
Set-Valued and Variational Analysis           (2025) 33:46 
https://doi.org/10.1007/s11228-025-00782-2

R E S E A R C H A R T I C L E

On Semismooth∗ Path-Following Method for Parametric
Inclusions

Tomáš Roubal1 · Jan Valdman1,2

Received: 5 November 2024 / Accepted: 22 November 2025
© The Author(s) 2025

Abstract
This paper investigates a path-following method inspired by the semismooth∗ approach for
solving algebraic inclusions, with a primary emphasis on the role of strong subregularity
and its crucial role in ensuring the robustness and stability of the path-following method, as
it provides a framework to uniformly control the distance between the input and the solution
set across a continuous path. We explore the problem of finding a mapping x : [0, T ] −→ ℝ

n

that satisfies 0 ∈ F(t, x(t)) for each t ∈ [0, T ], where F is a set-valued mapping from ℝ×ℝ
n

to ℝ
n. We consider an approach based on mappings exhibiting uniform semismooth∗ prop-

erties along continuous trajectories, thereby maintaining a uniform grid error throughout the
interval. Error estimates demonstrate an o(h) grid error with respect to the discretization
parameter under natural regularity assumptions. Numerical experiments applied to electric
circuit and elastoplastic models confirm the efficiency and robustness of the method.

Keywords Strong metric subregularity · Uniform semismoothness∗ · Path-following
method · Generalized equation · Superlinear convergence

Mathematics Subject Classification 65K10 · 65K15 · 90C33

1 Introduction

In 2021, H. Gfrerer and J. Outrata introduced the semismooth∗ method in [10], inspired by
the Newton method, for solving problems of finding x ∈ℝ

n such that

0 ∈ F(x), (1)
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where F is a set-valued mapping between ℝ
n and ℝ

n with a closed graph. This method rep-
resents an innovation as it is based on the linearization of the set-valued mapping in inclu-
sion (1), or both the single-valued and set-valued parts in the case of generalized equations
(GEs) using limiting coderivative. This contrasts with the Newton-Josephy method [17],
where only the single-valued part is linearized in GEs. The semismooth∗ method builds on
the concept of semismoothness∗, which ensures local superlinear convergence under appro-
priate regularity conditions. It generalizes the traditional Newton method by incorporating
the set-valued nature of the problem, allowing it to handle more complex scenarios [11–14]
typically encountered in optimization and equilibrium models.

The algorithm of the semismooth∗ method has the following form:

Algorithm 1.1 1. Choose a starting point x0; set the iteration counter k := 0.
2. If 0 ∈ F(xk), stop the algorithm.
3. Approximation step: Compute (x̂k, ŷk) ∈ gph F close to (xk,0) such that 𝒜reg F(x̂k,

ŷk) ≠ ∅.
4. Newton step: Select (A,B) ∈ 𝒜reg F(x̂k, ŷk) and compute the new iterate xk+1 = x̂k −

A−1Bŷk .
5. Set k := k + 1 and go to 2.

Let us note that the iterates (xk) converge superlinearly to the exact solution x̄ of (1), which
means that

lim
k→∞

∥xk+1 − x̄∥
∥xk − x̄∥ = 0. (2)

A. Dontchev, M. Krastanov, R. Rockafellar, and V. Veliov studied in [9] parametric gen-
eralized equations (GEs) in the form

0 ∈ f (t, x(t)) + NK(x(t)) for each t ∈ [0, T ], (3)

where T > 0, f is a single-valued mapping between ℝ×ℝ
n and ℝ

m, K is a closed convex
subset of ℝn, and NK is the normal cone mapping to the set K . They introduced the two-step
iterative path-following method for (3) in the form{︄

0 ∈ f (tk, xk) + h∇t f (tk, xk) + ∇xf (tk, xk)(uk+1 − xk) + NK(uk+1),

0 ∈ f (tk+1, uk+1) + ∇xf (tk+1, uk+1)(xk+1 − uk+1) + NK(xk+1),

generating iterates (uk, xk)
N
k=1 for the initial condition x0 = x(0) and uk is an auxiliary vari-

able. Here, xk approximates the exact solution x(tk) in the discrete time

tk := kh for k = 0,1, . . . ,N, (4)

where N denotes the maximal number of iterations and h := T/N is the corresponding dis-
cretization step. This method is designed to track the solution trajectories of (3) effectively.
It is particularly useful for solving problems where the solution mapping is set-valued and
the system exhibits strong regularity. The method is a combination of Euler prediction and
Newton correction steps, providing high accuracy 𝒪(h4) in tracking solution trajectories
over the interval. The method was extended by R. Cibulka and the first author in [5], for
general set-valued mappings F instead of NK in (3) and under a weaker regularity assump-
tion. Finally, the path-following method was extended for the problem called Differential
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generalized equation in [6] and [7] as a combination of the Euler method and one step of the
path-following method.

In this paper, we introduce a one-step path-following method based on the semismooth∗

approach for solving the parametric inclusion

0 ∈ F(t, x(t)) for each t ∈ [0, T ], (5)

where F : ℝ × ℝ
n ⇉ ℝ

n is a set-valued mapping. Our approach exploits the uniform
semismooth∗ property of F , which guarantees that the error incurred over a uniform grid
remains controlled throughout the interval. Applying a simple one-step update at each time
point (4), the method utilizes a linearization derived from the limiting coderivatives of F

to correct the current approximation. This mechanism not only streamlines the update pro-
cess compared to multi-step schemes but also yields superlinear convergence under standard
regularity conditions, such as strong metric subregularity.

We establish that the grid error is o(h) as h → 0. The theoretical analysis is supported
by rigorous error estimates that demonstrate a uniform bound on the approximation error
over the entire interval. Moreover, numerical experiments on applications from electric cir-
cuits and elasticity models have confirmed both the theoretical predictions and the robust
practical performance of the method. These experiments illustrate that, despite the inherent
nonlinearity and set-valued complexity, the semismooth∗ path-following method reliably
tracks the solution trajectory, making it a promising tool for solving complex generalized
equations in practical scenarios.

The paper is organized as follows. Section 2 provides a comprehensive background in
variational analysis, covering the essential concepts required for understanding the subse-
quent sections.

Section 3 introduces the uniform properties for sets and mappings in the spirit of the
semismooth∗ property, characterizing them in terms of standard (regular and limiting)
coderivatives, and thoroughly investigates their relationship to semismooth∗ sets from previ-
ous studies. Roughly speaking, by the word “uniform” we mean that the constants as well as
the size of the neighbourhoods, appearing in the corresponding definitions, remain the same
for a certain set of mappings and/or points. This section also presents some basic classes
of the properties, providing a foundation for the main results collected in the following sec-
tions.

Section 4 introduces the path-following method for the problem (5) under uniform
semismooth∗ assumptions. The sufficient conditions for a grid error of order o(h) are ob-
tained. This section details the algorithmic steps and the theoretical foundation for ensuring
accuracy and convergence of the method.

In Sect. 5, we present the theoretical framework that underpins the application of the
path-following method. We establish sufficient conditions under which the method can be
reliably applied to a broad class of parametric inclusion problems. In particular, we derive
conditions for strong metric subregularity and outline an approach for computing the ap-
proximation step within the path-following method.

In Sect. 6, we implement the path-following method on the electric circuit and elas-
ticity problems. We provide a numerical analysis of the performance of the algorithm,
demonstrating how the method accurately tracks solution trajectories. Our implementation is
available from the MATLAB Central Server at https://www.mathworks.com/matlabcentral/
fileexchange/174255.

https://www.mathworks.com/matlabcentral/fileexchange/174255
https://www.mathworks.com/matlabcentral/fileexchange/174255
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2 Preliminaries

The n-dimensional Euclidean space is denoted by ℝ
n. The closed ball and open ball of

radius δ centered at a point x ∈ℝ
n are defined respectively as

IBℝn [x, δ] := {u ∈ℝ
n : ∥x − u∥ ≤ δ} and IBℝn (x, δ) = {u ∈ ℝ

n : ∥x − u∥ < δ}.
The unit sphere and the closed unit ball in ℝ

n, both centered at the origin, are denoted by
𝕊ℝn and IBℝn , respectively.

The distance from a point x ∈ℝ
n to a set A is denoted by dist(x,A) and is defined as the

shortest distance between x and any point in A, expressed as dist(x,A) = infu∈A ∥u − x∥.
When A = ∅, then dist(x,A) = ∞.

The graph of a set-valued mapping F , represented as gph F ⊂ ℝ
n × ℝ

m, comprises all
pairs (x, y) such that y ∈ F(x). Additionally, the domain of F , denoted by dom F , includes
all points x for which the set F(x) is nonempty, indicating the extent of the definition of
F . The inverse F−1 of a set-valued mapping F is defined by gph F−1 := {(y, x) : (x, y) ∈
gph F }.

