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Abstract: - The paper deals with the design of discrete adaptive model-based predictive control for mechatronic
systems. Mechatronic systems are considered generally as systems combining mechanical elements and ele-
ments which power, monitor and control these systems themselves. They have different inputs and outputs
and their number determines not only control design, but also methods of adaptation. In this paper, a com-
bination of on-line identification and generalized predictive control is introduced. The identification
is based on least squares. The predictive control arises from state-space formulation. This idea is applied
to ARX models representing Input/Output formulation. The presented algorithms are derived in computatio-
nally suitable square-root form and their correctness is documented by tests on laboratory model ‘ball on rod’.
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1 Introduction

With steady progress of industrial production, ma-
king demands on productivity and quality, there is
a necessity to simultaneously develop different ways
of the control of individual components included
in the production. The components usually combine
some mechanical elements (mechanisms) and also
elements, mostly electrical, which power (actuators —
drive units), monitor (sensors) or control (control
units) the component state itself; i.e. altogether, it
represents combination of mechanics and electronics,
in single word — mechatronics.

The main purpose of the control often consists in ful-
fillment of some predetermined motion or in stabili-
zation. The question is how to achieve such purpose.
One of the possibilities, being at the beginning
of industrial application, is model-based approach.
It offers complex solution on global level of whole
controlled system and not only of its individual
elements. In this paper, as a powerful way, the pre-
dictive control is investigated [1],[4]. The main
stress is laid on obtaining of suitable model and its
on-line use (adaptation) within control design.

The explanation is intended for mechatronic systems,
considered both Single-Input/Single-Output type and
systems with higher number of inputs and outputs.
The combination of on-line identification and ge-
neralized predictive control will be introduced.
The identification is based on least squares [2], [3],
which identifies the parameters of autoregressive
model with external input (ARX model) describing
real controlled mechatronic system.

The predictive control arises from state-space formu-
lation [1], of which idea is applied to ARX models
representing Input/Output formulation. The equati-
ons of predictions — the main part of predictive
design — are specifically composed in pseudo-state
form from identified parameters of ARX model. This
form requires only values of inputs and outputs.
Their number corresponds to the order of controlled
system.

The presented algorithms are derived in computatio-
nally suitable square-root form. The algorithm corre-
ctness is documented by tests on laboratory model
‘ball on rod’, which is illustrated by Fig.1.

ball

Fig.1. Scheme of model ‘ball on rod’.

In general, such model represents mechatronic sys-
tem of fourth order with one input and one output.
At simplification, only dynamics of ball (system
of second order) can be considered, since it is domi-
nant in whole dynamics.

The paper begins by model definition (section 2) and
explanation of on-line identification (section 3).
The key part about generalized predictive control
is in section 4. The paper ends by demonstration
of tests on real laboratory model ‘ball on rod’
(section 5).



2 Model definition

The model, description of controlled system, repre-
sents very important part, which includes specifically
processed information for design of control actions.
The best results of control process are achieved,
when the model is obtained on the basis of thorough-
going mathematical and physical analysis. It is often
difficult. Therefore, different ways, how to obtain
the model describing the controlled system, are inve-
stigated.

Selection of model form is determined by used
model-based control, in which the model is involved.
Due to digital character of automating devices,
the discrete control techniques are preferred. There-
fore, the resultant models for control design are also
discrete in spite of the facts that controlled system
may be continuous. Discrete realization is advan-
tageous, because naturally respects finite and prede-
fined time for computation of control actions.

As was mentioned in introduction, the design of al-
gorithms of predictive control will arise from state-
space formulation. However, only this idea will be
used as inspiration for utilization of ARX models,
which are Input/Output type. In the following
subsections will be discussed both ARX model
for Single-Input Single-Output (SISO) systems and
two possible ARX model structures for Multi-Input
Multi-Output (MIMO) systems. Two possibilities
of model structures at MIMO systems follow
from inclusion of different amount of a priori infor-
mation to identification.

