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ABSTRACT

The paper deals with the recognition of color images that were de-
graded by blur and linear channel mixing with an unknown matrix.
We propose invariants to this compound degradation in the Fourier
domain by means of projection operators. We show an equivalent
definition of the invariants in the image domain by means of mo-
ment expansion, which is more stable and faster when evaluated nu-
merically. The experiment demonstrates a good performance of the
invariants and their advantages over a recently proposed method of a
similar nature. Possible modifications of the proposed invariants are
discussed in the conclusion.

Index Terms— Channel mixing, blur, invariants, moments,
template matching.

1. INTRODUCTION

Any digital image is just a degraded version of the ground truth. Our
ability to understand the scene, recognize the depicted objects and
interpret what is happening in the picture depends on whether we can
free ourselves from the influence of the degradations. The degrada-
tions are caused by imperfect optical properties of lenses, turbulence
in the air or other medium between the scene and the camera, motion
of the scene and/or the camera, limited spectral and spatial resolution
of the sensor, and many other physical factors. Apart from degrada-
tions, the appearance of the recorded image is also influenced by
camera settings; for example, the ISO setting determines the amount
of noise, and white balance affects color reproduction. No mathe-
matical model is capable of capturing all these phenomena. Each
model is a compromise between accuracy and tractability. Simple
models are not accurate enough and complicated models might be
intractable. Even if the real physical processes are often non-linear,
we mostly limit ourselves to linear or quasi-linear imaging models.

In this paper, we assume the degradation model of color RGB
images that incorporates blurring and channel mixing as

g=A(hxf). (1)

This model essentially means that all three channels of the original
image f are blurred by the same blurring function A and then mixed
by a regular 3 x 3 matrix A to yield the acquired image g. Fig. 1
shows an example how model (1) degrades the input image.

We propose an original method of direct object recognition
in g without inverting the model (1). Both A and h may be un-
known. We get inspired by the approach developed for single-
channel (graylevel) images [1] and propose invariants w.r.t. (1). The
design of joint invariants to channel mixing and blurring is the main
theoretical contribution of the paper.

Fig. 1. An example of the action of model (1). Top left — original
image, top right — only blur is effective, bottom left — only channel
mixing is effective, bottom right — both ~ and A are non-trivial.

2. RELATED WORK

The background of this work draws on papers about the color imag-
ing models on the one hand and papers about color and blur invari-
ants on the other hand.

The image acquisition/transformation model (1) was introduced
into the image processing literature as early as 1984 by Hunt and
Kubler [2], who emphasized that the restoration of color images
should be approached differently from the restoration of individual
channels, as had been the case until then. However, they only con-
sider a significantly simplified form of (1) with diagonal A. Their
model was further studied and improved by Galatsanos et al. [3,
4], who were the first to introduce the non-diagonal mixing matrix.
Since then, numerous researchers have used the model (1) namely
for color image restoration, including a very recent paper [5].

Invariants w.r.t. (1) should be invariant both to blurring (mod-
eled as a convolution) and to channel mixing, which actually means
a linear transformation of the color space. “Pure” blur invariants are
well-established “handcrafted” features, whose history dates back to
the 1990’s. The feature I(f) is said to be blur invariant if I(f) =
I(f=h) for arbitrary h from a certain set of admissible blurs and any
f. Their basic concept appeared in the series of papers by Flusser
et al. This theory was built on solid mathematical foundations based
on projection operators in 2015-2023. Over 100 papers have been
published on this topic, many of them reporting successful practical
applications and/or theoretical development (see [1] for a survey and
additional references). However, almost all authors worked with in-
variants of graylevel images only. The first attempts to design blur
invariants of color images have been published very recently in [6].
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However, the authors assumed A to be diagonal, which means there
is no channel mixing and the invariants are designed only w.r.t. com-
mon blur.