The norm of x ∈ ℝ
n is referred to as the Euclidean norm. The norm in the Cartesian

product of Euclidean spaces is defined by ∥(x, y)∥ := max{∥x∥,∥y∥} for (x, y) ∈ℝ
n ×ℝ

m.
The Euclidean product in ℝ

n is denoted by ⟨·, ·⟩.
Matrices are represented by bold uppercase letters such as A and B . By e1, e2, . . . , en we

denote elements of the canonical basis of ℝn.
For any matrix A ∈ ℝ

m×n, we write ai for its i-th column, and ai for the i-th row of A

written as a column vector. Moreover, (A)ij denotes the entry of A in the i-th row and the
j -th column (i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}). The same convention is used for B,B1,B2, C,
and J .

The identity matrix of size n × n is represented by In.
We denote the Jacobian of a mapping f : ℝn −→ ℝ

n by ∇f (x). The partial Jacobian
with respect to x for a mapping f :ℝ×ℝ

n −→ ℝ
n is denoted by ∇xf (t, x).

Further, we utilize the fundamental concepts of modern variational analysis.

Definition 2.1 Let A be a set in ℝ
s and let x̄ ∈ A.

(i) The tangent (contingent, Bouligand) cone to A at x̄ is given by

TA(x̄) := Lim sup
t↓0

A − x̄

t
.

(ii) The set

N̂A(x̄) := (TA(x̄))◦

is the regular (Fréchet) normal cone to A at x̄, and

NA(x̄) := Lim sup

x
A−→x̄

N̂A(x)

is the limiting (Mordukhovich) normal cone to A at x̄.

In this definition, the term “Lim sup” refers to the Painlevé-Kuratowski outer (upper) set
limit and K◦ refers to the dual cone to K .
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In [10], a new equivalent definition of semismoothness of a set at the reference point was
introduced, referred to as semismoothness∗.

Definition 2.2 (Semismoothness∗ of a set) Consider a set A ⊂ ℝ
n and a point x̄ ∈ A. We

say that A is semismooth∗ at x̄ if for each ε > 0 there is δ > 0 such that

| ⟨︁x∗, x − x̄
⟩︁ | ≤ ε∥x∗∥∥x − x̄∥ for each x ∈ IBℝn [x̄, δ] ∩ A and x∗ ∈ NA(x).

The cones listed above allow us to describe the local behaviour of set-valued maps
through various generalized derivatives.

Definition 2.3 Consider a set-valued mapping F :ℝn ⇉ℝ
m and let (x̄, ȳ) ∈ gphF .

(i) The set-valued mapping DF(x̄, ȳ) :ℝn ⇉ℝ
m given by gphDF(x̄, ȳ) = TgphF (x̄, ȳ) is

called the graphical derivative of F at (x̄, ȳ).
(ii) The set-valued mapping D̂∗F(x̄, ȳ) :ℝm ⇉ℝ

n defined by

gph D̂∗F(x̄, ȳ) = {(y∗, x∗) : (x∗,−y∗) ∈ N̂gphF (x̄, ȳ)}
is called the regular (Fréchet) coderivative of F at (x̄, ȳ).

(iii) The set-valued mapping D∗F(x̄, ȳ) :ℝm ⇉ℝ
n defined by

gphD∗F(x̄, ȳ) = {(y∗, x∗) : (x∗,−y∗) ∈ NgphF (x̄, ȳ)}
is called the limiting (Mordukhovich) coderivative of F at (x̄, ȳ).

Semismoothness∗ property for a set-valued mapping at a point comes from semismooth-
ness∗ of its graph at the point.

Definition 2.4 (Semismoothness∗ of a set-valued mapping) Consider a set-valued mapping
F : ℝn ⇉ ℝ

m and a point (x̄, ȳ) ∈ gphF . We say that the mapping F is semismooth∗ at
(x̄, ȳ) if gphF is semismooth∗ at (x̄, ȳ) in the sense of Definition 2.2.

Using the limiting coderivative, we can state an equivalent definition of semismoothness∗
for a set-valued mapping.

Remark 2.1 Semismoothness∗ of the mapping F at (x̄, ȳ) is equivalently characterised via
limiting coderivatives: for each ε > 0 there exists δ > 0 such that

|⟨x∗, x − x̄⟩ − ⟨y∗, y − ȳ⟩| ≤ ε∥(x∗, y∗)∥∥(x, y) − (x̄, ȳ)∥
for all (x, y) ∈ gphF ∩ (IBℝn [x̄, δ] × IBℝm [ȳ, δ]) and (y∗, x∗) ∈ gphD∗F(x, y).

For Algorithm 1.1 solving the problem (1), where F : ℝn ⇉ ℝ
n, we need the following:

points (x, y) ∈ gph F , sets 𝒜reg F(x, y) ⊂ ℝ
n×n × ℝ

n×n and 𝒢η,κ

F,x̄ (x) ⊂ ℝ
n × ℝ

n × ℝ
n×n ×

ℝ
n×n such that

𝒜reg F(x, y) := {︁(A,B) : (bi, ai) ∈ gph D∗F(x, y), i ∈ {1,2, . . . , n} and A−1 exists
}︁

and

𝒢η,κ

F,x̄ (x) :={(x̂, ŷ,A,B) : ∥(x̂ − x̄, ŷ)∥ ≤ η∥x − x̄∥,
(A,B) ∈ 𝒜reg F(x̂, ŷ),∥A−1∥∥(AB)∥F ≤ κ},

where η, κ are positive numbers and x̄ is a (exact) solution of (1).
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Under semismoothness∗ of the mapping F at the solution x̄ of (1) and nonemptiness of
the set 𝒢η,κ

F,x̄ (x) for each x near the solution, semismooth∗ method converges [10].

Theorem 2.1 Assume that F is semismooth∗ at (x̄,0) ∈ gph F and assume that there are
ℓ, κ > 0 such that for every x /∈ F−1(0) sufficiently close to x̄ we have 𝒢ℓ,κ

F,x̄ (x) ≠ ∅. Then
there exists some δ > 0 such that for every starting point x0 ∈ IBℝn (x̄, δ) Algorithm 1.1 either
stops after finitely many iterations at a solution or produces a sequence xk which converges
superlinearly to x̄, provided we choose in every iteration (x̂k, ŷk,A,B) ∈ 𝒢ℓ,κ

F,x̄ (xk).

In modern variational analysis, examining the regularity of set-valued mappings is essen-
tial for interpreting various mathematical models, especially in fields such as optimization,
control theory, and economics. The regularity of these mappings refers to the characteristics
that determine the local behaviour of the mapping around a point in its domain. Here, we
focus solely on properties that are relevant to our research.

Definition 2.5 Let F : ℝn ⇉ ℝ
m be a set-valued mapping and let (x̄, ȳ) ∈ gphF be a given

point. We say that F is:

(i) metrically subregular at (x̄, ȳ) if there exists κ ≥ 0 along with some neighbourhood U

of x̄ such that

dist(x,F−1(ȳ)) ≤ κ dist(ȳ,F (x)) for each x ∈ U. (6)

The infimum over all κ ≥ 0 such that (6) holds for some neighbourhood U is denoted
by subreg F(x̄, ȳ);

(ii) strongly metrically subregular at (x̄, ȳ) if it is metrically subregular at (x̄, ȳ) and there
exists a neighbourhood V of x̄ such that F−1(ȳ) ∩ V = {x̄};

(iii) (strongly) metrically subregular around (x̄, ȳ) ∈ gphF if there is a neighbourhood
W of (x̄, ȳ) such that F is (strongly) metrically subregular at every point (x, y) ∈
gphF ∩ W and

lim sup
(x,y) −→

gph F
(x̄,ȳ)

subreg F(x, y) < ∞;

(iv) metrically regular around (x̄, ȳ) if there is κ ≥ 0 together with neighbourhoods U of x̄

and V of ȳ such that

dist(x,F−1(y)) ≤ κ dist(y,F (x)) for each (x, y) ∈ U × V ;

(v) strongly metrically regular around (x̄, ȳ) if it is metrically regular around (x̄, ȳ) and
F−1 has a continuous single-valued localization around (ȳ, x̄), i.e., there are open
neighbourhoods V of ȳ, U of x̄, and a mapping h : V −→ ℝ

n with h(ȳ) = x̄ such
that gphF ∩ (U × V ) = {(h(y), y) : y ∈ V }.

Strong metric subregularity around the reference point was first introduced in [11]; also
see [8, 16] for the additional properties.
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3 Uniform Semismoothness∗

In this section, we present an extension of the properties for sets in the spirit of
semismoothness∗.

Moreover, we introduce the uniform version of semismooth∗ property for sets, which
was initially introduced in [10]. This uniform version extends the semismooth∗ property to
hold uniformly over a set.

Definition 3.1 (Uniform semismoothness∗ of a set) Consider sets A ⊂ ℝ
n, U ⊂ A, and a

point x̄ ∈ A. We say that A is uniformly semismooth∗ on U if for each ε > 0 there is δ > 0
such that for each u ∈ U we have

| ⟨︁x∗, x − u
⟩︁ | ≤ ε∥x∗∥∥x − u∥ for each x ∈ IBℝn [u, δ] ∩ A and x∗ ∈ NA(x).