2.1 Model for single Input/Output systems
The SISO systems can be simply described by auto-
regressive model with external input (ARX model)
[3], which describes relations just among inputs and
outputs. Let us proceed from it.

y(k)= Y bjulk—i)= a; y(k=i)+e(k) (1)
i=0 i=1

In (1), n is order of controlled system; y(-) and u(:)
are values of its output and input; and e(k) is error,
respective, some noise of measurement of system
output y(k). The ARX model can be also written
in the following condensed forms; either in row
oriented form of parameters o,

y(k) = O £y +e(k) 2)
or in column oriented form of parameters 6, = 2%
y(k) =1 6, +e(k) €)

Vector of ARX parameters o, (=6,) is composed
as follows

O =[by by == b, —a; —ay -+ —a,] “4)

n

and data vector is composed from sequence of de-
layed values of used control actions (inputs) and
measured outputs

fi =[u(k) u(k =1)-u(k—n) y(k=1) - y(k=m)]" (5)

The both forms (2) and (3) are identical and their use
depends on user. In next subsection dealing with
Input/Output models for MIMO systems, the si-
tuation is a little different.

2.2 Model for multi Input/Output systems

In case of models for MIMO systems, let us proceed
also from ARX model (1), but let us consider MIMO
character of given system

Y=Y B uk-i)- Y A y(k-i)+e(k) (6)

where n is still order of controlled system; y(-) and
u(-) are vectors of values of its outputs and inputs
as follows

y1(k_i) ul(k_i)
y(k—i)= : , u(k—i)= : @)
Y, (k=1) u,, (k=i

and e(k) is an ny dimensional error vector corres-
ponding to noise of measurement of output y(k).
The parameters are included in matrices B, and A,

B=| i . i A= i |®

i . .
nyl ny nu nyl ny ny
b b a, a

b-“ bilnu a.ll a.lny

The model (6) can be rewritten for identification
in two possible forms [2], which differ in properties.
One of them is a multivariate linear regression form

y(k)=[B, B, A A |f, +e(k)
Y(k) = 19/( fk + e(k)

where individual coefficients (parameters) are inclu-
ded in horizontal rectangular matrix ¢, ; and f, is

fo=[u"(k)u (k=n)y (k=1 y" (k-] (10)

©

[3]; and the second is a full polynomial form [2]
y(k)=8; 6, +e(k) an

where individual parameters are situated in column

vector 6, and the data are in horizontal rectangular

matrix &, . Their internal structures can be different.



Let us specify these internal structures:
f/ 0
gkr — . . , g,{ = g{nyxn(nu-ny-#ny-ny) (12)

6, 6)"
6= i | : |=[B,-B, A,--A |
6" (A8

(13)
Lttt gl plne 1L dIny 1L lny]r
@ =[pl BB G g g

n n

nynu _nyl nyny |T
bny al/L T a, }]

ny __|gnvl
6 =lb n

The model (11) in view of structures (12) and (13)
can be written separately for each system output

yi(k) =t 6, + e,(k)
: : : (14)
yny (k):fkT 9]:‘}: +eny (k)

This form means decomposition to set of equations
expressing relation of individual current outputs
to all appropriate inputs (current and delayed) and
appropriate delayed outputs. Then, the identification
can be realized formally as well as in SISO case.

The difference of both forms for multi Input/Output
systems becomes evident in initialization of iden-
tification and influence of evolution of identified
parameters by a priori information.

The ARX model (1) or (6) will be used for cons-
truction of equations of predictions of predictive
design (subsection 4.1). The multi Input/Output
character does not represent any obstacle only in-
crease of computational demands.

Finally, the condensed forms (2) or (3), respectively,
(9) or (14) are suitable for identification by least
squares (section 3).

3 Identification

The sufficient and well known method of identifica-
tion is method of least squares. In this paper will be
briefly summed up in square-root form [2], [3].

For simplicity, let us consider ARX model (2), where
e(k) represents in view of least squares model error

expressed as follows:
e(k) = y(k) ~ 0 £, (15)

The expression (15) is not sufficient for identifi-
cation, since it is only one equation for determination
of 2n+1 (or 2n,if by, =0) unknown parameters &, .

Therefore, on the assumption, that the parameters are
close to constants or they are varied only slightly
during real control process, then it is possible
to write needful number of equations of errors with
changeless vector of parameters 2,

ek:yk—Fk?}Z:[Fk yk]|:—19kT:| (16)
1

where F, is a matrix of past data, of which rows are

composed from data vectors fiT, i=1--2n.
The criterion for identification is

T =¢j ¢ 7)
alternatively
Jy=[-9 l]rkT:l[Fk Vi ]{_ ngT} (18)
Vi !