Invariants to color transformation and channel mixing have been
studied so far without any relation to blurring, so h has been missing
in the model (1). At the early stage, A was supposed to be diago-
nal, which describes a channel-wise contrast stretching only [7, 8].
Later, full A was considered in [9, 10] and invariants to affine color
transformation were proposed.

3. INVARIANTS IN THE FOURIER DOMAIN

In this Section, we show how invariants w.r.t. transformation model
(1) can be constructed in the Fourier domain. We use similar math-
ematical tools based on projection operators that were employed in
[1] for the design of graylevel/single-channel invariants. Let us start
with a formal definition of a color image.

Definition 1. By a color image we understand any three-valued real
Sunction f(x) = (f1(x), f2(x), f3(x)) such that x = (z,y) and
functions f; have a compact support and f; € Li1(R?) N L2(R?).
The set of all color images is denoted by 1.

This definition ensures mathematical correctness of basic oper-
ations we need, namely of convolution and Fourier transform. Both
these operations are considered channel-wise.

Now let us specify the parameters of (1) in detail. Matrix A is
supposed to be regular because a matrix of lower rank would per-
form a lossy compression of the image to less number of channels,
which is not desirable. We do not further constrain the elements of
A, although in practice A is often symmetric. We assume the blur is
the same in all color channels. This is in good agreement with ex-
perimental measurements and observations described in [6, 11, 12].
Real blur is introduced by such factors as wrong focus, atmospheric
turbulence, and camera/scene motion. Since we consider a common
camera with a single objective and a sensor shared by all spectral
bands, the assumption of identical blurs is fully justified, although
some slight differences might exist due to chromatic aberration.

Consider a projection operator P : Z — Z which is linear
and idempotent, i.e. P? = P, that acts on Z channel-wise, i.e.
Pf = (Pf1,Pfs,Pfs). Let us denote S = P(Z). Then T can
be expressed as a direct sum Z =S @ T, where T is called the
complement of S. Hence, any f can be unambiguously written as
f=Pf+fr.

Since P is the same in all channels, S is a “stack” of three-times
repeated scalar sets, S = (5,5,S). Let S be, from now on, the
set of scalar blurring functions (PSFs) that can appear in (1). Any
meaningful S must contain at least one non-zero function and must
be closed under convolution. In other words, for any ki, he € S it
holds that hy x he € S. Under the closure assumption, the operation
A(h * -) may be understood as a semi-group action on Z.

Before we introduce the invariants, let us simplify the notation
by introducing a function ¢ defined as

3

= Z(Cfi) 8 figa —

i=1

(f,C) P OS5 fiin)

where “4” in the channel index is computed modulo 3. C =
(C1,C%2) is a vector of arbitrary single-channel scalar blur in-
variants which are linear to the image (i.e. C(h x f) = C(f)
and C(aft + f2) = aC(f1) + C(f2)). We use the notation

C™® = C(f) for convenience. Now we are ready to formulate the

following theorem on color-blur invariants, which constitutes the
main contribution of the paper.

Theorem 2. Let I be a space of color images, F be an operator
of the Fourier transform on L, P be a projector defined on I, and
S = P(Z) be closed under convolution. Let P be “distributive”
over convolution with functions from S, which means P(f * h) =
Pf « hforany h € S. Then

F(e(f,C))
I(f)(u) = ——————=* ?2)
(O = = =
is an invariant w.r.t. (1), which means 1(f)(u) = I(A(h x £))(u)
forany h € S and any regular A at all frequencies u where I(f) is
well defined.

Fig. 2 shows the flowchart of the method. Due to space limi-
tation, we put the formal proof of Theorem 2 in the supplementary
material.' Its main idea is to show that the coefficients in the numer-
ator and denominator are designed such that all elements of A cancel
out in the fraction.

The “distributive property” of P in the assumption is not very re-
strictive and is naturally fulfilled in most practically important cases.
It can be shown that a sufficient (but not necessary) easy-to-verify
condition is that P is orthogonal and S is closed not only to convo-
lution but also to cross-correlation.