A. Jourani in [18, Theorem 2] showed that every subanalytic set is semismooth∗ at each
point of x ∈ A.

Proposition 3.1 Consider a closed set A ⊂ ℝ
n. If the set A is subanalytic, then for each

x ∈ A the set A is semismooth∗ at x.

If finitely many closed sets are semismooth∗ at the same reference point, then their union
is also semismooth∗ at the reference point, see [10, Proposition 3.5].

Lemma 3.1 Consider closed sets Ai ⊂ ℝ
n for i = 1,2,3, . . . ,N and a point x̄ ∈ A :=

∪N
i=1Ai . If each set Ai , with x̄ ∈ Ai , is semismooth∗ at x̄, then A is semismooth∗ at x̄.

This lemma gives us that every finite union of closed subanalytic or convex sets is
semismooth∗ at every point.

If gph F of a set-valued mapping F : ℝn ⇉ℝ
m has a property from Definition 3.1, then

we say that the mapping F has the same property.

Definition 3.2 (Uniform semismoothness∗ of a set-valued mapping) Consider a set-valued
mapping F : ℝn ⇉ ℝ

m and a set W ⊂ gphF . We say that the mapping F is uniformly
semismooth∗ on W if the set gphF is uniformly semismooth∗ on W in the sense of Defini-
tion 3.1.

Remark 3.1 Uniform semismoothness∗ of the mapping F on W is equivalently characterised
by coderivatives: for each ε > 0 there exists δ > 0 such that for each (u, z) ∈ W , each
(x, y) ∈ gphF ∩ (IBℝn [u, δ] × IBℝm [z, δ]), and each (y∗, x∗) ∈ gphD∗F(x, y), it holds

|⟨x∗, x − u⟩ − ⟨y∗, y − z⟩| ≤ ε∥(x∗, y∗)∥∥(x, y) − (u, z)∥.

The following comes from [10].

Remark 3.2 Let us note that, by Lemma 3.1, the union of finitely many closed convex sets is
semismooth∗ at every point. We get:

1. a set-valued mapping F :ℝn ⇉ℝ
m, with a closed convex graph, is semismooth∗ at every

point (x̄, ȳ) ∈ gphF ;
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2. a set-valued mapping F : ℝn ⇉ ℝ
m, with a polyhedral graph, is semismooth∗ at every

point (x̄, ȳ) ∈ gphF . Specifically, for every closed convex polyhedral set D ⊆ ℝ
s , the

normal cone mapping ND , see [8, Theorem 2E.3], is semismooth∗ at every point of its
graph.

Remark 3.3 Let f : ℝn −→ ℝ
n be continuously differentiable around x̄. For x near x̄ and

any (y∗, x∗) with x∗ = ∇f (x)T y∗,⃓⃓⟨x∗, x − x̄⟩ − ⟨y∗, f (x) − f (x̄)⟩⃓⃓
≤ ∥f (x) − f (x̄) − ∇f (x)(x − x̄)∥

∥x − x̄∥ ∥(x∗, y∗)∥∥(x − x̄, f (x) − f (x̄))∥.

This follows from ⟨x∗, x − x̄⟩ − ⟨y∗, f (x)− f (x̄)⟩ = ⟨y∗, ∇f (x)(x − x̄) − (f (x) − f (x̄))⟩
and Cauchy–Schwarz. Since f is continuously differentiable, ∥f (x) − f (x̄) − ∇f (x)(x −
x̄)∥ = o(∥x − x̄∥).

If one can locally change coordinates by a smooth transformation so that the graph of
the mapping is turned into the graph of a smooth function, then the mapping itself has the
uniform semismooth∗ property in that area.

Proposition 3.2 Let F : ℝn ⇉ ℝ
n be a set-valued mapping. Suppose there exist an open set

W ⊂ ℝ
n ×ℝ

n, an open set U ⊂ ℝ
n, and a diffeomorphism Φ : ℝn ×ℝ

n −→ ℝ
n ×ℝ

n such
that

Φ
(︁
gphF ∩ W

)︁= {(f (y), y) : y ∈ U},
where f : U −→ ℝ

n is a single-valued mapping. Let K ⊂ U be compact and assume that
there exists an open set V with K ⊂ V ⊂ U such that f is continuously differentiable on V .
Then F is uniformly semismooth∗ on

Φ−1
(︁{(f (u),u) : u ∈ K})︁∩ W.

Proof Fix ε > 0. Since f is continuously differentiable on V , for each ȳ ∈ K there exists
δȳ > 0 with IBℝn [ȳ, δȳ] ⊂ V such that for all y, v ∈ IBℝn [ȳ, δȳ] we have

∥f (y) − f (v) − ∇f (ȳ)(y − v)∥ ≤ ε
2 ∥y − v∥ and ∥∇f (y) − ∇f (ȳ)∥ ≤ ε

2 .

For any such y, v, we obtain

∥f (y) − f (v) − ∇f (y)(y − v)∥ ≤ ∥f (y) − f (v) − ∇f (ȳ)(y − v)∥
+ ∥(∇f (ȳ) − ∇f (y))(y − v)∥

≤ ε
2∥y − v∥ + ε

2∥y − v∥ ≤ ε∥y − v∥.
In particular, taking v = ȳ, we have

∥f (y) − f (ȳ) − ∇f (y)(y − ȳ)∥ ≤ ε ∥y − ȳ∥ for all y ∈ IBℝn [ȳ, δȳ].
By compactness of K there exist points ȳ1, . . . , ȳm ∈ K such that

K ⊂
m⋃︂

i=1

IBℝn

[︁
ȳi ,

1
2δȳi

]︁
.
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Let δ := min1≤i≤m
1
2 δȳi

> 0. Fix any ȳ ∈ K and any y ∈ IBℝn [ȳ, δ]. Then ȳ lies in some
IBℝn [ȳi ,

1
2δȳi

], and consequently y ∈ IBℝn [ȳ i , δȳi
]. Applying the local estimate with center

ȳ i and choosing v = ȳ yields

∥f (y) − f (ȳ) − ∇f (y)(y − ȳ)∥ ≤ ε ∥y − ȳ∥.
Thus, for this δ > 0 the inequality holds for all ȳ ∈ K and all y ∈ IBℝn [ȳ, δ].

Set 𝒮 := Φ−1({(f (u),u) : u ∈ K}) ∩ W . Choose a compact set Q ⊂ W with 𝒮 ⊂ intQ
such that Φ is Lipschitz with constant L on Q and

M−1∥w∥ ≤ ∥∇Φ(z)T w∥ ≤ M∥w∥ for all z ∈ Q, w ∈ℝ
2n

for some M > 0. Since Φ is continuously differentiable and Q is compact, there exists a
modulus ωQ(r) ↓ 0 as r ↓ 0 with

∥Φ(z) − Φ(v) − ∇Φ(v)(z − v)∥ ≤ ωQ(∥z − v∥)∥z − v∥ (z, v ∈ Q).

Pick δ̄ > 0 with ωQ(δ̄) ≤ ε and set δ̂ := min{δ̄, δ
L
}.

Fix (x̄, ȳ) ∈ 𝒮 and take (x, y) ∈ (gphF ∩ W) ∩ Q with ∥(x̄, ȳ) − (x, y)∥ ≤ δ̂. Then
Φ(x̄, ȳ) = (f (ȳ), ȳ)T , and with u := π2(Φ(x, y)) we have Φ(x,y) = (f (u),u)T and
∥u − ȳ∥ = ∥π2(Φ(x, y) − Φ(x̄, ȳ))∥ ≤ L∥(x, y) − (x̄, ȳ)∥ ≤ δ, where π2 :ℝn ×ℝ

n −→ ℝ
n

denotes the canonical projection onto the second component, i.e., π2(x, y) = y.
Let (y∗, x∗) ∈ gphD∗F(x, y). By the coderivative chain rule under a C1 diffeomorphism,

e.g. [19, Corollary 2.109], there exists (ŷ∗, x̂∗) ∈ gphD∗f (u,f (u)) such that

(x∗,−y∗) = ∇Φ(x,y)T (x̂∗,−ŷ∗).

Set R := Φ(x̄, ȳ) − Φ(x,y) − ∇Φ(x,y)(x̄ − x, ȳ − y). Since ∥(x̄ − x, ȳ − y)∥ ≤ δ̂ ≤ δ̄, we
have ∥R∥ ≤ ε ∥(x̄ − x, ȳ − y)∥. Thus⃓⃓⟨x∗, x̄ − x⟩ − ⟨y∗, ȳ − y⟩⃓⃓= ⃓⃓⟨︁(x̂∗,−ŷ∗), Φ(x̄, ȳ) − Φ(x,y)

⟩︁− ⟨︁(x̂∗,−ŷ∗), R
⟩︁⃓⃓

≤ ⃓⃓⟨︁x̂∗, f (ȳ) − f (u)
⟩︁− ⟨︁ŷ∗, ȳ − u

⟩︁⃓⃓
+ ε ∥(x̂∗, ŷ∗)∥∥(x̄, ȳ) − (x, y)∥.

