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Abstract: The paper deals with the application of the model - based control approach
within robotic system that includes the parallel structure and adequate drives.
As an example, several prototypes of planar parallel redundant structures
driven by MAXON DC motors are used. The suitable form of mathematical
model, both mechanical and drive part, will be introduced and subsequently
used for control design. The design is based on discrete predictive control
algorithms, which can well compete and surpass the classical feedback control
strategies.
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1. INTRODUCTION

Nowadays, the further development in industrial area is constrained by
deficit of powerful machines with adequate dynamics and stiffness”.
Utilization of parallel robots controlled by suitable control algorithms seems
to be promising way to improve dynamics, stiffness, accuracy and
productivity of machine tools and their centers, which, together with
assembly lines, form the backbone of mass production.

The parallel robots — parallel structures™**® can be simply understood as
movable truss constructions or as movable work platforms supported by
several parallel arms. The structures are driven by different drives, in almost
cases by electromotors. Simple comparison of serial and parallel structures is
shown in Fig. 1.
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Figure 1. Comparison of serial and parallel structures.

The serial structure has the drives in each joint. The drives in parallel
configuration are located in the fixed basic frame.

The fundamental task of the control of mechanical structures driven by
electromotors is to design appropriate control actions, which accomplish
required movement of the movable platform. In general, the scheme in Fig. 2
is solved.
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Figure 2. Conceptual scheme of control circuit for local (independent) and global
(centralized) model-based level.

There are two levels of the control™ shown in Fig. 2: local and global.
Local (decentralized) level®, represented by continuous PID or discrete PSD
controllers, controls each drive independently, without any consideration of
mutual relations. The global (centralized) level, represented by predictive
controllers’, uses for control the dynamic model of the robot structure. The
model can include also drives, which represent also appreciable dynamics. The
complete model is used not only for control design, but also for simulation
of a real object - robot structure. The model can be written in different
forms.
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In comparison, the classical PID/PSD controllers design the control
action only from feedback®. They work up only output information included
in feedback regressively without any assumptions to future. On the other
hand, the model-based approach combines feedforward and feedback
together’”’. The model represents prior information (feedforward) modeling
the control actions. Subsequently, the feedback from measurable robot
outputs compensates model inaccuracies and certain bounded disturbance.
Such design is more optimal and control action can react faster and more
effective than PID/PSD structures.

In this paper, the standard model of the robot is defined”. Consecutively, its
transformation (specific exact linearization) is derived. Then, the theoretical
background of the control design follows. It includes new possibilities to utilize
the properties of the parallel robots, properties of their mathematical models
respectively. The designed predictive controllers are explained both for
mechanical and global model. The global model includes additionally model of
drives. In this paper, for simplicity DC motors are assumed.

2. MODEL OF ROBOTIC SYSTEM

2.1 Dynamical model of parallel robot structures

Mathematical model of dynamics is represented by equations of motion.
They give integral information about relations of kinematic variables of
separate bodies, external force effects (external forces, torques generated e.g. by
drives), force effects in joints (reactions) and other internal force effects. Robot
structure generally represents multibody system. We search for a method,
which could provide simple and aimed composition of the equations of
motion describing relatively complex parallel structure. For composition of
equations of motion in robotics, the Lagrange’s equations of second or
mixed type, based on expression of kinetic and potential energy, are mostly
used. Difference between the types of Lagrange’s equations is given by a
choice of so-called generalized coordinates, which, in the first case, must be
independent. In the most of cases, the expression of energies in independent
coordinates is too difficult, therefore let us assume the latter case — mixed
type that is more general. According the theory described e.g. by Stejskal
and Valasek® the model (DAE form) is given partly by structural relations

f(s())=0. (fi(s()=0; k=17 (r=n—i)) (1)
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and partly by a system of n second-order differential equations (equations of
motion)

- . . _afk_ k=1,---.r
Ms=g+Tu+® %, (‘I)-¢k,j_a_sj’ j=1,-",”) ?

where s are physical coordinates, # is their number, 7 is a number of degrees
of freedom, M is a regular symmetric square matrix of an order », g is an n
dimensional vector, T is a rectangular matrix of type nxm, u is an m
dimensional input vector, ® is a transpose of overall Jacobian of type nxr
and A is a vector of Lagrange’s multipliers with dimension » = n—i.