To minimize the criterion, it is sufficient to minimize
only its square-root J following from (18)

[Fr ¥ ]{_ ﬂkT} 2
1

The computationally effective minimization is pro-
vided by orthogonal-triangular decomposition (e.g.
house-holder algorithm [5])

Q[F; vy, ] _19kT _lo (20)
1 ¢,

which transforms extended matrix [F, y,] to upper

min J, =[|J | =

(19)

triangular matrix.
Q[F, y.]=R = R |Ry (21)

¢

This matrix consists of sub-matrices partly corres-
ponding to the unknown parameters and partly
to square-root ¢; of loss of the criterion.

By considering sub-matrices related to unknown pa-
rameters, the following equation is obtained

~Rppt +Rpp =0 (22)

from which, the unknown parameters can be deter-
mined by backward substitution (due to triangular
form of matrix Rpp). This process is provided
on-line in each time step with connecting refreshed
data f, and y(k) to current of triangular matrix R.



Thus appropriate part of matrix R is restored to new
upper triangular matrix R

new *

R prev R prev
Q { o PR } =R, (23)
fo »(®)

The initial filling of matrix R, when the identifica-
tion of parameters should not start from zeros (a pri-
ori parameter setting) can be done as
_ _1n-6
R= KI(2n+nJ,)’ approx. K =107", n, -number of y (24)
T
R(l:2n,2n+l:2n+ny) = R(1:2n,1:2n)790 (=Rpp =Rpp?;)

This selection (diagonal elements of R) influence
progress of evolution of identified parameters.
In case of parameters of SISO systems and in case
parameterization (14) for MIMO systems these
diagonal elements correspond to individual para-
meters. By setting of some element to zero means
that appropriate parameter is fixed, i.e. it keeps
its initial value. This property is useful e.g. for a pri-
ori setting of the dependency of individual outputs
on inputs and other outputs; i.e. presence of the app-
ropriate parameter or not. The parameterization
in multivariate linear regression form has limited this
property, but on the other hand it is more compu-
tationally effective.

During the process of identification, to increase
the weight of the newest data, the addition of expo-
nential forgetting factor fi-os-) R = fiR 1is useful.

It is realized after obtaining current parameters.

4 Algorithm of predictive control
Predictive control is a multi-step approach, combi-
ning feedforward and feedback control design [1].
Feedforward is represented by predictions based
on mathematical model. This part is dominant com-
ponent of control actions. Feedback from measured
outputs serves for compensation of some bounded
model inaccuracies and low external disturbances.
The design consists in local minimization of quadra-
tic criterion, in which the predictions of future
outputs y(-) are involved. The predictions are deter-

mined from specific equations of predictions forming
the basis of predictive control. The minimization
is repeated in each time step.

The section firstly focuses on reorganization of ARX
model (Input/Output formulation) in order to use
the idea of effective state-space formulation. Then,
the reorganized model is used in the construction
of equations of predictions. Finally, the efficient
square-root criterion minimization is explained.

4.1 Model reorganization

To compose equations of predictions from available
ARX model (defined and identified in sections 2 and
3), there are several possibilities how to do it. One
of the possibilities is to express the equations directly
from ARX model. It is possible according to [4],
however such way requires solution of Diofantic
equation and storing previous values of inputs
and outputs as in ‘pseudo state-space’ possibilities.
These further possibilities are generally called as
state-space forms with non-minimal state. They will
be helpful for the use of idea of state-space for-
mulation in predictive control, in which forming
needed equations of predictions consists in repetitive
insertion of state-space model.

Let us firstly renew the ARX model: let us suppose,
that parameters are stabilized or slightly changed
around some constant values, further, that the mean
values of stochastic components are zeros and that
the controller reacts immediately against the model
of controlled system, in which one time period delay
is assumed as indicated in (25)

Y= 3 byuth =)= Y a; ki), by =0

ie. y(k)zzn:biu(k—i)—zn:aiy(k—i) (25)

Usual state-space form with non-minimal state corre-
sponding to ARX model (25) is given in this way

[ u(k) ][]0 0 0 0]]
Uk-n+2) 1 |; 0 0
Y+ | [y - b, —a -a,
yk) [ |0 - 0] [1

_y(k—n+2)_ L 0 A 0 1 a
Cu(ke-1) ] [ 1 Juk) [ u(k-1) ]
u(k—n+1) 0] u(k—n+1)

k b k
W YO e X(k) = y(k)
y(k=1) y(k=1)
| y(k—n+1)| || O] ] | y(k—n+1) |

ie. X(k +1) = A X(k) + B u(k) (26)



The state-space form (26) is complemented more-
over by output equation (27)

y(k)=[00 01 ---0]X(k)
y(k)= C X(k) (27)

This form is standardly used for LQ adaptive control
[3]. However, for predictive design, this form causes
perceptible increase of matrix dimensions in equa-
tions of predictions.