Applying the estimate for f at (ȳ, u) and using the Lipschitz bound for Φ on Q, we have⃓⃓⟨x̂∗, f (ȳ) − f (u)⟩ − ⟨ŷ∗, ȳ − u⟩⃓⃓≤ ε ∥(x̂∗, ŷ∗)∥∥(f (ȳ), ȳ) − (f (u),u)∥
≤ εL∥(x̂∗, ŷ∗)∥∥(x̄, ȳ) − (x, y)∥.

Therefore, ⃓⃓⟨x∗, x̄ − x⟩ − ⟨y∗, ȳ − y⟩⃓⃓≤ ε (L + 1)∥(x̂∗, ŷ∗)∥∥(x̄, ȳ) − (x, y)∥.
Finally, by the bounds on ∇Φ(x,y)T , we obtain

∥(x̂∗, ŷ∗)∥ ≤ M ∥(x∗, y∗)∥,
and hence ⃓⃓⟨x∗, x̄ − x⟩ − ⟨y∗, ȳ − y⟩⃓⃓≤ ε (L + 1)M ∥(x∗, y∗)∥∥(x̄, ȳ) − (x, y)∥,
which yields the uniform semismooth∗ estimate on 𝒮 after reparametrizing ε. □



   46 Page 10 of 25 T. Roubal, J. Valdman

x

y

x

y

x

y

(a) (b) (c)

Fig. 1 Graphs of the uniformly semismooth∗ set-valued mappings F1,F2, and F3 from Example 3.1

Example 3.1 We provide three examples of set-valued mappings with a uniform semismooth-
ness∗ property.

(i) Define a single-valued mapping f : ℝn −→ ℝ
n given by f (0) := 0 and f (x) :=

arcsin (∥x∥) x
∥x∥ for 0 < ∥x∥ ≤ 1. Define a set-valued mapping F1 : ℝn ⇉ ℝ

n given
by

F1(x) := f (x) + NIBℝn (x) for x ∈ IBℝn ,

where NIBℝn is a normal cone mapping to the set IBℝn . Then

g(y) := F−1
1 (y) =

{︄
sin(∥y∥) y

∥y∥ for ∥y∥ ≤ π
2 ,

y

∥y∥ for ∥y∥ > π
2 .

Since g is continuously differentiable on ℝ
n, the mapping F1 is uniformly semismooth∗

on M({(u, g(u)) : u ∈ K}) for each compact set K ⊂ ℝ
n, where

M :=
(︃

0 In

In 0

)︃
. (7)

The graph of F1 is in Fig. 1(a) with n := 1.
(ii) Define a set-valued mapping F2 :ℝ⇉ℝ given by

F2(x) :=

⎧⎪⎨
⎪⎩

3
√

x + 1 for x > 0,

[−1,1] for x = 0,
3
√

x − 1 for x < 0.

Then

g(y) := F−1
2 (y) :=

⎧⎪⎨
⎪⎩

(y − 1)3 for y > 1,

0 for y ∈ [−1,1],
(y + 1)3 for y < −1.

Since g is continuously differentiable on ℝ, the mapping F2 is uniformly semismooth∗
on M({(u, g(u)) : u ∈ K}) for each compact set K ⊂ ℝ, where M is in (7) with n := 1.
The graph of F2 is in Fig. 1(b).
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(iii) Define a set-valued mapping F3 :ℝ⇉ℝ given by

gph F3 :=
{︂(︁

x/2 − √
3/2 sin(x),

√
3/2x + 1/2 sin (x)

)︁ : x ∈ ℝ

}︂
.

Since M(gph F3) = {︁(︁x, sin (x)
)︁ : x ∈ℝ

}︁
, where

M :=
(︄

1
2

√
3

2

−
√

3
2

1
2

)︄
;

hence F3 is uniformly semismooth∗ on
{︁(︁

x, sin (x)
)︁ : x ∈ K

}︁
for each compact set K ⊂

ℝ. The graph of F3 is in Fig. 1(c).

The uniform semismoothness∗ is stable under continuously differentiable perturbations
along a continuous path.

Theorem 3.1 Let G : ℝn ⇉ ℝ
n be a set-valued mapping with a closed graph and f :

[0, T ] × ℝ
n −→ ℝ

n be a continuously differentiable mapping for T > 0. Consider a con-
tinuous mapping x : [0, T ] −→ ℝ

n such that for each t ∈ [0, T ] we have 0 ∈ F(t, x(t)) :=
f (t, x(t))+G(x(t)) and a set W := {(x(t),−f (t, x(t))) : t ∈ [0, T ]}. Suppose that G is uni-
formly semismooth∗ on W , then for each ε > 0 there is δ > 0 such that for each t ∈ [0, T ],
each (x, y) ∈ (︁IBℝn [x(t), δ]× IBℝn [0, δ])︁∩gph F(t, ·), and each (y∗, x∗) ∈ D∗F(t, ·)(x, y)

we have

| ⟨︁x∗, x − x(t)
⟩︁− ⟨︁y∗, y

⟩︁ | ≤ ε∥(x∗, y∗)∥∥(x, y) − (x(t),0)∥

Proof Let ℓ ≥ 0 be a Lipschitz constant of f on ∪t∈[0,T ][t − γ, t + γ ] × IBℝn [x(t), γ ] for
some γ > 0. Fix any ε > 0. Since f is continuously differentiable, see proof of Proposi-
tion 3.2, there exists δ1 ∈ (0, γ ) such that for each t ∈ [0, T ] and each x ∈ IBℝn [x(t), δ1] we
have

∥f (t, x) − f (t, x(t)) − ∇xf (t, x)(x − x(t))∥ ≤ ε
3∥x − x(t)∥.

Let c := supt∈[0,T ],x∈IBℝn [x(t),δ1] ∥∇xf (t, x)T ∥. Since f is continuously differentiable, we
have c < ∞. Fix any ˆ︁ε > 0 such that ˆ︁ε(1 + c)ℓ ≤ ε/3 and ˆ︁ε(1 + c) ≤ ε/3. Since G is
uniformly semismooth∗ on W , find δ2 > 0 such that for each t ∈ [0, T ], each (x, y) ∈(︁
IBℝn [x(t), δ2] × IBℝn [−f (t, x(t)), δ2]

)︁ ∩ gph G and each (y∗, x∗) ∈ gph D∗G(x,y) we
have

| ⟨︁x∗, x − x(t)
⟩︁− ⟨︁y∗, y + f (t, x(t))

⟩︁ | ≤ˆ︁ε∥(x∗, y∗)∥∥(x, y) − (x(t),−f (t, x(t)))∥.
Let δ := min{δ1, δ2}/(1+ℓ). Fix any t∈[0, T ], any (x, y)∈(︁IBℝn [x(t), δ]× IBℝn [0, δ])︁∩

gph F(t, ·), and any (y∗, x∗) ∈ D∗F(t, ·)(x, y). Since f is continuously differentiable, by
[20, 10.43 Exercise], we have

D∗F(t, ·)(x, y) = ∇xf (t, x)T + D∗G(x,y − f (t, x)).

Then y − f (t, x) ∈ IBℝn [−f (t, x(t)), δ2], since ∥y − f (t, x) + f (t, x(t))∥ ≤ δ + δℓ ≤ δ2.
To sum up, we get

| ⟨︁x∗, x − x(t)
⟩︁− ⟨︁y∗, y

⟩︁ | = | ⟨︁x∗ − ∇xf (t, x)T y∗ + ∇xf (t, x)T y∗, x − x(t)
⟩︁− ⟨︁y∗, y

⟩︁ |
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= | ⟨︁x∗ − ∇xf (t, x)T y∗, x − x(t)
⟩︁− ⟨︁y∗, y − ∇xf (t, x)(x − x(t))

⟩︁ |
≤ | ⟨︁x∗ − ∇xf (t, x)T y∗, x − x(t)

⟩︁− ⟨︁y∗, y − f (t, x) + f (t, x(t))
⟩︁ |

+| ⟨︁y∗, f (t, x) − f (t, x(t)) − ∇xf (t, x)(x − x(t))
⟩︁ |

≤ˆ︁ε∥(x∗−∇xf (t, x)T y∗, y∗)∥∥(x, y−f (t, x))−(x(t),−f (t, x(t)))∥+ε/3∥y∗∥∥x − x(t)∥
≤ˆ︁ε(∥(x∗, y∗)∥ + c∥y∗∥)∥(x, y − f (t, x)) − (x(t),−f (t, x(t)))∥ + ε/3∥y∗∥∥x − x(t)∥
≤ˆ︁ε(1 + c)∥(x∗, y∗)∥ (∥(x, y) − (x(t),0)∥ + ℓ∥x − x(t)∥) + ε/3∥y∗∥∥x − x(t)∥
≤ ε/3∥(x∗, y∗)∥∥(x, y) − (x(t),0)∥ + ε/3∥y∗∥∥x − x(t)∥ + ε/3∥y∗∥∥x − x(t)∥
≤ ε∥(x∗, y∗)∥∥(x, y) − (x(t),0)∥. □

4 Uniform Semismooth∗ Path-Following Method

In this section, we delve into the semismooth∗ path-following method, designed to address
a problem of finding a mapping x : [0, T ] −→ ℝ

n that satisfies the inclusion (5), where
F : ℝ × ℝ

n ⇉ ℝ
n is a set-valued mapping and T > 0. In particular, we focus on scenarios

where F exhibits uniform semismoothness∗ property.
The challenge of solving (5) is non-trivial due to the inherent complexities associated

with the behaviour of set-valued mappings. To systematically address this, for each time
point t ∈ [0, T ], we define a set-valued mapping Gt :ℝn ⇉ℝ

n expressed as

Gt(x) := F(t, x) for x ∈ℝ
n.