2.1.1 Composition of pure equations of motion

To design control more simply, we search for the most compact notation
of system equations (1)-(2) with as small as possible number of unknown
parameters. As mentioned, the direct derivation of equations of motion in
independent coordinates leads to difficult expressions of energies. Therefore,
we investigate, if the system (2) could be transformed just to independent
coordinates®. This transformation would reduce the number of differential
equations and mainly it would remove redundant Lagrange’s multipliers,
connected with structural forces and structural relations causing the design
difficult. Thus, we look for such solution, which annuls element ® A and
reduces physical coordinates (i.e. dependent and independent coordinates) to
independent ones. The solution can be a null space of the whole Jacobian @,
which is simultaneously interpreted as a Jacobian matrix R, fitting the
following equality, arising from properties of the null space

®R=R'® =0 3)

and arising also from recomputation of independent to physical coordinates

s =s(q) =s(x) )
§= g—:q = Rx (5)

§ = Rx+Rx (6)
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Now, if we insert Eq. (6) for Eq. (2) and perform its multiplication by
transposition of Jacobian matrix R’, we obtain resultant compact form

R'MRx+R'MRx=R’g+R'Tu (7)

Let us analyze obtained Eq. (7). If the system does not include
gravitational forces and we assume zero inputs u, then all terms are also
zero. On the other hand, if the system contains gravitational forces included
in a vector g, then the robotic structure can change its own position in spite
of zero inputs u. In such a case, the Eq. (7) can be written in alternative form
Eq. (9) arising from following Eq. (8).

R'MRx =-R"MRx+R’ (g, +g,)+R'Tu (8)

where g, is a vector that is dependent only on velocities and g, is a vector
containing only gravitational forces;

R'MR%=-R"MRx+R’g, +R’g, +R'Tu 9)
which can be transformed to a form with isolated second derivatives

X =(R'MR)'R” (g, ~MRx) + (R"'MR)"'F

(10)
X= f(x,x) + 9(x) F

where vector F represents new inputs - generalized force effects extended by
generalized gravitational forces R’g,; i.e.

F=R'g +R'Tu (11)
Then the Eq. (10) can be simply normalized into state formulation Eq. (12)
X=f(X)+B.(X)F (12)

This modification guarantees, that [X,f(x,X)]" =f(X)=0 for arbitrary x
from range of definition and zero time derivatives X =0 , in spite of
presence of gravities that are added to inputs. Thus, final control actions
follow from Eq.(13). This property we utilize in the next section that
describes exact linearization.
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2.1.2 Algorithm of exact linearization

Since almost all control approaches are based on the model in linear
form, possibly with time-varying elements, thus a linearization of nonlinear
state function is required. The following derivation introduces one simple
specific algorithm of a linearization, which gives exact solution

X=f(X)=A.(X)X (13)

For solution, let us assume that the nonlinear function f(X) and point X be
given, X belongs to range of definition of the function and in the case of zero
elements in X, possibility of their substitution by suitable nonzero number
x — 0, which prevents zero division. Furthermore, let us assume two types
of state variables: generally outputs x and their time derivatives X ; in detail

X =[x, X]T = [prz]T =[x, =32 030, X, = “21”‘22”‘231]T (14)
Finally, let us repeat the assumption from previous section that
f(X) = 0 ‘X:X,:[xrlarbitrary, X,n= 0] (15)

Then we can obtain the decomposition indicated in Eq. (13). It starts
from second group of variables x, (i.e. according to Eq. (14): order is {xp|,
X22, X23, X11, X12, X13} 1.€. {4, 5, 6, 1, 2, 3}). The order is given by amount of
the information included in the function f(X). Its first elements are only
copies of x, but its second elements represent its own nonlinear relation
expressed by X =f(x,X)+g(x)F|r-0. In view of these assumptions the
exact linearization — decomposition can be based on differences'”

f(X)= %Axn SO LATO N
LA Xy A Xy A X3
ME) o M)
+-(le——0)(le 0)+ (6 —0) (% —0)+ (16)
Af (o) B
(4, —0) (x5; —0)

(Note: The dots before state variables in denominators mark division
‘element by element’; division of all elements of differences by scalar Ax;;-)
ie. f(X)=
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— f([xll,xu,xB,O,O,O]T) —f([xr”,xlz,xB,O,O,O]T)
(5 —x,0)
T T
" ([0, X0, X135 X1, X0, X3 ) = F ([, X5, X,3,0, X5, X551 )
.x21

(X, = X,) +

(17

X+

Let us analyze Eq. (17), the individual fractions are columns of matrix
Ac(X) and internal structure of matrix Ac(X) (in our example, of sixth
order) is following

AcX) =g (18)

coociooc o
coocooo
coococoo

ilgy dgs U |

the first three columns contain only zeros because are composed of
differences being also zeros - the vector function equals zeros for zero time
derivatives; see Eq. (19) - numerator of the first column of A (X).