To compose suitable form for equations of predic-
tions, let us arise from ARX model in one-ahead
predictive style.

yk+) = "butk—i+1) =Y a;y(k—i+1)  (28)
(Note: The ARX model (6) is possible to transform
to this style and then to work with it considering

matrices of parameters instead of scalar parameters.)

Then the suitable form can be structured as follows

y(k—n+2) 0 1 y(k—n+1)
yky || o U yte-n
y(k+1) -a, oo=a ] (k)
0 o 0 | u(k—n+1)
NE : :
0 o 0| u(k-1)
b, by u(k)
y(k—n+2) y(k—n+1) u(k—n+l)
: =A : +B, :
(29)
y(k+1) y(k) u(k)
X(k+l) =A X(k) +B, u(k)
y(k)=[0 0 1]X(k)
y(k)= C X(k) (30)

State-space model (equations (29) and (30)) is equi-
valent to model (equations (26) and (27)), however
thereby, that it was decomposed in two smaller pse-
udo state-space matrices A and B, causes similar
dimensions of matrices of equations of prediction as
in the use of usual pure state-space models. Subscript
of matrix B, will be significant in real composition

of equations of prediction in next subsection.

4.2 Equations of predictions
Usual composition of equations of predictions fo-
llows from ordinary state-space model

X(k+1)=A; X(k)+B, u(k)

31)
y(k)= C, X(k) +D, u(k) )

(Dk =0

which is a model with minimal state. It maps interval
of one sampling period. Principle of the equations is
expression (prediction) of future values of outputs y

from current measured state X (k) as follows [1]:
X(k+1) = A X+
yk+1) =CA X +C

Bu )

Bu k)
: : (32)
X+ = A"'XH+ A"'Buw)--+ Buk+n-1)

yk+v) = CA"Xx) + CA" 'Buh) -+ CBu(k+v-1)
Equation (32) can be condensed in matrix notation

y =f+G u, y :[y(/c-H) y(mz) "'y(k+N)]T

(33)
u:[U(k)U(kH)“‘ll(kﬂV—l)]T
[ CcA
f= : |X(k)
| CAY
C B
G=| : (34)
CAV'B---CB

Considering the state-space model (29) with output
equation (30), the equations of prediction can be
composed according to similar idea as was indicated
by (32)
»X(k+l) = AXwxn+ Boll(k)
)A((Hz) = A2X(k)+ ABou(k) + Boﬁ(k+1)

))5((“2) = AZX(kH- ([ABO 0] + [0 BO]) U(k+1)

B

1

)A((kw) = A3X(k)+ ABlll(k+1) + Boﬁ(k+2)
»Xien= A Xw+ ([AB; 0]+[00B,]) ui-2
B

2

X(km/) = ANX(k) + ABN_2U(k+N—2) + Boﬁ(km/—l)
»X(HN} = ANX(k) + ([ABN72 0]+ [On,N—l BO]) U(k+N-1)
B

N-1

(35)



The support notation has the following meaning

- T
Wk+1) = [u(k-n+2) cee u(k+1)]
— T
WUk+1) = [u(k-n+1> Uk-n+2) = Uk) u<k+1)]
T T
= [ll (k) U (k +1)]

(36)

Uk+N-1)= [M(k—n+N) cee u(k+N—1)]
_ T
Uk+N-1)= [u(k—n+1) o U(k+N-2) u(k+1v—1)]
T T
= [u (k+ N=2), U (k+ N—])]

The equations of predictions (35) can be also
rewritten to appropriate matrix notation:

j>(k+1) CA y(k—.nﬂ) CBO cee Q] Hk-nsen
S S R ;
N

V)

Uk+N-1)
YVk+nN) CA CBN—I
S’ = f + 6 W(k+N+1)
5’ =f+ G(:,l:n—l) Uk-n+1y | + G(:,n:N—]) U (k)
(37)
Uk-1 Uk+N-1)
y = f + G u

representing: free response + forced response.
Such composed equations of predictions have the sa-
me dimension as the equations (34), which are based
on state-space model with minimal state.

