On the magneto-elastic properties of elastomer—ferromagnet composites. J. Mech.
Phys. Solids 49(12), 2877-2919 (2001)

Braides, A., Garroni, A.: Homogenization of periodic nonlinear media with stiff and soft inclusions. Math.
Models Methods Appl. Sci. 5(4), 543-564 (1995)

Bresciani, M., Davoli, E., KruZik, M.: Existence results in large-strain magnetoelasticity. Ann. Inst. H.
Poincaré C Anal. Non Linéaire, 40(3):557-592, (2023)

Bresciani, M., Kruzik, M.: A reduced model for plates arising as low-energy I'-limit in nonlinear magne-
toelasticity. SIAM J. Math. Anal. 55(4), 3108-3168 (2023)

Brown, W.: Micromagnetics. Krieger Publishing Co., New York (1963)

Brown, W.: Magnetoelastic Interactions. Springer Tracts in Natural Philosophy. Springer, Berlin (1966)

Bustamante, R.: Transversely isotropic nonlinear magneto-active elastomers. Acta Mech. 210(3—4), 183—
214 (2010)

Bustamante, R., Dorfmann, A., Ogden, R.W.: On variational formulations in nonlinear magnetoelastostatics.
Math. Mech. Solids 13(8), 725-745 (2008)

Calkins, F.T., Flatau, A.B., Dapino, M.J.: Overview of magnetostrictive sensor technology. J. Intell. Mater.
Syst. Struct. 18(10), 1057-1066 (2007)

Cherdantsev, M., Cherednichenko, K.: Two-scale y-convergence of integral functionals and its application
to homogenisation of nonlinear high-contrast periodic composites. Arch. Ration. Mech. Anal. 204(2),
445-478 (2012)

Cherdantsev, M., Cherednichenko, K., Neukamm, S.: High contrast homogenisation in nonlinear elasticity
under small loads. Asymptot. Anal. 104(1-2), 67-102 (2017)

Ciarlet, P.G.: On Korn’s inequality. Chinese Ann. Math., Ser B 31, 607-618 (2010)

Cioranescu, D., Damlamian, A., De Arcangelis, R.: Homogenization of quasiconvex integrals via the peri-
odic unfolding method. SIAM J. Math. Anal. 37(5), 1435-1453 (2006)

Cioranescu, D., Damlamian, A., Griso, G.: The periodic unfolding method, volume 3 of Series in Con-
temporary Mathematics. Springer, Singapore, (2018). Theory and applications to partial differential
problems

Cioranescu, D., Donato, P.: An Introduction to Homogenization. Oxford University Press (1999)

Dal Maso, G.: An Introduction to I"-Convergence. Springer, Berlin (2012)

Danas, K.: Effective response of classical, auxetic and chiral magnetoelastic materials by use of a new
variational principle. J. Mech. Phys. Solids 105, 25-53 (2017)

Davoli, E., Kruzik, M., Pagliari, V.: Homogenization of high-contrast composites under differential con-
straints. Adv. Calc. Var., (2022)

Deng, Z., Dapino, M.J.: Review of magnetostrictive vibration energy harvesters. Smart Mat. Struct. 26(10),
103001 (2017)

DeSimone, A., James, R.: A constrained theory of magnetoelasticity. J. Mech. Phys. Solids 50(2), 283-320
(2002)

DeSimone, A., James, R.D.: A theory of magnetostriction oriented towards applications. J. Appl. Phys.
81(8), 5706-5708 (1997)

Dorfmann, A.: Nonlinear magnetoelastic deformations. Q. J. Mech. Appl. Math. 57(4), 599-622 (2004)

Dorfmann, A., Brigadnov, I.: Constitutive modelling of magneto-sensitive Cauchy-elastic solids. Comput.
Mater. Sci. 29(3), 270-282 (2004)

Dorfmann, A., Ogden, R.: Magnetoelastic modelling of elastomers. Eur. J. Mech. A/Solids 22(4), 497-507
(2003)

Dorfmann, L., Ogden, R.W.: Nonlinear Theory of Electroelastic and Magnetoelastic Interactions. Springer,
New York (2014)

du Trémolet, E., de Lacheisserie, D., Gignoux, and M. Schlenker.: Magnetostrictive materials. In: du Tré-
molet, E., de Lacheisserie, D., Gignoux, and M. Schlenker, (eds.) Magnetism. Springer: Boston (2002)

Ericksen, J.: Magnetizable and polarizable elastic materials. Math. Mech. Solids 13(1), 38-54 (2007)

Fonseca, L., Miiller, S.: .A-quasiconvexity, lower semicontinuity, and Young measures. SIAM J. Math. Anal.
30(6), 1355-1390 (1999)