The following lemma provides an approximative estimate for (A,B) ∈ 𝒜regGt(x, y) un-
der the assumption of uniform semismoothness∗.

Lemma 4.1 Consider a mapping x : [0, T ] −→ℝ
n satisfying (5). Assume that for each ε > 0

there is β > 0 such that for each t ∈ [0, T ] and each (u, y) ∈ (IBℝn [x(t), β] × IBℝn [0, β])∩
gph Gt and each (y∗, x∗) ∈ D∗Gt(u, y) we have

| ⟨︁x∗, u − x(t)
⟩︁− ⟨︁y∗, y

⟩︁ | ≤ ε∥(x∗, y∗)∥∥(u, y) − (x(t),0)∥. (8)

Then for each ε > 0 there is β > 0 such that for each t ∈ [0, T ] and each (u, y) ∈
(IBℝn [x(t), β] × IBℝn [0, β]) ∩ gph Gt and for each (A,B) ∈ 𝒜reg Gt(u, y) we have

∥u − A−1By − x(t)∥ ≤ ε∥A−1∥∥(A B)∥F ∥(u, y) − (x(t),0)∥.

Proof We follow the proof from [11, Proposition 4.3]. Fix any ε > 0 and choose a corre-
sponding β > 0 such that β meets the conditions of the lemma. Consider any t ∈ [0, T ] and
any (u, y) ∈ (IBℝn [x(t), β] × IBℝn [0, β]) ∩ gph Gt . Fix any (A,B) ∈ 𝒜reg Gt(u, y).

According to the definition of 𝒜reg Gt(u, y), for each pair (ai, bi) ∈ D∗Gt(u, y), the i-th
component of the vector A(u− x(t))−By is given by ⟨ai, u− x(t)⟩− ⟨bi, y⟩. The absolute
value of this expression can be bounded by ε∥(ai, bi)∥∥(u, y) − (x(t),0)∥.

The Euclidean norm of the vector formed by the norms ∥(ai, bi)∥ is equivalent to the
Frobenius norm of the matrix (A |B). Thus, we have

∥A(u − x(t)) − By∥ ≤ ε∥(A B)∥F ∥(u, y) − (x(t),0)∥.
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Then

∥u − A−1By − x(t)∥ ≤ ∥A−1∥∥A(u − x(t)) − By∥
≤ ε∥A−1∥∥(A B)∥F ∥(u, y) − (x(t),0)∥. □

We propose the semismooth∗ path-following method for solving (5), based on the
semismooth∗ method introduced in [10]. This method leverages the inherent property of
semismoothness∗ to efficiently track solutions over a given interval.

To implement this, we begin by defining a uniform grid over the interval [0, T ], partition-
ing it into N equal segments. Each segment corresponds to a discrete time step, tk := kh,
where k = 0,1, . . . ,N and h := T/N . At each time point tk+1, we apply one step of the
semismooth∗ method. Starting from an initial point xk , we compute the next iterate xk+1.

Algorithm 4.1 1. Choose η > 0, N ∈ ℕ, and x0 close to x(0), set the step h := T/N , set
tk := kh for k = 0,1,2, . . . ,N , and the counter k := 0.

2. If 0 ∈ F(tk+1, xk), then set xk+1 := xk and if k < N − 1 then k := k + 1 and go to 2;
otherwise stop the algorithm.

3. Approximation step: Compute (x̂k+1, ŷk+1) ∈ gph Gtk+1 such that

𝒜reg Gtk+1(x̂k+1, ŷk+1) ≠ ∅ and ∥(x̂k+1, ŷk+1) − (x(tk+1),0)∥ ≤ η∥xk − x(tk+1)∥.

4. Newton step: Select n × n matrices (Ak+1,Bk+1) ∈ 𝒜reg Gtk+1(x̂k+1, ŷk+1) and compute
the new iterate via xk+1 = x̂k+1 − A−1

k+1Bk+1ŷk+1.
5. If k = N − 1, stop the algorithm.
6. Set k := k + 1 and go to step 2.

The following theorem provides a bound on the grid error of our semismooth∗ path-
following method under the assumption of uniform semismoothness∗. This error analysis
is crucial as it quantifies the accuracy of the method when applied to the problem (5). By
establishing the conditions under which the grid error remains controlled, we can ensure
that the iterates produced by the algorithm remain close to the exact solution trajectory. This
theorem leverages the Lipschitz continuity of the solution mapping and certain properties of
the set-valued mapping F to derive a bound on the error that depends on the step size and
other parameters.

Theorem 4.1 Consider a set-valued mapping F :ℝ×ℝ
n ⇉ℝ

n, with a closed graph, positive
numbers T ,η, ℓ,α and κ , and a mapping x : [0, T ] −→ℝ

n satisfying (5). Suppose that x(·)
is Lipschitz continuous on [0, T ] with the constant ℓ. Moreover, assume that for each ε > 0
there is β > 0 such that for each t ∈ [0, T ] and each (u, y) ∈ (IBℝn [x(t), β] × IBℝn [0, β])∩
gph Gt and each (y∗, x∗) ∈ D∗Gt(u, y) we have

| ⟨︁x∗, u − x(t)
⟩︁− ⟨︁y∗, y

⟩︁ | ≤ ε∥(x∗, y∗)∥∥(u, y) − (x(t),0)∥ (9)

and 𝒢η,κ

Gt ,x(t)(u) ≠ ∅ for each u ∈ IBℝn [x(t), α] with 0 /∈ Gt(u). Then for each τ > 0 there is
N0 ∈ ℕ such that for each N > N0 and each x0 ∈ IBℝn [x(0), τh], where h := T/N , there
are points x1, x2, . . . , xN−1, xN ∈ ℝ

n, generated by Algorithm 4.1, satisfying

max
0≤k≤N

∥xk − x(tk)∥ ≤ τh. (10)
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Proof At first, fix any τ > 0. Using Lemma 4.1 with ε := τ
(τ+ℓ)ηκ

and find a corresponding
β > 0. Find N0 ∈ ℕ such that T/N0 ≤ min{β/((τ + ℓ)η),α/τ }. Fix any N > N0 and let
h := T

N
. Fix any x0 ∈ IBℝn [x(t0), τh].

Assume that for some k ∈ {0,1,2, . . . ,N − 1} we have

∥xk − x(tk)∥ ≤ τ h.

Clearly, ∥xk −x(tk)∥ ≤ τh < α. Hence there are (x̂k+1, ŷk+1,Ak+1,Bk+1) ∈ 𝒢η,κ

Gtk+1 ,x(tk+1)(xk)

and we have

∥(x̂k+1, ŷk+1) − (x(tk+1),0)∥ ≤ η∥xk − x(tk+1)∥
≤ η∥xk − x(tk)∥ + η∥x(tk) − x(tk+1)∥ ≤ (τ + ℓ)ηh < β.

Then

∥xk+1 − x(tk+1)∥ = ∥x̂k+1 − A−1
k+1Bk+1ŷk+1 − x(tk+1)∥

≤ ε∥A−1
k+1∥∥(Ak+1 Bk+1)∥F ∥(x̂k+1, ŷk+1) − (x(tk+1),0)∥

≤ εη∥A−1
k+1∥∥(Ak+1 Bk+1)∥F ∥xk − x(tk+1)∥ ≤ τ

τ+ℓ
∥xk − x(tk+1)∥

≤ τ
τ+ℓ

∥xk − x(tk)∥ + τ
τ+ℓ

∥x(tk) − x(tk+1)∥ ≤ τ2

τ+ℓ
h + τℓ

τ+ℓ
h = τh. □

The following result is derived from [2, Proposition 2.8], which provides a result for the
existence of matrices that are instrumental in ensuring the regularity conditions required for
our analysis. For further details and a broader context, see also [1, Theorem 3.1].

Proposition 4.1 Let F : ℝn ⇉ ℝ
n be a set-valued mapping, with a closed graph, and κ > 0

be given. Assume that F is strongly metrically subregular at (x̂, ŷ) ∈ gph F with a constant
κ > 0. Then there is a matrix B ∈ ℝ

n×n with ∥B∥ ≤ κ such that (In,B) ∈ 𝒜reg F(x̂, ŷ) and
ei ∈ D∗F(x̂, ŷ)(bi) for each i = 1,2, . . . , n.

In order to apply the semismooth∗ path-following method effectively, it is essential to
confirm that the set-valued mapping Gt satisfies certain regularity conditions. These condi-
tions include strong metric subregularity, which play a pivotal role in ensuring the conver-
gence and stability of the algorithm. The following proposition establishes the existence of
these properties for the set-valued mapping Gt under the given assumptions.