The usability of Theorem 2 depends on our ability to find enough
linear scalar blur invariants. Invariants C, C's must be distinct oth-
erwise all terms are canceled and the numerator of Eq. (2) becomes
zero. This is also true for invariants C7, C> and the denominator of
Eq. (2). On the other hand, one or both of the invariants contained in
C could also be elements of C. The scalar blur invariants could be
arbitrary, but it is advantageous to use moment invariants of a single
channel such as those proposed in [1]. Using different subsets of
these invariants leads to different invariants (2).

4. INVARIANTS IN THE MOMENT DOMAIN

The blur invariants defined in the frequency domain by Theorem
2 are not suitable for a direct usage in practical object recognition
tasks. They are numerically unstable, especially if the input image is
noisy. Then the high-frequency components of 7(f) may be signif-
icantly corrupted. It is more efficient to work directly in the image
domain, particularly with moment-based representation of images.
The idea of moving from the frequency domain to the moment do-
main was already proposed for graylevel images in [1] and partially
in earlier papers cited thereof and for color images in [6]. It avoids
unstable numerics and also circumvents the calculation of the pro-
jections. Another advantage of a moment-based representation is
that it could be highly compressive, when the level of compression
is defined by the user. While the invariant (2) is an array of the same
size as the image, in the moment domain we can work with sev-
eral low-order features only. Their number can be adjusted such that
they provide enough discrimination power needed for the given data,
which makes the calculation very efficient.

Image moments are “coordinates” of the image in an arbitrary
polynomial basis. Here we use standard monomials xP. The integral

m{) = / xP f(x) dx 3)

is called geometric moment of a (scalar) function f, where p =
(p, q) is an integer non-negative multi-index and |p| = p + ¢ is the

lhttps://zoi.utia.cas.cz/ICIP26fsupplementary.pdf
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f= (fRafGafB)

Color mixing
3 X 3 matrix !

Feature T
such that I(g) = I(f)

Invariant to blur and
linear color mixing

Fig. 2. Color image, represented by its RGB channels, is degraded such that all channels are blurred with the same PSF and linearly mixed
by matrix A. Theorem 2 introduces functional /, which is invariant to this kind of degradations and can be used for robust image recognition.

order of the moment. The moment of color image f is just a vector
mg) _ (méfl), m£f2)’ m;fz)).

The key property of the monomials xP is that they separate the
moments of Pf and fr for most sets S and 7" appearing in practice.
Let S and P fulfill the assumptions of Theorem 2. Considering the
decomposition f = Pf + fr, we have for the moments

m) =m{H 4 m{r) “

We say that the moments are separated if there exists a non-empty
set of multi-indices D such that it holds for any f € 7

m{) = m{H 5)
if p € D and
mg) = mE,fT) (6)

if p ¢ D. In other words, this condition says that the moments are
either preserved or vanish under an action of P (note that mépf) =0
ifp ¢ D).

A sufficient condition for the moment separability is that xP €
S if p € D and xP € T otherwise. Note that the separability
makes it possible to calculate the moments of Pf directly from f
even without constructing Pf itself.

To get the link between I(f) and the moments m](,f), we recall
that Taylor expansion of the Fourier transform of a scalar function f
is
(—2mi) Pl

= m{uP. )

To simplify the notation further, let us denote the p-th moment of
scalar image ¢(f, C) as ¢(p, f, C), i.e.

¥(p,£,C) = mFH). ®)

Thanks to the linearity of moments, ¥ (p, f, C) can also be under-
stood as a function that creates essentially the same linear combina-
tion as (f, C), but works with moments of f instead of f itself.