4.3 Square-root minimization
The control actions are obtained by minimization
of quadratic criterion

? (39)

N 2 Nu
Jk = ZH ()Ai(k + ) — Wik + j))QyH +Z” Uk +,>1)Qu
Jj=

Jj=No+l

where N, No and Nu are horizons; O, and O, are

penalizations; and wk + ) are desired values. That
criterion can be again condensed in matrix notation

Ji=[@-w ' Qy 07TQy 07fy-w
0 Qu|/|0 Qu| u |B9

from which, only one part (square-root) is sufficient
to minimize [6].

Qy 0 |[y-w]| [QyG Qy(w-f)
S I P R R

The minimization leads to the solution of algebraic
equations for unknown control actions

QG Qy(w-f)| _ 0
Qu 0
A u- b =0 (41)
This system of algebraic equations can be effective
evaluated by orthogonal-triangular decomposition
(e.g. using house-holder algorithm [5]).

Au=b /xQT

Orthogonal matrix QT transforms the system matrix
A to upper triangle R;. Unknown control actions
from the algebraic system (42) can be determined
by backward substitution.

Finally, from obtained vector u, which represents
designed control actions for whole horizon N, only
first appropriate actions are really applied to con-
trolled system. This process is repeated in every time
step.

5 Tests with model ‘ball on rod’

For real-time tests, simple laboratory model (Fig.2)
was used. From mathematical-physical analysis,
this model represents system of fourth order: elec-
trical motor is second order and the ball dynamics
is expressed also by second order.

Fig.2. Laboratory model ‘ball on rod’.

For simplicity, the dynamics of the motor can be
omitted, because it is negligible against dynamics
of the ball (in view of time constant versus sampling
period used for computation of control actions).
The model of the ball can be obtained according
to force diagram see Fig.3.



Fig.3. Force diagram of ball on rod.

From the diagram (Fig.3) the following differential
equation follows

(43)

This equation represents pure equation of motion.
It can be furthermore simplified, when it is supposed,
that angle o« fulfils —5°<a <5° then sina =«
and the equation becomes linear
X=ko (44)
The equation (44) can be assumed as a suitably
simplified model for control design due to negligible
time constant of the motor against the constant
of the ball. Moreover let us note that the model is
independent of weight of ball.
The real laboratory model was controlled by Real
Time Toolbox for MATLAB via M-file S-functions
Level 2 of the predictive controller and algorithm
of identification implemented in Simulink blocks;
see schemes in Fig.4 and Fig.7.
The presented predictive control was partly tested
in adaptive mode using algorithm of on-line iden-
tification (Fig.4).
For comparison, the control was partly tested in non-
adaptive mode (Fig.7) with constant model obtained
from introduced simple mathematical-physical ana-
lysis (Fig.3 and equations (43), (44)).
The aim of the tests was stabilization of ball in diffe-
rent positions x of desired rectangular signal w
with frequency 0.04s™' and amplitude 0.4m .
The control process with model identification requi-
res relatively energetic control actions for induction
of identification. It is achieved by penalization Q,,
which is smaller, than in case of using physical
model (compare Fig.5 and Fig.8). Therefore the con-
trol actions are quite jittered.
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The Fig.8 shows positive results, however the pre-
dictive controller with mathematical model can not
compensate inaccuracies given by real conditions.
Therefore, in spite of integral character of the system
‘ball on rod’, the control error does not tend to zero
or at least to error with zero mean as in case of adap-
tive predictive control.

The real conditions for model in Fig.2, which was
used for real experiments, were determined by asy-
mmetric connection of drive unit. This asymmetry
causes different sensitivity of the rod dynamics
to actuator, when the ball is located on the right-side
or let-side of the rod. Such changes in sensitivity are
difficult to be covered by mathematical-physical
model. Therefore predictive control in adaptive
mode achieves better results but it generates more
jittered control actions.

6 Conclusion

In the paper, one possible solution of adaptive pre-
dictive controller was shown. Input/Output ARX
model was used for composition of equations of pre-
dictions in specific pseudo state-space formulation.
This formulation requires comparable matrices
of the same dimensions in spite of non-minimal
state; i.e. it has similar computational demands as
usual state-space formulation with minimal system
state. The real experiments with laboratory model
‘ball on rod’ illustrate differences between adaptive
and non-adaptive mode of generalized predictive
control.
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