Under the assumption of strong metric subregularity around the reference point, we
demonstrate that the set 𝒢η,κ

F,x(t)(u) is nonempty. This validation confirms the stability and
robustness of solution paths, ensuring the regularity and feasibility of the solutions through-
out the domain.

Proposition 4.2 Consider a set-valued mapping G : ℝn ⇉ ℝ
n, with a closed graph, a con-

tinuously differentiable mapping f : ℝ × ℝ
n −→ ℝ

n, a positive number T , and a map-
ping x : [0, T ] −→ ℝ

n which is continuous and satisfying (5) with F := f + G. Suppose
that for each t ∈ [0, T ] the mapping Gt is strongly metrically subregular around (x(t),0).
Then there are κ > 0 and α > 0 such that for each t ∈ [0, T ] and each η ≥ 1 we have

𝒢η,
√︁

n(1+κ2)

Gt ,x(t) (u) ≠ ∅ for each u ∈ IBℝn [x(t), α].
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Proof Fix any t ∈ [0, T ]. Since Gt is strongly metrically subregular around (x(t),0),
there are κ > 0 and r > 0 such that subreg Gt(x, y) ≤ κ at each point (x, y) ∈ gph Gt ∩
(IBℝn [x(t),2r] × IBℝn [0,2r]) and the set G−1

t (y) ∩ IBℝn [x(t), r ′] is a singleton for some
r ′ > 0. Fix any (x, y) ∈ gph Gt ∩ (IBℝn [x(t), r] × IBℝn [0, r]). Fix any μ > 0 such that
μκ < 1. Since ∇xf (·, x) is continuous, there is δ ∈ (0, r) such that for each s ∈ (t − δ, t +
δ) ∩ [0, T ] we have ∥∇xf (s, x) − ∇xf (t, x)∥ ≤ μ and ∥f (s, x) − f (t, x)∥ < r . Fix any
s ∈ (t − δ, t + δ) ∩ [0, T ], we are showing that Gs is strongly metrically subregular at
(x, y − f (s, x) + f (t, x)) and subreg Gs(x, y − f (s, x) + f (t, x)) ≤ κ/(1 − κμ). Then

DGs(x, y) = DGt(x, y − f (s, x) + f (t, x)) + ∇xf (s, x) − ∇xf (t, x)

Suppose that Gs is not strongly metrically subregular, then, by [8, Theorem 4E.1], there is
u ≠ 0 such that

0 = ∇xf (s, x)u − ∇xf (t, x)u + w, (11)

where w ∈ DGt(x, y − f (s, x) + f (t, x))(u). Since ∥y − f (s, x) + f (t, x)∥ ≤ ∥y∥ +
∥f (s, x) − f (t, x)∥ < 2r , Gt is strongly metrically subregular at (x, y − f (s, x) + f (t, x))

with a constant κ and we have

∥u∥ ≤ κ∥w∥ = κ∥∇xf (s, x)u − ∇xf (t, x)u∥ ≤ κμ∥u∥ < ∥u∥,
a contradiction; hence Gs is strongly metrically subregular at (x, y). On the other hand, fix
any (v,u) ∈ gphDGt(x, y). Then there is w ∈ DGt(x, y − f (s, x) + f (t, x))(u) such that

v = w + ∇xf (s, x)(u) − ∇xf (t, x)(u).

Then since subreg Gt(x, y − f (s, x) + f (t, x)) ≤ κ we have

κ
1−κμ

∥v∥ ≥ κ
1−κμ

∥w∥ − ∥∇xf (s, x)(u) − ∇xf (t, x)(u)∥ ≥ 1
1−κμ

∥u∥ − κμ

1−κμ
∥u∥ = ∥u∥;(12)

therefore subregGs(x, y) ≤ κ
1−κμ

=: κ ′.
To sum up, for each t ∈ [0, T ] there exist constants κ ′ > 0 and δ > 0 such that for every

s ∈ (t − δ, t + δ) ∩ [0, T ] and every (x, y) ∈ (︁IBℝn [x(s), δ] × IBℝn [0, δ])︁ ∩ gphGs there
exists r > 0 with Gs strongly metrically subregular at (x, y), subreg Gs(x, y) ≤ κ ′, and
G−1

s (y) ∩ IBℝn [x, r] = {x}.
Fix any η ≥ 1. So κ ′ and δ depend only on the choice t ∈ [0, T ]. Then from open

covering ∪t∈[0,T ]
(︁
(t − δt , t + δt ) ∩ [0, T ])︁ of compact set [0, T ] find a finite subcovering

𝒪i := (ti −δti , ti +δti )∩[0, T ] for i = 1,2,3, . . . ,N . Let δ̄ := min{δi/η : i = 1,2,3, . . . ,N}
and κ̄ := max{κ ′

i : i = 1,2,3, . . . ,N}. For any t ∈ [0, T ] there is an index i ∈ {1,2,3, . . . ,N}
such that t ∈ 𝒪i . Hence for each t ∈ [0, T ] and each (x, y) ∈ gph Gt ∩ (︁IBℝn [x,ηδ̄]) ×
IBℝn [y,ηδ̄])︁ the mapping Gt is strongly metrically subregular at (x, y) and subreg Gt ≤ κ̄ .

Fix any t ∈ [0, T ] and any (x̂, ŷ) ∈ (︁IBℝn [x(t), ηδ̄] × IBℝn [0, ηδ̄])︁ ∩ gph Gt . By
Proposition 4.1, with F := Gt , there is a matrix B ∈ ℝ

n×n, with ∥B∥ ≤ κ , such that
(In,B) ∈ 𝒜reg Gt(x̂, ŷ) and ei ∈ D∗Gt(x̂, ŷ)(bi) for each i = 1,2, . . . , n. Then ∥(In B)∥F ≤√︁

n(1 + κ2).
Fix any u ∈ IBℝn [x(t), δ̄]. Find (x̂, ŷ) ∈ gph Gt such that ∥(x̂ − x(t), ŷ)∥ ≤ η∥u −

x(t)∥ ≤ ηδ̄. Then, by the above, there is B ∈ ℝ
n×n such that (In,B) ∈ 𝒜reg Gt(x̂, ŷ) and

∥(In B)∥F ≤√︁n(1 + κ2), therefore 𝒢η,
√︁

n(1+κ2)

Gt ,x(t) (u) ≠ ∅. □
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5 Application Scenarios

We consider a model represented by parametric generalized equations

0 ∈ g(x(t)) − p(t) + F(x(t)) for t ∈ [0, T ], (13)

where g :ℝn −→ ℝ
n is a continuously differentiable single-valued mapping, p : [0, T ] −→

ℝ
n is a Lipschitz continuous mapping, and F : ℝn ⇉ ℝ

n is a set-valued mapping with a
closed graph. For a fixed t ∈ [0, T ], we reformulate the problem, following the framework
of [13], as (︃

p(t)

0

)︃
∈ H(x(t), d(t)) :=

(︃
g(x(t)) + F(d(t))

x(t) − d(t)

)︃
, (14)

where H : ℝ2n ⇉ ℝ
2n. This reformulation simplifies the computation of the approximation

step in the algorithms.

Proposition 5.1 Let x : [0, T ] −→ ℝ
n be a solution of (13) and assume that there ex-

ists some λ > 0 such that the mapping ℝ
n ∋ x ↦−→ r(x) := (In + λF)−1(x) is single-

valued and Lipschitz continuous on the whole ℝ
n. Then for each t ∈ [0, T ], there exist

δ > 0 and η > 0 such that if x ∈ IBℝn [x(t), δ], the vectors d̂ := r(x − λg(x) + λp(t)) and

ŷ :=
(︂

1
λ
(x − d̂), x − d̂

)︂
∈ H(x, d̂) − (p(t),0)T satisfy the estimate

∥(x, d̂, ŷ) − (x(t), x(t),0)∥ ≤ η∥x − x(t)∥.
Proof We follow the proof from [14, Proposition 5.1]. Fix any t ∈ [0, T ] and find δ > 0 such
that ℓr > 0 is a Lipschitz constant of r on IBℝn [x(t), δ] and ℓg is a Lipschitz constant of g on
IBℝn [x(t), δ]. Fix any x ∈ IBℝn [x(t), δ]. Then x − λg(x) + λp(t) ∈ IBℝn [x(t) − λg(x(t)) +
λp(t), (1 + λℓg)δ]. Let d̂ := r(x − λg(x) + λp(t)). By the definition of r , we have

∥d̂ − x(t)∥ = ∥r(x − λg(x) + λp(t)) − r(x(t) − λg(x(t)) + λp(t))∥
≤ ℓr∥x − λg(x) + λp(t) − (x(t) − λg(x(t)) + λp(t))∥

≤ ℓr(1 + λℓg)∥x − x(t)∥.

Moreover, since x −λg(x)+λp(t) ∈ d̂ +λF(d̂), it follows that ŷ ∈ H(x, d̂)−(p(t),0)T .
Additionally, we have

∥ŷ∥ ≤ (︁1 + 1
λ

)︁∥d̂ − x(t)∥ ≤
(︃

1 + 1

λ

)︃
ℓr(1 + λℓg)∥x − x(t)∥.