Eq. (2) can be rewritten as

F(Pe(f,C))(u) - I(f)(u) = F(p(f, C))(u). ©

Since I(f) can be viewed as the Fourier transform of some un-
known image with moments Bp, all three Fourier transforms can
be expanded similarly to (7) into Taylor series. Considering that

Py(f,C) = ¢(Pf,C) and that for any p € D it holds m&’™ =
mg) (the last equality follows from the moment separability), we

have

—973)Pl - —97i) Pl
Z;)( Do, e 3 2 e
) oIS p

—9om3) Pl
= 2T r Oy,
p!
P
Comparing the coefficients of the same powers of u we obtain, for
any p,

¢(k7 fa c)Blilfk =

P (—2mi) ! (—27) P
kEZD k! (p—k)!
—oxi)Pl

Introducing binomial coefficients and isolating By on the left-hand
side, we obtain the final recurrence

P

¢(07 f7 C)BP = w(IN f7 C) - Z (E) ¢(k7 f7 C)BP*k' (10)

keD

k#0
This recurrent formula is a general definition of invariants w.r.t.
(1) in the image domain. Since I(f) has been proven to be invariant
to (1), all its Taylor coefficients By must be invariant as well. The
attractivity of this formula lies in the fact that we can calculate the
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Fig. 3. A sample scene of 1824 x 2736 pixels with 100 selected templates 100 x 100 pixels.

invariants from the moments of f directly and in a numerically sta-
ble way without computing any Fourier transform and even without
constructing Pf explicitly.

5. CENTROSYMMETRIC BLUR

To design particular invariants, either in the frequency or in the mo-
ment domain, we first need to specify what the blur space S and the
projector P are. Only then can we move forward, choose the auxil-
iary blur invariants C and C and construct the proposed color-blur
invariants in explicit form. In this paper, we focus on centrosym-
metric blur satisfying h(z,y) = h(—z, —y) because it is the most
common kind of blur. Adaptation of the method to other blurs is
possible, as we briefly sketch in the conclusion.

A straightforward way of defining P is

(Pf)(z,y) = (f(@,y) + f(—2,—y))/2. (1)

Both S and P fulfill the assumptions of Theorem 2. Geometric mo-
ments are separated at D = {(p, q)|(p + ¢) even}. The choice of
C and C is, however, limited. It has been known from the the-
ory of blur invariants of graylevel images [1] that the only linear
blur invariants are zero and first-order moments mqo, m1o0, Mmo1 and
third-order central moments ft30, (421, ft12, and f403.

6. EXPERIMENT

‘We evaluated the performance of the proposed invariants in template
matching in controlled conditions, where the image degradations
were introduced artificially according to the assumed degradation
model (1). We used 15 sharp real images of resolution 1824 x 2736
pixels of various scenes that were blurred by a constant square ker-
nel. The kernel size ranged from 0 x O (no blur) to 69 x 69 pixels.
After blurring, we introduced channel mixing using A in the form

1—2a a a
A= a 1—2a a (12)
a a 1-—2a

with a being 0, 0.1, 0.2, 0.3 and 0.4, respectively. We chose C =
(Mmoo, m10) and C = (m10,mo1) which are all linear blur invari-
ants provided that m(()g) = 1. We used moment invariants By from
(10) up to the 5th order. Considering that Bo and By are trivial, we
had 18 valid moment invariants in total. The moment invariants (in
a general form, not only those used in the presented experiments)
were added to our repository.”

100 templates of size 98 x 98 were extracted from each degraded
scene (making it 1500 templates in total) such that they comprise
some edges or high-frequency patterns in the sharp image counter-
part, see Fig. 3 for a sample scene and Fig. 4 for a sample tem-
plate with various degradations. These degraded templates were then
matched against the sharp scene.

2https ://github.com/Vakosik/Blur_invariants_for_color_images
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Fig. 4. The template No. 88 from Fig. 3 degraded by square blur of
size 0, 15, 33, 51, and 69, respectively (columns) and color channel
mixing by (12) with a =0, 0.2, and 0.3 (rows).

Template matching was conducted through an exhaustive scan
over every possible position in the image. For each candidate loca-
tion, we computed a feature vector v, representing a set of invariants
describing the local patch, and compared it with a feature vector w
containing the same invariants derived from the blurred template.
The best match was identified as the position that minimizes the rel-
ative ¢ -distance H yow ||1 across all evaluated patches.

v

To assess localization accuracy, we counted how many templates
were matched to incorrect locations. The location is considered in-
correct if its distance from the ground truth exceeds half of the tem-
plate size.