f([x] 12 ‘x12 b x13 5070)0]T) - f(['xr] 1 ‘x12 b x13 ’O’OJO]T) = 0 (1 9)
Now, we can define whole linearized continuous state formulation
X=f(X)+B.(X)F > X=A_.(X)X+B.(X)F (20)

The formulation Eq. (20) can be already discretized by standard
discretization’ to a form

X(k +1) = AX(k) + B F(k)

21
v(k) =CX(k) @D

Such model Eq. (21) is prepared for control design in discrete domain.
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2.2 Dynamical model of drives

Last but not a little significant part of model of robotic system is a model
of its drives. As mentioned as beginning, we consider MAXON brushes DC
motors. Such motors, having permanent magnets in stator, are described by
ordinary differential equation of second order'’:

M RM Kok M Ko, 22
+—M, +—M, =—u
L ALY / A § 22)

where k, and k,, are torque and speed constants, R and L is terminal
resistance and inductance and J is rotor inertia. Equation (39) corresponds to
the scheme in Fig. 3.

DC motor
mechanical torque M,

on the rotor
supply
voltage u 1 K 1 angular

m T — velocity @
R+Ls ! Js of the rotor

internal
induced ® km2
voltage u,

:

Figure 3. Block scheme of brushes DC motor with permanent magnet in the stator.

In equilibrium case (w = 0), the order of Eq. (22) is reduced to first order:
LM, +RM, =k, u (23)
transformed to normal form, more suitable for model of robotic system

: k
M, :—BMk+iur (24)
L L

In transient process, the necessary voltage u is not a function only of load
torque u,(M;) Eq. (24) but also function of angular velocity u.(®) of the rotor

u:ur(Mk)_'_ue(a)):ur(Mk)+km2¢ (25)

where u.(w) represents compensation of internal induced voltage.
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3. CONTROL DESIGN

The simplest control approach considered means taking the robots and
manipulators, powered by group of independent drives - actuators, separately
controlled, as a set of single input - single output systems (setSISO) by simple
PID/PSD feedback controllers®. Mutual interactions among all drives, caused
by different positions during the robot movement, are included as
disturbances entering each “single” system constituting the robot.

Mentioned solution, in case of parallel robots has serious problem of
mutual conflict of drives. It is indicated by unpredictable increase of
integral/sum (I/S) channels in a controller. The solution is described in
dissertation’.

Different approach is the use of model of robotic system and on that base
to design suitable control. Such approach generates more effective control
actions, because, with knowledge of the mathematical description — model,
can estimate possible future behavior. Generally, such approach is called
model-based design of control. The next section deals with its one example.

3.1 Generalized Predictive Control (GPC)
Generalized Predictive Control>® combines feedback ~feedforward
design as well as similar approach — Linear Quadratic Control (LQC)’. It is
multi-step control, based on local optimization of quadratic criterion

t+N
J =2 (y@®'Q, yD+u(i=0"Q, u(i~1) (26)
i=t+1
where N is a horizon of optimization, O, and O, are output and input
penalizations (here normalized as O, =1 and Q, =) and »(i) and u(i-1) are
outputs and inputs respectively.

3.1.1 Expression of prediction of future outputs

The base of GPC control is a prediction (computation, estimation) of future
values of outputs, used in the criterion. This section introduces two ways
how to predict future outputs, which use the knowledge of mathematical
model of the complete robotic system — following summary equations Egs.
(27) and (28)

X=A.(X)X+B.(X)F > X=A_.(X)X+B.(X)R'TM, (27)
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. k
Y PG Y LN (28)
L L

Egs. (27)-(28) can be covered in one state formulation Eq. (29)
assuming @, =—R/L and b, = kml/L

X=Ac(X.a,)X+B.(b,)u, :
Ac(X.a ):[A(:(X) BC(X)]B wo-ln| @
y:CX c(X,a, 0 diag(ay) c (b, f,g
by

C is a unitary matrix of type that is given by number of outputs and
dimension of state vector, which in case of considering model of drives is
extended for new internal states M

X=[x,x,M,]" =[x,,x,,x,] (30)

As a final representative model for model-based approach, let us assume
discrete version of Eq. (29)

X(k +1) = AX(k) + Bu(k)

¥(k) = CX(k) Gh

representing the both cases: either formulation Eq. (21) or discrete version of
formulation Eq. (29). The former case considers inputs u = F as values of
required generalized force effects, finally recomputed to input torques and
latter case considers inputs u = u, as values of supply voltage.