Thus, we obtain

∥(x, d̂, ŷ) − (x(t), x(t),0)∥ ≤ max
{︁
1,
(︁
1 + 1

λ

)︁
ℓr(1 + λℓg), ℓr (1 + λℓg)

}︁∥x − x(t)∥. □

It is a well-known fact, see [20, 12.12 Theorem], that for each positive λ, the mapping
(In + λG)−1 is single-valued and Lipschitz continuous on ℝ

n with a constant of 1 for a set-
valued mapping G : ℝn ⇉ ℝ

n that is maximal monotone. A set-valued mapping G : ℝn ⇉
ℝ

n is said to be monotone if

⟨y − v, x − u⟩ ≥ 0 for every (x, y), (u, v) ∈ gph G
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and G is said to be maximal monotone if it is monotone and there exists no other monotone
mapping whose graph strictly contains the graph of G.

For this setting, the following lemma gives us limiting coderivative of H .

Lemma 5.1 Let x : [0, T ] −→ ℝ
n be a solution of (13). Then for each t ∈ [0, T ] and each

((x, d), (v,w)) ∈ gph (H − (p(t),0)T ), we have

D∗H((x, d), (v,w)) =
(︃ ∇g(x)T In

D∗F(d, v − g(x) + p(t)) −In

)︃
. (15)

Proof Apply [20, 10.43 Exercise] for H . □

Lemma 5.2 Let t ∈ [0, T ] and ((x, d), (v,w)) ∈ gph
(︁
H − (p(t),0)T

)︁
. Suppose there exist

matrices J,B1 ∈ ℝ
2n×n such that it holds

j i ∈ D∗F
(︁
d, v − g(x) + p(t)

)︁(︁
bi

1

)︁
for each i = 1, . . . ,2n. We define matrices

A := (︁B1∇g(x) + B2 J − B2
)︁ ∈ℝ

2n×2n,

B := (︁B1 B2
)︁ ∈ℝ

2n×2n
(16)

for a matrix B2 ∈ ℝ
2n×n. If A is nonsingular, then

(A,B) ∈ 𝒜reg H
(︁
(x, d), (v,w)

)︁
.

Proof Fix any i ∈ {1,2, . . . ,2n}. Apply the block formula (15) with the column pair (α,β) =
(bi

i , bi
2), then (︂

(α,β), (∇g(x)T α + β, j i − β)
)︂

∈ gphD∗H
(︁
(x, d), (v,w)

)︁
.

Transposing this coderivative output gives the i-th row of the upper block of A:(︁
(B1∇g(x) + B2)i , (J − B2)i

)︁= (︁(∇g(x)T bi
1 + bi

2)
T , (j i − bi

2)
T
)︁
.

Then, for each (η, ζ ) ∈ℝ
n ×ℝ

n, we get

A

(︃
η

ζ

)︃
∈ D∗H

(︁
(x, d), (v,w)

)︁
B

(︃
η

ζ

)︃
.

By the definition of 𝒜reg this means (A,B) ∈ 𝒜reg H
(︁
(x, d), (v,w)

)︁
whenever A is nonsin-

gular. □

We suppose that F is maximal monotone and g is strongly monotone, i.e., we say that g

is strongly monotone if there exists c > 0 such that

⟨g(x) − g(u), x − u⟩ ≥ c∥x − u∥2 for each x,u ∈ ℝ
n.

By [20, 12.54 Proposition], the mapping (g + F)−1 is Lipschitz continuous on the whole
ℝ

n with the constant 1/c. This guarantees that the mapping g + F is strongly metrically
subregular around each point on its graph with the constant 1/c.
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Furthermore, we assume that p is Lipschitz continuous on [0, T ] with a constant ℓ. Then,
the unique (exact) solution x(·) to (13) is given by

x(t) = (g + F)−1(p(t)) for each t ∈ [0, T ],
and is Lipschitz continuous on [0, T ] with the constant ℓ/c. Under these assumptions the
mapping H−1 is also Lipschitz continuous on the whole ℝ

n and for each t ∈ [0, T ] we have(︃
x(t)

x(t)

)︃
= H−1((p(t),0)).

6 Numerical Implementation of Path-Following Method

We present a numerical implementation of the semismooth∗ path-following method intro-
duced in this paper for elementary problems arising in electric circuits [5] and elastoplastic-
ity [3, 4, 15]. For our analysis, we apply different algorithms tailored to the unique require-
ments of each example. Note that we consider only set-valued mappings that are maximal
monotone, so the results from Sect. 5 apply. Moreover, we focus on mappings possessing
the uniform semismooth∗ property; see Example 3.1.

We utilize Algorithm 4.1 for the mapping H defined in (14). This algorithm is particu-
larly effective for scenarios where a uniform grid is employed. To ensure the convergence
of this algorithm, it is crucial to choose a sufficiently small step size h for the grid. The
conditions for this convergence are rigorously established in Theorem 4.1, which outlines
how the step size affects the accuracy of the solution.

Let j ∈ ℕ be an index that controls the refinement level of the time discretization. For
each j , assume the number of grid points by

Nj := 10 · 2j ,

and the corresponding uniform time step by hj := T
Nj

for j ∈ℕ.

Thus (hj ) is a geometric sequence with ratio 1
2 and elements

h1 = T
20 , h2 = T

40 , h3 = T
80 , h4 = T

160 , . . .

The discrete time points on the interval [0, T ] are distributed uniformly and given by

ti := i hj , for i = 0,1, . . . ,Nj .

Let xj = (xj,k)
Nj

k=0 denote the numerical approximation at level j to the exact solution x(t)

at the grid points ti . The absolute error of the approximation in the infinity norm is defined
as

errj := max
0≤k≤Nj

⃦⃦
xj,k − x(tk)

⃦⃦
. (17)

Under the uniform semismooth∗ property and strong metric subregularity assumptions
(Sect. 4–5), one obtains

errj ≤ τ hj
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for arbitrary τ > 0 for sufficiently large j (Theorem 4.1). To quantify the convergence be-
haviour, we define the estimated rate of convergence between successive refinements by

rj := − log2

(︃
errj+1

errj

)︃
= log2

(︃
errj

errj+1

)︃
, for j ∈ℕ.

This is verified in the computer code by plotting rj and the observed quadratic rate (rj → 2).

6.1 Implementation

On a uniform grid tk we compute approximations (xk)
N
k=0 to the solution of 0 ∈ F(t, x(t))

following Algorithm 4.1. Each step k → k+1 consists of two steps:

(i) an approximation step (Euler-type prediction via the resolvent)
(ii) a Newton-type correction driven by the block linearization (A,B) from Lemma 5.2.

Approximation Step With a fixed λ > 0 (in the code effectively λ = 1), we work with the
auxiliary mapping

H(x,d) :=
(︃

g(x) + F(d)

x − d

)︃
, p(t) given,

and produce the predicted increment d̂k by evaluating the resolvent branch of F :

d̂k = r (xk − λg(xk) + λp(tk+1)) , r := (I + λF)−1.

We then set

yk :=
(︃

λ−1(xk − d̂k)

xk − d̂k

)︃
.

Newton Step Matrices B1,B2, J ∈ ℝ
2n×n (following Lemma 5.2) are assembled at the cur-

rent point
(︂
(xk, d̂k), yk

)︂
∈ gphH . We define for i = 1, . . . , n

• ai := 2
√︂

|d̂k,i | for Example 6.1 and 6.2,

• ai := 3 sgn(d̂k,i ) d̂
2/3
k,i for Example 6.3

and set up block-diagonal matrices B1, J in two cases depending on the activation of ai .

ai ≠ 0 : (B1)ii = (B1)(i+n)i = 1

(∇g(xk))ii + 1
ai

, (J )ii = (J )(i+n)i = (B1)ii

ai

,

ai = 0 : (B1)ii = (B1)(i+n)i = 0, (J )ii = (J )(i+n)i = 1.

Then, we define B2 using the identity matrix In as

B2 := J −
(︃

0
In

)︃

and set up matrices Ak = A, Bk = B from (16). Finally, we solve a block diagonal system
Akzk = Bk yk and update (︃

xk+1

dk+1

)︃
=
(︃

xk

d̂k

)︃
− zk.
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Fig. 2 Example 6.1 - numerical solution of x(t) (left) and observed rates of convergence (right)

Example 6.1 Consider a simple circuit with a non-linear resistor defined by the function
g : ℝ −→ ℝ, a source E > 0, and an input signal u : [0, T ] −→ ℝ. The instantaneous cur-
rent is denoted by i, and the diode is given by a set-valued mapping F : ℝ⇉ℝ. By Kirch-
hoff’s voltage law, we have the relation (13), where p = u − E and x = i. The term g(x(t))

represents the voltage across the resistor (VR) and F(x(t)) represents the voltage across the
diode (VD). For the simulation, we consider the case of a practical diode characterised by

F(x) := FV1,V2(x) :=

⎧⎪⎨
⎪⎩

[V1,V2], x = 0,

V2 + √
x, x > 0,

V1 − √−x, x < 0,

where V1 = −2, V2 = 1. The voltage signal and the voltage of the resistor are given by

p(t) := 3 sin(t) and g(x) := sinh(x),

respectively. The exact solution of (13) is given by

x(t) =
{︄

0, p(t) ∈ [V1,V2],(︁
g(·) + sgn(·) + √·)︁−1 (︁

p(t)
)︁
, p(t) /∈ [V1,V2].