The results are visualized in Fig. 5 by the green curve. Since the
templates in this experiment were not isolated on a black background
but were extracted from the degraded scene, the blur introduces the
so-called boundary effect, where pixels outside the template influ-
ence the pixels inside the blurred template and vice versa, which
violates the model (1). Due to the boundary effect, the number of
mismatches grows as the blur size increases. However, for small
kernel sizes 9 x 9 and 15 x 15 pixels, which simulate typical blur
that appears on real images, the recognition rate is well over 90 %,
which is entirely satisfactory. The recognition rate depends on the
blur size only, it is not influenced by the particular mixing matrix
A. This is why we obtained just a single curve for all parameters
a=0,0.1,0.2,0.3 and 0.4.

As a comparative method, we used blur invariants of a similar
nature proposed recently in [6]. These invariants were designed un-
der the assumption that the degradation model (1) contains only a
diagonal A, so no effective channel mixing was assumed. Thanks
to smaller degradation group they are invariant to, their number is
higher when considering moments up to the same order. When doing
a comparison for invariants up to the 5th order, we have 48 invariants
from [6] unlike 18 current invariants. This is why the invariants [6]
perform better than the new ones when A is close to diagonal but
significantly worse if this is not the case. This is illustrated by the
blue, red, yellow, black, and orange curves in Fig. 5.

Another experiment on real-blurred photographs, along with the
comparison to deep-learned DINOv2 method [13], can be found in
the supplementary material.>

3https ://zoi.utia.cas.cz/ICIP26_supplementary.pdf
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Fig. 5. Template recognition rate for different blur sizes and channel-
mixing matrices A. The templates were extracted from the scenes
synthetically degraded by (1) where h was a square and A was
parametrized with ¢ =0, 0.1, 0.2, 0.3, and 0.4. Horizontal axis: The
blur kernel size in pixels. Vertical axis: The number of mismatched
templates (out of 1500). Green curve: the proposed invariants. The
same matching results were achieved for all values of a. The blue,
red, yellow, black, and orange curves show the recognition rate of in-
variants from [6] for a = 0,0.1,0.2, 0.3, and 0.4, respectively. Note
that the invariants from [6] perform better than the new ones when A
is close to diagonal (blue and red) but significantly worse otherwise
(black and orange). The color stripes show 95% confidence intervals
calculated over 15 scenes.

7. CONCLUSION

In this paper, we presented a general theory of invariants of color
images with respect to blur and linear channel mixing. The main
original contribution of the paper lies in Theorem 2 where these in-
variants are introduced for the first time. Furthermore, we showed
that computation of the Fourier transform and image projections can
be circumvented by a Taylor expansion into moments, which makes
the computation much faster and more robust.

We demonstrated the advantages of the new invariants by tem-
plate matching experiment. We showed that the main (and actu-
ally the only one) source of errors is the boundary eftect of blurring,
which is unavoidable in practice and violates the theoretical assump-
tions about the degradation model. We compared the new invariants
to a concurrent blur-invariant method [6] which does not take into ac-
count any channel mixing. The experimental results clearly showed
that if A is closed to diagonal, then the earlier invariants perform
better due to its better representation ability and numerical stabil-
ity. However, in case of a noticeable channel mixing, the proposed
invariants are significantly more powerful.

Blur invariants to channel mixing can be designed to more con-
strained forms of symmetry of h. We can rely on the rich theory of
graylevel blur invariants. We find in the literature invariants to ra-
dially symmetric blur [14, 15], directional/motion blur [16, 17], N-
fold symmetric blur and dihedral blur [1], and Gaussian blur [18, 19].
Theorem 2 holds well for all these cases in its current form and the
difference arises only when making the expansion into moments.
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