The most usual, absolute algorithm of prediction arises directly just from
state formulation Eq. (31)

X(k+1)= A X(k)+ Bu(k)
y(k+1)=CA X(k)+C  Bu(k)

: : : (32)
X(k+N)= A"X(k)+ A"'Bu(k)+--- Bu(k+N-1)
y(k+N)=CA" X(k)+CA""'Bu(k)+---CBu(k+ N —1)

thus the prediction written in matrix notation is
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CA C B0
y=f+Gu, f=| : |X(k), G= Do (33)
CA" CA"'B---CB

The alternative, incremental algorithm arises from modification of Eq.

(€2))

X(k+1) = AX(k)+Bu(k—1)+Bau(k)
y(k) = CX(k) (34)
u(k+1)=u(k—1)+au(k)

yk+1)] [CA CB

v(k+2 A2 A+D)B

YD) _1CA by + CA+DBY -1+

yk+N)| |CcAY CA+--+ A +DB (35)
CB 0 - 0 |[auk)

N (A+D)B CB |lau(k+1)
. 0

CA" +-+A+DB CA"?+---+A+DB --- CB || au(k+ N-1)

the prediction of y based on incremental algorithm, written in matrix
notation, is

<)
Il
w
+

=

Y=LF k1), § (h+2), -, § (e N)T (36)
+ G AU su={au(k), su(k+1), -, su(k+N-1)]

The both ways of the output prediction, following from matrix notations
Egs. (33) and (36), can be generalized to one expression

y=f+Gu (37)

The implication of described predictions (Eqs. (33) and (36)) consists in
the use. The former, absolute form is the simplest in use. The latter,
incremental form represents integration that can solve steady state error. For
design of predictive control differences in Eq. (37) are not significant and
they do not change its derivation that proceeds from quadratic criterion (26).
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3.1.2 Minimization of quadratic criterion

The criterion (26) can be simply modified to the following matrix
product

sz[[y—W]T,llT]|:(1) ;)]Ll) ;)J|:[Y_W]}:JTJ (38)

u

For design, only square root is necessary

LPMAE) -

In criterion the prediction Eq, (37) is substituted for y and the criterion
is modified to over-determined system on which QR decomposition'*" is

applied and the final control actions are given by Eq. (40)

Au= b /Q"
Q'Au=Q’b (40)
Ru= c=>1u

The illustrative graphical representation of described control is shown in
following figures.

X4 N Predictive MODEL
X controller OF THE
X (GPC) values of input torques ROBOT
i =f(x,x)+g(x)Mk X =f(x,x)+g(x)Mk

Figure 4. Predictive control of mechanical structure (assumption of ideal drives; transfer = 1).
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Mk =~ Bvi 5y | inputs
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Figure 5. Predictive control of simple robotic system (mechanical structure and its drives).

The scheme in Fig. 9 corresponds to equation (7) and also to equation
(10) with condition back recomputation of generalized force effects to really
used torques on drives. The scheme in Fig. 10 is in accordance with equation
(7), (24) and (25). In the both schemes based on derivation above, in
computations of predictive controllers, the penalization A (one parameter in
quadratic criterion) determines magnitude of the redistributed loss on
considered horizon of the prediction N (second parameter in quadratic
criterion).

The different choice of penalization A (mostly in a range 0 + 1) together
with length of horizon N enables to level generate control actions so that the
available drives were not fitfully exerted. However, distributed changes of
torques are achieved with cost of certain loss (error), theoretically equal to
value of the criterion.

4. EXAMPLES AND CONCLUSIONS

The following figure - Fig. 6 demonstrates predictive controller, which
considers the global robot model (29), i.e. it takes into account the model of
the drives (DC motors). As a model, the redundantly actuated structure
shown in Fig. 1 was used.
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Figure 6. Predictive Control circuit with global robot model.

54d=nve1 -‘-,_

Figure 7. Time histories of four inputs (four torques)
during parallel simulation of PID/PSD and predictive controllers.

The time histories Fig. 7 were recorded during the motion along “S - shaped”
trajectory. Fig. 7 illustrates the both predictive control algorithms, i.e. both
mechanical and global model. The results of predictive controllers look
similar, but precise values are different.

From practical point of view, the setting of parameters of PID/PSD is not
simple task. The Fig. 7 illustrates the properties of PID/PSD control deducing
the actions only from the feedback, which cannot be energetically effective. At
the same time, the Fig. 7 shows the advantages of the combination of feedforward
action modulation with feedback inaccuracy and disturbance compensation —
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more effective control (GPC) way with lower energetic demands. It was shown,
that the classical approaches are energetically consuming. They should be, in a
future, replaced by model-based strategies e.g. predictive or LQ control, which
consider most of the available information on given controlled object, here
robotic system with DC motors that is good example of mechatronic system.
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