Fotso Tachago, J., Gargiulo, G., Nnang, H., Zappale, E.: Homogenization of non-convex integral energies
with Orlicz growth via periodic unfolding. J. Math. Anal. Appl. 552(1), 22 (2025)

Furer, J., Ponte Castafieda, P.: Homogenization, macroscopic instabilities and domain formation in magne-
toactive composites: Theory and applications. J. Mech. Phys. Solids 169, 105081 (2022)

@ Springer



Journal of Nonlinear Science (2026) 36:4 Page 43 of 43 4

Ginder, J., Nichols, M., Elie, L., Tardiff, J.: Magnetorheological elastomers: Properties and applications. In:
Wauttig, M. (ed.) Smart Structures and Materials 1999: Smart Materials Technologies. SPIE, Belling-
ham, WA (1999)

James, R., Kinderlehrer, D.: Theory of magnetostriction with applications to Tby Dy _, Fe;. Philosophical
Magazine B 68(2), 237-274 (1993)

Jolly, M., Carlson, J., Muoz, B.: A model of the behaviour of magnetorheological materials. Smart Mat.
Struct. 5(5), 607-614 (1996)

Joule, J.: Xvii. on the effects of magnetism upon the dimensions of iron and steel bars. Lond. Edinb. Dubl.
Phil. Mag. J. Sci. 30(199), 76-87 (1847)

Kankanala, S., Triantafyllidis, N.: On finitely strained magnetorheological elastomers. J. Mech. Phys. Solids
52(12), 2869-2908 (2004)

Kinderlehrer, D.: Magnetoelastic interactions. In: Serapioni, R., Tomarelli, F. (eds.) Variational Methods
for Discontinuous Structures. Progress in Nonlinear Differential Equations and Their Applications,
vol. 25, pp. 177-189. Birkhéduser Basel, Basel (1996)

Kovetz, A.: Electromagnetic Theory. Oxford Science Publications. Oxford University Press, Oxford (2000)

Kromer, S.: On compactness of minimizing sequences subject to a linear differential constraint. Z. Anal.
Anwend. 30(3), 269-303 (2011)

Miiller, S.: Homogenization of nonconvex integral functionals and cellular elastic materials. Arch. Rational
Mech. Anal. 99(3), 189-212 (1987)

Pisante, G.: Homogenization of micromagnetics large bodies. ESAIM Control Optim. Calc. Var. 10(2),
295-314 (2004)

Ponte Castafieda, P., Galipeau, E.: Homogenization-based constitutive models for magnetorheological elas-
tomers at finite strain. J. Mech. Phys. Solids 59(2), 194-215 (2011)

Rigbi, Z., Jilkén, L.: The response of an elastomer filled with soft ferrite to mechanical and magnetic
influences. J. Magnetism Mag. Mat. 37(3), 267-276 (1983)

Rockafellar, R.T.: Convex analysis, volume No 28 of Princeton Mathematical Series. Princeton, Princeton
University Press (1970)

Rossi, A., Orsini, F.,, Scorza, A., Botta, F., Belfiore, N.P., Sciuto, S.A.: A review on parametric dynamic
models of magnetorheological dampers and their characterization methods. Actuators 7(2), 16 (2018)

Sharma, B.L., Saxena, P.: Variational principles of nonlinear magnetoelastostatics and their correspon-
dences. Math. Mech. Solids 26(10), 1424-1454 (2021)

Spieler, C., Kistner, M., Goldmann, J., Brummund, J., Ulbricht, V.: XFEM modeling and homogenization
of magnetoactive composites. Acta Mech. 224(11), 2453-2469 (2013)

Steigmann, D.J.: On the formulation of balance laws for electromagnetic continua. Math. Mech. Solids
14(4), 390-402 (2007)

Silhavy, M.: A variational approach to nonlinear electro-magneto-elasticity: Convexity conditions and
existence theorems. Math. Mech. Solids 23(6), 907-928 (2018)

Silhavy, M.: Isotropic polyconvex electromagnetoelastic bodies. Math. Mech. Solids 24(3), 738-747 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Homogenization of Magnetoelastic Materials with Rigid Magnetic Inclusions at Small Strains
	Abstract
	1 Introduction
	2 Problem Formulation and Main Result
	2.1 Definitions
	2.2 Main Result

	3 Examples
	4 Proof of the Convergence Result
	4.1 A Few Preliminaries
	4.2 Homogenization via Gamma-convergence

	A Appendix: The Energy Functional in the Large-Strain Case and Alternative Models 
	B Appendix: Some Properties of the Legendre-Fenchel Conjugate
	Acknowledgements
	References