(18)

Simulation results for this setting and T = 3π are illustrated in Fig. 2.

Example 6.2 Consider a P-N-P transistor characterised by two diodes (base-emitter and
base-collector) and controlled current sources αI IC and αNIE , where αN ∈ [0,1] represents
the current gain in normal operation, and αI ∈ [0,1] denotes the inverted gain and IE, IC

denote the internal Ebers-Moll components. The emitter and collector currents, iE and iC ,
are defined by (︃

iE
iC

)︃
=
(︃

1 −αI

−αN 1

)︃(︃
IE

IC

)︃
.

To fully analyse the circuit, which includes resistances RB,RL > 0, two input signals
u1 = u1(t), u2 = u2(t), and the P-N-P transistor, Kirchhoff’s Voltage Law equations at the
relevant loops and Kirchhoff’s Current Law have to be applied, leading to the Ebers-Moll
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model, see [22, p. 409]. It can be expressed as the relation (13) with characteristics of the
diodes given by

F(x) :=
(︃

FVE1 ,VE2
(x1)

FVC1 ,VC2
(x2)

)︃

and the input signal and voltage on the P-N-P transistor by

p(t) :=
(︃

u1(t)

u1(t) − u2(t)

)︃
, and

g(x) :=
(︃

(1 − αN)RB (1 − αI )RB

(1 − αN)RB − αNRL (1 − αN)RB + RL

)︃(︃
x1

x2

)︃
,

respectively.

Remark 6.1 (Exact Solution) Let x(t) = (x1(t), x2(t))
T := (IE(t), IC(t))T and input p(t) =

(p1(t),p2(t))
T . Then:

• If p1 ∈ [VE1 ,VE2 ], p2 ∈ [VC1 ,VC2 ]: x = (0,0)T .

• If p1 ∈ [VE1 ,VE2 ], p2 /∈ [VC1 ,VC2 ]: x = (︁0, g−1
C (p2)

)︁T
.

• If p1 /∈ [VE1 ,VE2 ], p2 ∈ [VC1 ,VC2 ]: x = (︁g−1
E (p1), 0

)︁T
.

• If p1 /∈ [VE1 ,VE2 ], p2 /∈ [VC1 ,VC2 ], then x = (x1, x2)
T solves:{︄

p1 = gE(x1) + a12x2,

p2 = a21x1 + gC(x2).

The nonlinear maps are:

gE(x) = a11x + VE(sgnx) + sgn(x)
√︁|x|,

gC(x) = a22x + VC(sgnx) + sgn(x)
√︁|x|,

with

VE(σ) =
{︄

VE1 , σ = −1,

VE2 , σ = 1,
VC(σ ) =

{︄
VC1 , σ = −1,

VC2 , σ = 1.

Define the helper function: Q(a,V,p) :=
(︂

−1+√
1−4a(V −p)

2a

)︂2
. Then the inverse mappings

are:

g−1
E (p) =

{︄
Q(a11,VE2 ,p), p > VE2 ,

−Q(a11,−VE1 ,−p), p < VE1 ,

g−1
C (p) =

{︄
Q(a22,VC2 ,p), p > VC2 ,

−Q(a22,−VC1 ,−p), p < VC1 .

For the simulation, the input signals are defined as u1 = sin (t) and u2 = 10 sin (t) and
T = 3π . The parameters are set as follows: VE1 = −3, VE2 = 1, VC1 = −1, VC2 = 2, RB = 1,
RL = 1, αI = 0.1, αN = 0.5. Figure 3 illustrates the simulation results for these settings.
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Fig. 3 Example 6.2 - numerical solution of x(t) (left) and observed rates of convergence (right)

Example 6.3 We are interested in finding a minimizer x = x(t) ∈ ℝ
M satisfying

ℰ(x, t) = min
q∈ℝM

ℰ(q, t), (19)

where the total energy functional is defined by

ℰ(q, t) = qT Kq +
M∑︂
i=1

σyi
|qi | + 3

4

M∑︂
i=1

|qi |4/3 − A(t)

M∑︂
i=1

qi. (20)

Here:

q ∈ℝ
M denotes the (column) vector of internal variables (plastic slip components),

K ∈ℝ
M×M is a symmetric positive definite hardening matrix,

σyi
> 0 are the yield stresses associated with each mechanism i,

A(t) ∈ℝ represents the external load applied at time t .

The individual terms of the energy have the following physical interpretations:

qT Kq corresponds to the elastic energy stored in the system,∑︁M

i=1 σyi
|qi | accounts for the energy dissipated through plastic yielding,

3
4

∑︁M

i=1 |qi |4/3 models nonlinear softening behaviour,

−A(t)
∑︁M

i=1 qi represents the mechanical work performed by the external loading.

The energy appears in rate-independent systems with hysteresis [21]. Without the softening
term, it is analysed as a multi-surface plasticity model in [3] and numerically evaluated for
M = 2 in [4, 15]. To reformulate the problem, we introduce the mappings

g(q) := 2Kq ∈ℝ
M and p(t) := (A(t), . . . ,A(t))T ∈ℝ

M

and define a set-valued mapping F :ℝM ⇉ℝ
M componentwise, for i = 1, . . . ,M , by

Fi(qi) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[−σyi
, σyi

], qi = 0,

σyi
+ 3

√
qi, qi > 0,

−σyi
+ 3

√
qi, qi < 0.
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Fig. 4 Example 6.3 - numerical solution of x(t) (left) and observed rates of convergence (right)

Under the assumption that K is positive definite, the energy functional ℰ(·, t) is strongly
convex. Consequently, the minimization problem (19) is equivalent to finding a unique x ∈
ℝ

M that satisfies the variational inclusion

0 ∈ ∂Cℰ(·, t)(x) = g(x) − p(t) + F(x),

where ∂Cℰ(·, t) denotes the convex subdifferential of ℰ(·, t).
For the simulation, the external load is defined as A(t) := 40 sin (t), T := 3π , and

(K)ij :=

⎧⎪⎨
⎪⎩

3 + i − 1

M − 1
, i = j,

2, i ≠ j

, σyi
= 2i, for i, j = 1,2, . . . ,M.

Figure 4 illustrates the simulation results for these settings. Since yield stresses σyi
create

an increasing sequence, the plastic slips with the lowest indices are activated first.

Remark 6.2 (Exact Solution of Example 6.3) The unique minimizer x(t) ∈ ℝ
M is charac-

terised by the variational inclusion

0 ∈ 2K x(t) − p(t) + F
(︁
x(t)
)︁
,

with F :=∏︁M

i=1 Fi and

Fi(xi) =
{︄[−σyi

, σyi
], xi = 0,

σyi
sgn(xi) + 3

√
xi, xi ≠ 0.

Writing this coordinatewise yields, for each i ∈ {1, . . . ,M},
yi(t) := A(t) − 2

∑︂
j≠i

(K)ij xj (t) ∈ 2(K)ii xi(t) + Fi

(︁
xi(t)
)︁
.

Consider the set-valued mapping HC,σ :ℝ⇉ℝ defined by

HC,σ (z) =
{︄[−σ,σ ], z = 0,

σ sgn(z) + C z + 3
√

z, z ≠ 0,
C > 0, σ ≥ 0.
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Then its inverse admits the form

H−1
C,σ (y) =

{︄
0, |y| ≤ σ,

sgn(y)ΦC

(︁|y| − σ
)︁
, |y| > σ,

where

ΦC(r) :=
(︄

3

⌜⃓⃓
⎷ r

2C
+
√︄

r2

4C2
+ 1

27C3
+ 3

⌜⃓⃓
⎷ r

2C
−
√︄

r2

4C2
+ 1

27C3

)︄3

for r ≥ 0.

Consequently, xi(t) is a solution of a nonlinear equation in the form

xi(t) = H−1
Ci ,σyi

(︁
yi(t)
)︁

with Ci := 2Kii. (21)

Remark 6.1 (reference solutions) In Examples 6.1 and 6.2, the reference solution was ob-
tained using highly accurate fzero routine in MATLAB. Likewise, in Example 6.3, we em-
ployed the fsolve routine in MATLAB to solve (21).

7 Conclusion

In this paper, we introduced the new property called uniform semismoothness∗ and pro-
vided sufficient conditions. We presented a numerical path-following method for solving
parametric inclusions.

The method, which assumes that the corresponding graph of the set-valued mapping is
uniformly semismooth∗ along the reference solution, guarantees superlinear convergence of
the grid error on a uniform grid with decreasing step sizes, a result confirmed by our numer-
ical experiments. Numerical experiments demonstrate quadratic convergence with respect
to the discretization step size h.
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